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Stationary interaction of a system of two spheres resting
or moving in a free-molecular medium

S. KOSOWSKI (WARSZAWA)

THE PAPER is aimed at determination of the forces acting on a system of two spheres held at
constant temperatures, resting or moving in a free-molecular medium along the axis passing
through the centers of the spheres. The problem is reduced to the solution of the system of
equations of continuity of the particle flux (inpermeable walls), and then to the interaction
quadratures. In the case of spheres at rest, the problem is solved in part analytically, and in
part — numerically; in the case of a moving system, its solution is analytical, in the large
distance and small velocity approximation.

W pracy obliczono sily dzialajace na uklad dwu kul o stalych temperaturach, spoczywa-
jacy lub poruszajacy si¢ w ofrodku swobodnie-molekularnym wzdluz osi laczacej érodki kul.
Problem sprowadza si¢ do rozwiazania ukladu rownan ciaglo§ci strumienia liczby czastek
(nieprzenikalnosci §cianek), a nastepnie do wykonania kwadratur oddzialywania. W przypadku
kul spoczywajacych zagadnienie zostalo rozwiazane cze§ciowo analitycznie, czgéciowo numerycz-
nie, w przypadku ukladu poruszajacego si¢ — analitycznie w przyblizeniu duzych odlegloéci ciat
i malych predkosci ukladu.

B pafote onpepensioTcsa CHIB! JeiiCTBYIOIHE HA CHCTEMY ABYX cdep ¢ HOCTOAHHBIMH TemIle-
paTypamM, HEMOABHHYIO WIH ABIWKYIIYIOCA B CBOGOZHO-MONEKYNApHOH cpele BAONL OCH
coequHAmoweit neHTphl chep. ITpobnema cBOIHTCA K PEIUEHMIO CHCTEMbl YpaBHEHHI Hepas-
PBIBHOCTH IOTOK2 KOJIMYECTBa YacTHI[ (HEIPOHHIIAEMOCTh CTEHOK), 4 3aTeM K pacueTy KBajpa-
Typ BoafeiicTBuA. B cnyuae HemoaBmKHBIX cdep npobiema pelieHa YaCTHYHO AHATHTHIECKH,
YACTHUHO YHCIIEHHO, B C/Iy4Yac JBHXKYIUEHCS CHCTEMbl —- GHANMTHYECKH B NPHGIMIKEHHH
GONBIIMX PacCTOSHMIT TN M MalbIX CKOpPOCTell CHCTeMEI.

Intreduction

THE FREE-MOLECULAR medium is understood as a medium in which the mean free path
A is much greater than the dimensions of bodies R, R,, and the distance d between the
bodies immersed in the medium: 4 > R,, R,,d. The bodies resting or moving in the
medium interact with the medium and with each other (across the medium) by exchanging
their momentum, spin and energy what results in changing their linear, rotary and internal
motions. In this paper we shall deal with the problem of exchange of momentum and
energy (the problem of forces and heat exchange). The problems concerning non-convex
bodies and systems of bodies is discussed in papers [1, 2], where only the general formulae
are derived. In [8], the solution is presented for the problem of two rectangular plates
forming a right angle in a flow parallel to their common edge.

The present paper is aimed at exposing the interaction effects connected with the
motion. In view of mathematical difficulties, the motion is limited to the axis connecting
the centres of the spheres. The problem, being of a certain theoretical interest, may also
prove to be of practical importance, e.g. for satellite systems placed in the space around
the earth.



188 S. Kosowski

Let us consider a system of two spheres X, , K, with radii R;, R, and constant temper-
atures T,, T,, resting or moving in a free-molecular medium of temperature T,; the
motion is rectilinear and uniform, its velocity q is parallel to the line connecting the centres,
q||0,0,, Fig. 1.

FiG. 1.

The following assumptions are made:

1) the gas is monoatomic, without internal degrees of freedom,

2) in absence of the bodies, the medium is homogeneous and isotropic, its state being
described by the Maxwell-Boltzmann function f{";

3) temperature fields of the spheres are uniform;

4) interaction of the gas particles with the surfaces of the spheres is modelled by diffusive
reflection.

We shall deal with the exchange of momentum and energy; however, more detailed
considerations will concern the problem of forces — the corresponding procedure in heat
echange problems is similar.

1. Evaluation of forces acting on the bodies

The force F acting on the body is equal to the flux of momentum S transmitted to the
body,

(1.1) F=S.

The flux S equals the difference of two fluxes: incident S and “reflected” S, which
correspond to the incident and reflected particles
(1.2) S =8SH_8"

In order to detrmine the force acting on the sphere, we have to evaluate the momentum

fluxes S§”, S(" at an arbitrary point of the sphere, and then to integrate them over the
entire surface of the sphere

(1.3) s® = [spaz, s»= [spaz.
£ z

The momentum flux S{” of particles striking a point of the internal surface of the sphere
(internal surface denotes that part of the surface from which the other sphere, or its part,
is visible) is a sum of fluxes (,yS{”, (5S{" arriving from the surrounding medium and from
the other sphere, respectively,

(1.4) S = (m)an‘F(b)Sl( 2,
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According to these results, the following expressions for the forces acting on K, are

obtained:
(1.5) Fy = Fy0) +Fiamy,
(1.6) Fyo=—m f[fco1(c01 -0, [ Vd3¢,, + f¢11(¢11'n1)ﬂ?d3¢11] az,,
1 ag), N
1.7 Figm = ng%(el)JEZW_ ng%fet)dzlw+ IFS?%n)eldzlw-
Zaw Zyw Ziw

Fieny=m f €21(Cz2 * M) f3d%c;,,  FE @ =m J' Co1(Coz * M) Pd3cy,,
Q% 1(p2) )
F(t?in]el = =m fcl NCTH Dl)fi'.ﬁdatl 1 +m fcx T ni)fﬁ)dscu 3

c c
Q2 2y

with the notations:

m
€21
dc

Z
Za
Zwa
Q5

n;

€z2(c11)
€02(Coy)

QKka(pp)

()(1)
£H@)
(r)

z1

(r)
wx

182 =10

mass of a gas particle,

velocity of a particle arriving from K, referred to X;,

volume element in the space of velocities,

total area of the surface of K,,

the part of sphere K, which is visible from sphere K,

the part of sphere X, which is visible from sphere K,

semi-space of velocities connected with the normal n,,

outer normal of the sphere K, at the point P,,

velocity of a particle arriving from K,(K,) referred to X,(K;),

velocity of a particle of the medium referred to the sphere K2(K;),

the region in the space of velocities corresponding to the solid angle at which sphere Kx
is visible from Pg, o, f =1,2,a # f,

function of velocity distribution of the medium particles in the reference frame of X, ,
function of velocity distribution of the medium particles in the reference frame of K,
function of velocity distribution of the particles “reflected” from that part of the spherical
surface of K; which is not visible from K,

function of velocity distribution of the particles “reflected” from that part of K, which
is visible from Kp, o, f = 1,2, « # §,

function of velocity distribution of the particles reflected from K, (Fig. 2).

Fic. 2.

F{” may be interpreted as the drag which would act on K, moving at the velocity
q through the medium in absence of the other sphere K;; Fy, may be understood as the
force of interaction, resulting from the presence of K. In the case of spheres at rest, the
force F; o, vanishes owing to the spherical symmetry.
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To make the formulation complete, let us moreover specify the functions of distribution
occurring in the integrals. In compliance with the assumptions of full equilibrium of the
medium and of diffusive “reflection”, we obtain

: i (i
O = gDe-BCota? ) = FA) = £,
(1.8) o = ALe=Bictr () = 40)e-Biels,
18 = Affje-veir = 1),

The quantities 4 and B are expressed by the numerical density of particles » and the tem-
perature T,

(1.9)

i -372
B=(%I) , A=n anT) s

Quantities A, B®, B,, B, are known, the remaining ones are determined from the con-
tinuity conditions of the particle flux.

The continuity equations written for the respective external and internal parts of the
surface of K,, o = 1, 2, assume the following forms:

(1.10) NQ(P) = NO(Po),
(1.11) NQ(P) = NE)P,).
Here
(112) N = [ (- confPOd e,

:jz
(1.13) NG = f (Car * 1) [0

1;3

{1-14) “](Pd) = Né 0]+N:2(in)9
(115) Ny = [ (—Coele) fP@dc,

A

116 M=~ [ (-comdfPOdeout [ (~eundf (P,
ﬂiﬂﬂ’ﬂ Df(ﬂ(ﬂ:)

117 NOE) = [(can)fPdPeu, B=1,2 8% a.
Np

The constant A§)(P,)(and similarly A42(P,)) referring to the external surface is obtained
directly from Eq. (1.10) by means of a threefold quadrature. Determination of the constants
A% (P,) requires the solution of a very complicated system of two (« = 1,2) integral
Egs. (1.11) (Fredholm type, second kind) in four variables; points P,, P, on the spheres
are uniquely determined by means of their directions. In the general case of arbitrary
system velocity and arbitrary distance between the spheres, the solution may be obtained
only in an approximate manner.

It is found that in the case of spheres at rest the solutions are very simple, while in the
case of a system moving along the axis connecting the centers, an exact solution may be
obtained in the case in which the distance between the spheres is large in comparison
with their dimensions (large distance approximation). Since the methods of solution and
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calculating of fivefold quadratures representing the interactions are, in the cases of spheres
at rest and the system propagating along the axis, entirely different, both cases will be
considered separately.

2. Spheres at rest
2.1. Solution of continuity equations

THEOREM. Solutions of the system of Egs. (1.11), AY)L(P,) and ALL(P,) are the same
as in the case in which each of the spheres are placed in the medium alone (the presence of
the other sphere does not influence the solution of continuity equations).

Proof. Let us assume the solutions A{), P, and AY) to be constant, independent
of the points at the surface, P, and P,.

@2.1) ADL(P,) = const, AY)(P,) = const.

It will be proved that this hypothesis does not lead to a contradiction. Performing the
integrations with respect to the velocity modulus |¢| in N® and N® and apply ing the
thesis (2.1), we obtain

Nm=b{A§“w(%)z [&"(MZ) *“9’(&:_“ )]}

NG = bwAD), (2”1 )
m

% 2
o2 ol 222
i m

(2.2)

NS = A"%(Zsz) ;
with the notations b = —2— 12 = -:l!— 3

w = f(—lm'llx)dglon wi = f (=loy my)dyo, wi = f (—loz+ ;) dQio2.

242 2xapy 2ki1pn
(2.3)
It is easily verified that the assumption
2 2
(2.4) AP, (”‘T’ ) = 49 (—%T") = A5 (——ZkT’) , dop = =
m m Cov

satisfies now the system of continuity (I.11), and this means that we have proved the
existence of solutions within the range of hypothesis (2.1); that hypothesis does not
lead to a contradiction. Moreover, the qualitative character of solutions is the same as
in the case in which each sphere exists in the medium separately, since

(2:5) N{Q = N§ = Ny,  NE) = NS = Nfdeoy.-

Index 0 means that the sphere considered is placed alone in the medium (the other sphere
is absent).
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The result obtained may be so explained that “overshadowing”, in the case of resting
spheres, does not influence the particle fluxes in the diffusive model: in diffusive dis-
persion, the particles reflected at a given point of the sphere reproduce, at the same
point, the isotropic properties of the medium (identical particle fluxes are “emitted” in
all directions — for the particle flux is, by contrast with the energy flux, immaterial what is
the energy spectrum within the flux). The consequences of such simplification of solutions
of the continuity equations are spectacular — the calculations are considerably simplified
and the possibility is created of constructing an accurate solution. Applying the above
result and using the spherical symmetry properties following from that result, we obtain

(2.6) F{Qmer = 0.

2.2. Quadrature of interaction integrals

Introducing the functions of distribution into the elementary forces, we transform
the Eq. (1.6) to the form
2.7 Fﬁ){im = mf(c)ol(x%t(ze":)/‘in? Fﬁ(el) = mAg)(P z)f(c)zl&'l(eu,
where

oo o
—g® .
Jieyo = f che” P o deoy, Iz = J‘ chre” 02y,
(2.8) ’ ’
lﬁz(eu = f lm(“lm'“l)dglm’ Ig)zm) - f lz1(122 g nz)d-lez-
Qgapyy gipy
It may be proved that
(2.9) f I5endZ = J.Igg(ei)dzzw-
Ziw Zaw

The fact expressed by the Eq. (2.9) is equivalent to the conclusion that the force F{}
can be written, as viewed from the K,-sphere, as

(2.10) F=m [ [ (meam)esfoarei] dz,..,

c
21 w .sz(?‘)

d*cy) being the elementary cone with vertex at P, d%c,, — the elementary cone with
vertex at P,.

Making use of Egs. (2.1), (1.6), (2.7), (2.9), we finally obtain the expression for F,
[relation (2.1) enables us to write 4,(P,)-and A%, as constants, before the sign of inte-
gration]

(2.11) Fi = —ml0 AP — L2 49) f 1@y dZ,..

zlw

The integral I}, is evaluated first in the local reference frame (since the calculations
are then the simplest), attached to P,, with the axes z parallel to P,0, and y® so selected
that m; lies in the plane (z?, ) and j® - n, > 0; here j denotes the unit vector in the
direction of y",
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Components of the vector I§¥.;, in the absolute system are reconstructed by transform-
ing the vector I{ZS) from the local to the absolute system, and by applying the trans-
formation rules for tensors according to the transformation matrix agym,

(2.12) ek = Gm 20,
—sing,;  aP(1—k,cos0,,)cos@,y  —aVk;sinb,; cosg,,’
(2.13)  Gm = cos@,  a(1—k,cosb,,)sing,;, —a'V%k,sinb,,cose,,
0 ak,sinf,, a‘P(1—k,cosby,)

a® = (14kj—2k,cosb,,)~ "%

The magnitudes of I{%&), depend on the area of region Z,, which is connected exclu-
sively with the geometry, namely the region of integration — the solid angle Qg;p1) —
depends on the position of P, and may represent a cone or its part, larger or smaller than
its half (Fig. 3, 4, 5).

Three regions may be considered, depending on 0,,: (i) cosf,; € (k, —k,, ky); the plane
line p (i.e. the trace of the plane tangent to K, at P, on the visible part of the surface Kj)

FiG. 5. FiG. 6.

is located above the centre 0 of the conical line s (the trace of a cone with the vertex at
P, and the angle corresponding to the size of K, as viewed from P,). Figure 6 also shows
the traces of coordinate axes x, y® and the limit polar angles ¢, ¢{* of the intersection
of p and s, as also the azimuthal angles 6{)., 6%., corresponding to the maximum
vertex angle of the cone and to the vertex angle of a cone tangent to the line p.
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Owing to the symmetry, in region (i) we have ¢{?€ (0, #/2), ¢¥ e(x/2, n),
(ii) cosB, € (ky, ky+ky); then ¢ € (3n/2, 2n), Fig. 7. ¢¥ € (w, 3n/2). The value
cosf,, = k; corresponds to the situation in which the line p passes through the centre 0’
(and owing to the choice of the coordinate system — coincides with the axis x“?, and

g y)
f;‘su‘.f
B
> Biin=0
Fig. 7. FiG. 8.
ylh
== Y "S”
) o
X J- 9(0
L
FiG. 9.

then ¢ = 0, ¢ = =, Fig. 8. (iii) cosf,, € (k, +k,, 1), and then the entire surface K,
is visible within the conical line, ¢ € (0, 27), Fig. 9.
Pursuant to the above remarks, the regions of integration within the individual segments
0, may be represented as
oD o

max

(i) 195 = J [ f dq:“’] sin6h deo,

I (l
D oD

) 0]
amax X lP

G o= [[ - dg®] sin6® dg® [ [ dg®] sing@dse,

PO
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max 2n

(ii) W = [ [ ..dp®] sinoase.
0 0

In the interval (ii), the region of integration, which is a greater part of the cone (points
¢{?, ¢ are displaced under the axis x'), is represented by the difference between the com-
plete cone and its smaller part. The characteristic points ¢, ¢ of intersection of p with
the line 6% = const are found from the equation of the plane tangent to K, at P,. In the
local, spherical coordinate system, the equation has the form

(2.14) sing®= —ctghfctgh®.

Here 6¢) is the angle made by the normal n, with the zP-axis. It is evident that for cosf,, <
< ky, sing” > 0, and for cosb,; > k;, sing® < 0. Thus we have, depending on the
region, the following relations:

(i) ¢ = arcsin(—ctgfictgh®), ¢ = n—g?),

(ii) @ = 2 +arcsin(—ctgfctgd?®), @’ = n—arcsin(—ctgh,, ctgf®).

The values of 6%}, are determined by substituting in Eq. (2.14) ¢ = #/2 [in region (i)]
or 3a/2 [in region (ii)] —that is, sing®®> = +1, since the point of minimum value of
6% on the line “p” lies on the y-axis,

) “ __%._. . () J— .&
@) ctgfuh = o costy, © W R = gy~

For 6., we obtain (Fig. 10)

- 0] — L* f_f Rz
Slnamas kl. Ploz »

Pl 02 = d(l +k§ _2k1 COSBM)UZ.
The integrals I}, in the all three intervals of 6,, are expressed by elementary functions [7).

Fic. 10.

Before approaching to the integration of I{,;, over the surface X, let us first write
down its components

Ik?fel)x =a"(1—k, cosb,,)cos tp,.;lk‘ﬁfi‘&,—-a“’kl sinf,; cos@ny Iﬂﬁi;u
I8 1y = @ (1=ky 080, )Sin @y I eryy — 3Kk, 5inbpy Singn, IR,
I%en: = Wk singn I8, +a (1 =k, €080,1 ) I5ED:-
Owing to the symmetry properties the integration over @,, leads to the conclusion that
le =0, Fly =0,

2 Arch. Mech. Stos. nr 2/74
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since J$%Q), and IY5()), are independent of ,,. Therefore, the force F, is reduced to the

only z-component, and
arc cos (k) —k3)

[ 192,42y, = 2aR2 [ 19D, sin6,, d0,,.

Ziw 03

In view of Ig%), being dependent on the interval of ,,, the integration may be decom-
posed into three regions
arccos(ky+kz)

f I}Kig:ﬂ)zdzlw - ani{ f Sinﬂnldeul
Liw 0
arccosk; arccos (kg —kz)
+ [ sinbydb+ [ sinG,df,,.
arccos (ky+ka) arccosk;

Unfortunately, the last fifth quadrature over the angle 6,, could not be performed
and represented by elementary or special functions. Once the integrals Jicoy, Iic2) are cal-
culated, the force exerted by K, on the sphere K, may be represented in the form

2%T, \*[{2kT, \'"* [ 2kT6 \""* ]~ r
Fi=F_,=Fo.x= mﬂAg,zﬂR%( P 0) [( = 2) “Vom ° I?,

where

( 5)
P 'E =
a=—-", r=0,0, T2 ([ 198p4z,.) @Y.
zlw
An analogous expression is obtained for the force acting on K ; it may formally be derived
from the expression for F, by changing the indices.

2.3, Discussion of results

The force acting on a body depends on the temperature of the other body and the
temperature of the surrounding medium, and is independent of the temperature of
the body itself. If the temperature of the body is higher than that of the surrounding
gas, then the body exerts on the other body repulsive forces, when it is lower — the
forces are attractive. Two bodies with teperatures higher than the medium temperature
will then by repulsed, the bodies with lower temperatures will be attracted. Also possible
is a situation that the first body will be repulsed by the second one which, in turn, will
be attracted by the first one, or vice wersa (i.e., when temperature of the first body is
higher and that of the other body — lower than the gas temperature). The complete force
exerted on the system is equal to

2 12 1j2
F=F +F, = maAg‘>(2kT°) :[(2”’) —(2"‘7") ]2nR%f1
m m r

m
2%\ (26T, V= » 0,0, }
+[(—m ) Tw | |[kl=he s

In the case of spheres in equal temperatures, the force acting on the system has the same
direction as the force exerted by the sphere which is larger; for equal spheres, the force
is directed from the sphere with higher temperature to the colder one.
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The magnitude of forces acting on the bodies or the system is simply proportiona
to the geometric factor . The fact of I being dependent on k,, k, may be so interpreted
that the same variation of I(k,, k,) may be achieved by changing either R, and R, or d
(increasing d corresponds to inversely proportional decrease of R; and R,) provided
that the variation of d is accompanied by the variation of F,, (F,) following the change
of I(ky, k2) (I_(l #2)) only, while in varying R, and R, the forces are changed proportion-

[Fifkeks)]

a5

730

e~05
a15

a1

005

Fe. 11.

ally to the factor I(k,, k) (I(1=22)) and, in addition, proportionally to R? (in the case
of F,) or to R (in the case of F,).

The geometric factor 7 was evaluated numerically. Two kinds of graphs have been
prepared: (1)-Graphs showing the dependence of I(k,, k,) on the distance d at fixed

values of R, and R,, that is I(R;, ¢ = R,/R,; d) (or the equivalent dependence I(k,, k)
on the radius R, at fixed d and ¢, Fig. 11); (2)-Graphs showing the dependence of the

geometric factor I(k,, k,) on the ratio of radii ¢ = R, /R, at fixed k; = (R; +R,)/d and 4,

2%
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that is, I(k,, d; €) (or the equivalent dependence I(k,, R,; &), Fig. 12). Detailed analysis
of the numerical results proves I(k,, k,) to be, at constant radii, exactly inversely pro-
portional to the square of distance d (or, equivalently, at fixed &, d—simply proportional
to the square of R; or R,).

The dependence of I(k,, k,) on the ratio of the radii ¢ = R,/R, at fixed k; = (R, +

+R,)/d and d or R, is such that for & > 1 the variation of I(k,, k,) following the changes
of ¢ is slower than linear, while for ¢ < 1 — it is faster than linear (however, not faster

fﬂgflfh,kz)] k=1

| k=09
"/"”’H T loge
1
k':‘ E‘

1
k,-"?

1
k=g

\
\

Lt

Fic. 12.

than parabolic). The values of I(k,, k,) become of interest when the spheres contact each
other. In the case of spheres with equal radii (¢ = R, /R, = 1), we obtain I = —0.393,
for R, = 10R,, I = —1.298, and for R, = R,/10, T = 0.01298; it means that a tenfold

increase of R, with respect to R, produces only a threefold increase of I(k,, k), while
a tenfold decrease of R, with respect to R, produces as much as a thirtyfold decrease of

I(k,, k) (at € - 0, I - 0, and with & — oo, I - const).
3. System of spheres moving along the central axis

3.1. Solution of continuity equations

The constant A{?(P,) is necessary for the determination of Fy ). Assuming the system
velocity to be much smaller than the thermal velocity of medium particles (the hypersonic
case was considered by the author in [3] and in [4] where it was solved by means of the
Monte Carlo method), we may write

G.1) Q/(kaTo )uz 2,
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function f* being approximated in the following manner:

(3.2) fohar - @ f D) — |, fOD,

(33) (D}f“)“) =, A:(i)(l)e—ﬂgi’cgr’
i = _ g2
(34) W fOD = JPWe~B 01 (e, - g),
(3.5) ArOM = Ag"e'Bg)“'z,
(3.6) j:i](l) = ZBE’A,*(""’).

The approximation (3.2)-(3.4) is due to writing the distribution function f{’*) in the form
of a product
- 00 = 40 A 2

and then to expanding the non-isotropic factor exp[—2B{"(c,, - q)] into a power series
B®(cy, - q) around the point ¢y, - q = 0, the linear term of the expansion being retained.
In the following considerations to that approximation will be called the small velocity
approximation. In the small velocity approximation, we obtain from the continuity

equation
AT\ 4
l:b( = ) +-3—a(q n1)+...]

apy = grom| (2T ), (_ZET_)
(3.8) ()(Pl) A*(i)( }[(_?_n____) .(b -

Losf S 1

Knowledge of the constant A} is necessary for the determination of F, ). It requires the
solution of a system of two integral equations. Since the attempts aimed at an accurate
solution failed, the system is solved by the iteration method. The following iteration scheme
is assumed:

(3.9 mN(P) = Ny + m-1yNiacin»
where
i i K2
(310) (,,)Ni?, = (r)((n}fi{u?)’ (n-—l)N{xL(In) = wi((ziz)"'(n—-l)N{\i({in])
i (1 i)(K2
(3-”) M‘:ﬁ:) f (—cm 'ul)fz{ 4! )dacm s (n—l)NE(\L((in))
k2cp1)

= N(Iiav((fnzyl{{n—l} w ’ Nﬂl{ﬁ.’;’ = f (—cn * n)fé?(Pz)dac“.
Q% 2(pP1)
It means that the flux reflected from the sphere K, in the n-th iteration corresponds to the
interaction flux (arriving from K,) in the (n—1) iteration.
The first iteraction is assumed in the form (n = 1)
(3.12) of3R =152, (A% = AD),
i.e., the function of velocity distribution of particles in the interaction flux (the O-iteration)
is the same as if the other sphere were absent. We have then

(3.13) yNED = Nfoy+ 0yNim -
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Identical iteration scheme is assumed for the second sphere. Applying the large distance
approximation, the first iteration is effectively determined (in such a case, confining the
considerations to the first iteration is sensible, since then the presence of the other sphere
disturbes only but little the flux arriving to the sphere considered).

In calculating the individual fluxes occuring in the continuity equation, the function
fOHM js taken in the same approximation as in the evaluation of 42, that s, in the small
velocity approximation. In the large distance approximation, in which Qg;cp,, may be
assumed to be a cone (at every point of the surface Z',,). we obtain

2T, )2

@Niw = (1)A'1w(P1)“b(

T (e

(3.14)
NGy = A:m(%n) [ ( ) WN1—20WN4],
2kT, 4a
(OJN{?U(#:? = A:(‘}( m 0) { ( ) WN! 3kw QSWNI
4a 4a
+WWN2—-3}C:—,WN3},
where
Wi £ [ (8- (=loy)) dQy, = mk$*cosbyy,
Oxa2P1y
Wyz = f (“1(_lzz))cose'(‘l("‘]n))dgln
Oga(p1y
2
= %k!m(q : n;)+3;—k2”' 2 )4;0059.'.1 ,
Was £ f Vs —sin?0 (n; - (—12)) (0° (—122)) 42y,
OKZ(PI)
- —n—{kx’—(l—k;”)A ch(1 -kt i Lpgs 1=K a1 ka3 Arch(l
@15) " 4 " 7T g

4 1
-kz*)'i]}q ny +7g; 0058,'.1” - %‘[k%’— (1—k¥"?)Arch(1-k2"%) 7]

' 1 %3 k %72 : » o 1
] 3k + 3 k3’ —(1—k¥'*)Arch (1—k3"%) 2

Wi = J (=Joy *my) oy - q)dan,—q,.smﬂ,,ln[u—+}/l sz

"xz(pu
12 ’ 257 */2 2
--(1 k3% )z +g;c080;,- - [(1—k3"*)> 1]

k3 = R;ld, d* = P, 0;;
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0,, is the azimuthal angle of the direction n;, §'—of the direction-ly; or -l,,,
g%, 4y, g- are components of the vector q in a local coordinate system.

On transforming the quantities wy,, Wy, Wya, Wys to the absolute reference frame
(Cartesian coordinate system with the origin at O, and the z-axis parallel to 0,0,), we
obtain

1
Wyi = ﬂk%,’f%(—h%-cosﬂm), d* = d(1+k}—2k,cosb,,)?,

s 3 y2) &
WNz = _k"u(ll'lh)'i'“z—kf 2(2—5;‘3 2) a2 5 q(—Fk1+ 00y

(3.16) +k2cosbn; —kcos?0,),
1 1. .., 1-Kk%3 1 1,.,. 1—k%?
Wy = n[iw—z-ki;:————gé—w] (q- n1)+s:|:—~2-w+3(zk3 3+ 82 w)],

Wha = W14C0S0,; +g(Wwy—wy) ‘g&'z"( ky +cosby, +kicosb,, —k,cos?0,,),

where

w = k¥— (1—k¥?)Arch(l —kf”)_%

3.17) 3
2 2 3
Wy = "[“ﬂ/ k3™ (l—k?’)’]’ Wy = Sl +kEH-1)
Here 6,, — the angle made by n, with the z-axis.
In the large distance approximation, the quantities w, w,, w, behave as follows:

= 5 & i . | R
(3.18) w=xw=—k¥?, wlzw;=-—£k§4, wzﬁw2=nk£2(—-l+ik§’).

4
The value of (;)47),(P,) sought for in the large distance approximation and the first ite-
ration is finally equal to

1/2 !
mh, Auu(’"‘“) l:b(zf“) +(i EA'cw)qcosf’m],

3 9
e [ (2le
m

Consequent application of the large distance approximation also yields the higher itera-
tions, and by the method of induction — an arbitrary term of the iterational sequence [7].
Within the large distance approximation, convergence of that sequence may also be proved,
and its limit — determined [7]. The limit iteration is shown to differ from the first one
only by such terms which may (in the large distance approximation), be disregarded [7].

Exact and explicit formulae may also be derived for the iterational sequence A4%Y),
i.e., the formulae which hold true for arbitrary distances and which are expressible in terms
of the initial iterations (n = 0 and n = 1). The general formulae so obtained may be ap-
plied for verification of the results derived in the large distance approximation by the direct
method (consisting in the application of the large distance approximation in all consecu-
tive iterations). Convergence of the corresponding results is complete [7].

(3.19) (].)AYV)U(P])
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3.2. Quadrature of interaction integrals

Let us integrate the expression for F, ) over the space of velocities

T o (TN - o Ty N
(3.20) Fy =m‘:’ [“Ai"ld(?q) "“14‘*‘/‘:“)0(—‘;2) w3—ANa "—El, wo |dX,,
where
5
IO, 3)
- 2 ] - 2 .’
by 4 . b 4 . .

(3.21) wyax = gqsmﬂ.,,cosﬁ,.lcomp,,, y  Wigy = % gsinf,, cost,; sing,,,

(3.22)  wys. = 3‘1(% + l cos’6, 1);

6
2

(3.23) Wiz = — 3 n,

(324) we = ZT“nl,

0, , @a; are the azimuthal and polar angles of the normal n, at the point P, in a rectan-
gular coordinate system U with the z-axis directed parallel to 0,0,. Vectors w,,, w3, Wg
had been evaluated first in a local coordinate system, connected locally with P, and with
the z'-axis parallel to n, (the x'-axis lies in the plane (n;, z), i'-k 2 0, i’]|x’), and then
transformed to the global system U according to the transformation matrix a;,

—cosfl,, cosgpy,, Sing,;  sinf,; cosg,,
(3.25) ay = | —cosl,,sing,, —coseg,, sinf, sing,,
sinf,, 0 cosly,

Integration of the expression F{,,.; over the region 05 ;2 of the space of velocities yields
the result

(3.26) f cu(‘:u ) nl(Pl))fsru)udjcll = f cn(cn ) nl(Pl))sz)dacu

c <
Q2 22

26 2T, N7 2T\ 2T\
= — ? ;l'r_g. k%( }n_l‘) Ag‘)(')(To) (q 7 n,)a( _..;;1__1._ Wy,
where

27
Wai1 i fln(]u ‘n,)dQ = Tnx-
22
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Integration of the remaining components of F, ) proceeds similarly to that performed
in F,); the difference consists in replacing the semispace of directions with the solid
angle determined by the range of vision of the other sphere:

‘ ; 2T, >
(3.27) f c;i(cy. )R (Py)d3%e,, = Aﬁ(Pz)a( mz) Wi,
2k1p2) -
W, = f 1,,(1;; - n,)dR,,,,
QK1(P2)
. , 2% T\ 2T\
(3.28) f czl(‘?zz'ﬂz(Pz))ﬁmzld;czz = A?)‘-’_B'qza( o ) “’1+2A:md “m Ws,
“2k1(p2) i
Ws = f La(loz - ) (122 @) a2y,
2g1(p2)

Vectors w,, ws calculated in a local rectangular coordinate system with z’ parallel to P,0,
were then transformed to the absolute system U connected with the sphere K,, with the
axis z parallel to 0,0, . The matrix of transformation has the form

sing,, a'?(1—k,cosl,;)cosg,, —aPk,sinf,,cosp,,
(3.29) aup = | COS@,, @@ (1 —k,cos0,,)sing,, —a Pk, sinb,,sing,; |;
0 a®k,sinb,, a®(1—k,cosb,,)

0.2, pnq are the azimuthal and polar angles of the normal n, to the sphere K, (determined
by P,) in the absolute frame of reference U; n, € (z, ') and n, - j = 0.

In order to determine the forces F,, and F,;,, the corresponding expressions must
be integrated over the surface. The integration is easily performed,

3j2 3j2 1/2
(3.30)  F=- % mn? RigA¥® (2%:3) [535%(—2“7?) + -135 a* (2k:1) ]k;.

On evaluating the surface integral of Fy,, use is made of the assumption of large dis-
tances, k; < 1, k, < 1. Disregarding in the expressions for w,, ws the terms containing
ki, k; in powers higher than 2, we obtain

(3.31) w,, & W, = akicosl,,,
(3.32) Ws, X Ws, = —mkiqcosh,,.
The remaining components are of little importance since the corresponding integrals
vanish owing to the symmetry properties.
From the solution of the continuity equations we obtain, like in Egs. (3.19), the result

(3.33)
. Zf(_T 32 12 ]
mAY% = hznA:'m(“-'m—P) [b(ZkTO] +(—4-a~—%6kfﬂ) (@ m) |, h=h(=>2).
/ i

m 3

Integration of F,,, over the surface yields

32 1/2 1/2 1/27]
(334)  Fyp= mA;u-)(zk_n) { szzg) [(&z) _(Zkf‘o) o
’ m m m m

2 12 . I_’Z"
P22 ()" o B (20
m 3 m
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where
(3.35) o = [ #,dZ,; = 22REkik,,
zw:
2 & 8 2 p2 1.2
(3.36) Wy = f""l(‘l’nz)dzwz =577 Rz qkik,,
A _ 3 0,0,
(3.37) W= [WsdZy2= —n2Righik,, Kk, = 0.0,

w2

Summing up the results obtained we arrive at the final expression for the force acting
on the sphere Kj,

2 1/2
_ ; 2kTo)3" 1 [« (k7o) i (2;:11
(338) F, = *“( ~Ri 5| |2 +5ol5t
2 1/2
15 aua 21:3'"1)"'2 2{ (ZkTo) 2kT2)” _(;_zk:r'o ]
" kq( K\g V™ m m

AR (ycro)”‘}
-ﬁq(m) Vs q¢f ks -

3.3. Interpretation of results and conclusions

The first term in brackets corresponds to the drag acting on the sphere K, which moves

in the medium in absence of the other sphere, the other term in brackets (proportional to

3) represents the interaction with the other sphere K, and namely: the first term in that

expression, proportional to the mean thermal velocity of the medium (2kT,/m)'/* corre-

sponds to interaction of the spheres being at rest with respect to the medium; it may denote

either repulsion or attraction, for T, > T, or T, < T,, respectively. The second term

is proportional to ¢ and represents the contribution to the forces of interaction following
from the motion of the spheres with respect to the medium; the force is attractive.

Similar expressions are obtained in calculating the force acting on the K, - sphere

(it may formally be obtained from F, by the transformations k;, - k;, ¢ = —¢q, T, 2 T,,

k, 2 k,)
1 %T\"? 3 Zsz)m
?4[5 (m) o
13 e (m;)”’ +i2 = (ZkTo) [(21:?1) (2kn)"2]
7] m m
1 [2kT, ZkTO)‘” }
_HQ( o ) _( e q¢( ka.

Also similar to the previous results are the physical meanings of the individual terms in
the expression for F,.

It is interesting to note that the interaction term due to the motion of the both bodies
of the system with respect to the medium has the direction opposite to that of the drag,

32
(3.39) F, = 2mA*® (”‘T") 72 R2
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The possibility of occuring, in the expressions for F, and F,, of attractive and repul-
sive terms, gains a considerable physical importance, since—with Ty, T, T, being fixed
— at certain values of the distance d between the spheres and their velocity, the forces
may vanish. Under the conditions of vanishing forces and at fixed temperatures of the
spheres, the system moves as a “free” system(*).

The conditions for a stationary “free” state may be written as follows:

F{l)(q’ d, Tl ’ Tz, TO) = 0,
F(z)(Qs d; Tl: Tz- TD) =0.

The motion considered is one-dimensional and hence, at fixed values of T;, T», Ty,
the set of equations completely determines g and d. A suitable choice of T,, T, may lead
to the total force acting in the same direction as the velocity (the system would be acceler-
ated and could be termed a thermal free-molecular engine).

Using the formulae derived let us estimate the values of forces acting on bodies placed
in the space around the earth, where the conditions of free-molecular medium exist. To

this end, the expressions for forces are represented in the form more suitable for numerical
calculations:

F:x = F=(0)+F(¢?£L) +Fﬁ n)

Here
3 a2
Ff,?.., = —-IﬂRﬁkgpo(xp—l)e Yok,,
4 - o 0ya 3 -q;

Fa0) =§I/’TP0R¢(—‘I ) 5‘*‘“4-_7‘-’5; e ok,

F — s nrial 18 s 2

aginy = "‘]/“Po(_q Ye % Rzkj 87 xa+§x§+4 k.
and

32
Po = Ai”(%) kT,

( 2%T, )”2 (2kTo )”’

xg—
m m
0 a
q _q'( m ) ]
0,0
k=—"L af=120#8.
0,0,

Let us assume R, =R, =1m, X, =1, X, =2, ¢° = 1/3, k3 = ki = 1/10. The
values of ¢° k, and k,; assumed here are so selected that the small velocity and large dis-

() The system cannot be completely free, since this requires the temperatures to remain constant in
the process of motion, and it is not possible in a system of that type.
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tance approximations are still applicable; p, is assumed to be equal to the pressure
existing at the elevation of 130-200 km above the earth [5]. The results are as follows:

Hlkm] Fioy% Fﬁ?ﬂ) x Fﬁ'i}n} X Fy x
x 10 dynes - k; % 10? dynes - k; x 102 dynes - k; % 10% dynes - k;
130 J| —-1.94 —-0.24 0.65 —1.53
150 l —0.83 —-0.103 0.274 —0.66
200 -0.22 —-0.028 0.076 —-0.18
|
H [km] Fa(o)x F;{in)x F Fé?i’n;x F;x F=(F+F)x
x 10? dynes - k, l x 10% dynes - k, | x 10 dynes - k; | x 10* dynes* k; | x 10* dynes - k;
130 l -2.79 l 0 1.32 —1.47 —3.00
150 '. —1.18 0.66 —0.51 -1.27
200 : —0.325 ‘ 0 | 0.155 -0.17 —-0.325

The accelerations corresponding to the resultant force, calculated under the assumption
that the spheres are homogeneous and their density is equal to ca - 3g/cm?, are as follows:

H = 130km—24-10"%cm/sec? = 24-10"% g,
H = 150km—10-10"%cm/fsec? = 1.0- 10~ % g,
H = 200km—0.26- 10~ ®cm/sec? = 0.26-10"% g,

g denoting the acceleration of gravity. The corresponding accelerations calculated for
shells may be larger by 2-3 orders of magnitude.

The accelerations are inversely proportional to R, (the forces — to RZ, and mass — to
R?), and thus for much smaller spheres the forces may prove to be much greater. For
a sphere of radius R = I cm, e. g., the acceleration is 100 times greater, for a 1 radius— 108
times greater. In the space around the earth we may thus expect rather considerable inter-
actions between minute particles, and at lower elevations, where the pressure is much
higher, also between the micrometeorites.

From the considerations concerning the spheres at rest it follows that the geometric
factor — its counterpart in the present problem being the quantity kZs/2 — may reach
values close to unity; it means that at small distances we may expect the forces to increase
by one order of magnitude. The forces (accelerations) may also be changed by increasing
the velocity of the system.

It should be noted that the forces of interaction connected with the motion Fgin, are
comparable with the drag F, ) even at low temperatures of the other sphere and at large
distances d (we have assumed k2 = 1/10).

The effects of interaction could easily be observed in the case of free spheres (the prob-
lem is different but may be approximated by the solutions presented), since the forces
would cause certain changes in distances and velocities. Owing to the cumulative char-
acter of the dependence upon the time, the effects could be detected by observation.
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The estimations may also be used in the problem of spheres at rest. In order to deter-
mine the forces it is sufficient to multiply F{(, by the factor kZ=/2 (factor I, corresponds
to 7k /2).

3.4. Heat exchange

The problem of exchange of the energy (2) is solved similarly to the problem of mo-
mentum exchange. The former problem being solved, we may use the solutions of the
continuity equations and certain quadratures. The general expression (before the integra-
tion) for the heat exchange is formally obtained from the expressions describing the ex-
change of momentum by replacing the vector quantity ¢ (appearing at the scalar product)
with the scalar ¢2/2:

(3.40) Oy = Qo +Quyiim»

G4) Qo =m [[| [ di(-cor n)fPdPe— [ k(e n)ffidey, ]dz,,

51 292 D)

(342)  Qyum = '“? f[ f Cfl(cn “m)ffhde;, — f cti(ey ﬂl)f{rz‘dacu]

Ziw 25,2 242
m 3
+§ J‘[ f 31(—cpy - ) fPd%,, + J. c31(cz2 nz)ﬂﬁd%zz] dX,,.
Iaw et 0
K1(P2) K1(P2)

It is found that, in the approximation for the distribution function £ used in the evalua-
tion of F, no terms involving the velocity appear in the expression for Q,,,, which corre-
sponds to the heat exchange due to the motion of K, through the medium in absence of the
other sphere. This is a result of preserving in the expansion for f{” the single term linear
in ¢ and that term is negligible in the problem of heat exchange between a single body
and the medium (it yields a zero contribution). The terms containing the velocity of the
system appear in Q) — that fact is connected with the solution of the continuity equa-
tions and is of the same character as in F,q,. This explains the fact that in calculating
Q1(0) (Q2(0)) the function [ was assumed in the form of an expansion involving the term
quadratic in ¢; such expansions are sensible as long as ¢ < 1, and this assumption was
made earlier:

(3.43) [ = AP BOGH D1 _2B0 ¢y, q) +2(B)? (€01 @)%+ ... ].

It follows that a term proportional to the square of velocity of the system appears in
Qi(0); the term represents the exchange of heat connected with the motion of the body
in the medium. On applying the expansion (3.43) to the solution of the continuity equation
and to the evaluation of Q, (), we obtain certain terms containing ¢ in powers higher

(?) The problem of non-stationary energy exchange (account being taken of the radiation effects) for
a simple system of two parallel plane plates in the case when one of the plates is much larger than the other
was solved in [6].
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than 2; these terms are consequently disregarded. Retaining the same approximations
which were used in calculating F, we obtain the expression for the heat exchange

2[1 —X+ % qs (% —xl)]

Al - B B

2%T,
m

344 0, = mA:“’( ) 2% R}

%To \?
(345 0, = mA:("(—mi) 272 R} IZ[I—x2+%¢I§ (% —xz)]

3 13
1/2 1/2 1/2
P Ry e

m
2kT, \ |{ 26T, |
2= \"m )\ )

Similarly to the momentum exchange problem we may observe the possibility of reaching
the states in which no heat exchange between the bodies and the medium takes place.
These states are determined from the conditions

01(To, Ty, T3 9,d) = 0,

Q:(To, Ty, T35 9,d) = 0,
which are fulfilled for definite values of the distance d and velocity g.

3.5. Final remarks

Some of the approximations and simplifications introduced in this paper might be
disregarded; by neglecting e.g. the large distance approximation we may reduce the ex-
pressions for forces and heat exchange to single integrals. The integration over the space
of velocities may be performed, while the surface integral, which cannot be reduced to
an analytical form, is represented in the form of a single integral owing to the cylindrical
symmetry of the problem.

We may also preserve the large distance approximation and disregard the other approx-
imation of small velocity of the system (small as compared to the thermal velocity). The
distribution function f® of incident particles which occurs in the terms expressing inter-
action (the region of integration being determined by the solid angle of the range of vi-
sion of the other sphere) may be approximated by the formula

O~ 49 e-B§0(°’+¢’-2¢q)_

Here the sign + refers to the particles incident at the sphere K, and the sign — to the
particles incident at the sphere K,. In this approximation, the last quadrature should be
performed numerically.
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