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Uniqueness theorem for stress equations of isacheric motions
of linear elasticity

R. WOJNAR (WARSZAWA)

A UNIQUENEss theorem for the stress equations of motion of the linear elasticity was established
in [1] under the assumptions that the density function is strictly positive and the elastic energy
is positive definite. This note gives an extension of this theorem to an incompressible elastic
solid.

Introduction

A UNIQUENESS theorem for the stress equations of motion of linear elasticity was established
in [1] under the assumptions that the density field is strictly positive and the elasticity
field is symmetric and positive semi-definite. For an isotropic solid whose elastic properties
are described by the Young modulus E and the Poisson ratio », these assumptions read:
0>0, E>0, —1 <v < 1/2, where g stands for the density of the solid.

In this note we prove a uniqueness theorem for the stress equations of motion under
the assumptions ¢ > 0, E > 0, » = 1/2, i.e. for an incompressible solid.

We believe that up to date no uniqueness theorem for an incompressible body subject
to motion has been proved (cf. [2]). It was shown in [3 and 4] that for an incompressible
body undergoing static deformations and for the displacement problem the stress tensor
is determined to within a uniform pressure only.

Uniqueness theorem for stress equations of motion of a linear incompressible solid

Assume that an incompressible elastic body occupies three-dimensional region ¥V
bounded by a regular surface S. Let the Young modulus E and the density ¢ be strictly
positive and smooth functions of position x.

In [1] it was established that the stress field of linear elastodynamics is characterized
by a single tensorial equation of motion. If we set » = 1/2 in this equation, we obtain
(1)  E'(oy—0udy)— (@ oux),— @ o)~ (@),

"(Q_Iﬁ).i o Os (xs ‘) e¥Vx(0, co) (1)
Assume now that oy;(x, ¢) satisfies the following initial and boundary conditions
() 0iy(x,0) = ofj(®), y(x,0) = ofj(x), =xeV,
3) ou(x, Hm(x) = qi(x,t), (x,1)eSx(0, ),

(*) Equation (1) for i = j is compatible with isochoric motions of an isotropic solid subject to the
body forces f;.
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where of}(x), 6f)(x), g:(x, t) are prescribed functions and n(x) is the outward unit normal
to S.

We are to prove the following

THEOREM. If E > 0 and g > 0, then there exists at most one tensor oy(x, t) satisfying
Eq. (1) in the four-dimensional region V x (0, c0) and subject to the conditions (2) and (3).

Proof. It is sufficient to take into account the homogeneous equation associated

with Eq. (1) (f; = 0):

(C) E~1(301;— 0w 0i)— (@ ' ou i) i— (@ o) = 0,

and show that Eq. (4) subject to the homogeneous initial and boundary conditions
(5} O'U(x! 0) = 0: &U(xs 0) = Or X € V!

© ou(x, )m(x) =0, (x,7)eSx(0, ),

has only zero solution
oy(x,t) =0 for (x,t)e¥Vx(0, ).

To this end we multiply Eq. (4) by ¢;; and integrate the result over the domain ¥ x (0, 7).
Using the following identities

o 140 .. . - s 10 ...
010y = _Z"aT(UIJaij)s OxkOiy = >t (011000,

(07 oww),i0: = (@ Ouxi),j— 0 Ou 0y,

(07 o), 100y = (@7 ik 04) i — 07" Ok Gijis

f (ghlalk.lélj),jdr/: fg“au,k&unde =0 by virtue of (6),
v 5

we obtain

I
8435 1: i i
) de (d‘l'l:E_l"a?(“fUuUu*—2'0'ﬁUu)+9_1(“ik.kﬂj,f‘*‘“jt,k%},i)] =0
v 0

or

t

® [ [ ar- 108y 1Gayby—busw +etousoni = 0.

v o
Equation (8), by virtue of the homogeneous initial conditions (5), reduces to
©) J dV[(2E)™* (363501~ 04 0sa) + 0101, j0u] = 0.
Define now the traceless tensor s;;:
(10) Sy £ oy— %Un 0y,  su=0.
Then

i 1.
oy = sy+ iﬂu"u
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and
.. o 1 KO
(11) Gij0ij = »S'ijsiﬁ“gﬂ'uﬁ'u-
Substituting (11) into (9) we get
(12) [ aVBRE) 5,8+ 0y ol = 0.
¥
Since E(x) > 0, o(x) > 0, Eq. (12) implies
(13) §;=0 for (x,1)eVx(0, ),
(14) 0y; =0 for (x,2)e¥Vx(0, ).

From (13) we conclude that s;; must be constant in time. By virtue of (10) and (5), we
have

(15) 5i;(x,0) =0,

thus

(16) sij(x, 1) =0, (x,1)eVx(0, ),

ie.

17) oi;(x,1) =0 for i#j,(x,1)eVx(0, ).

On the other hand, Egs. (10) and (16) lead to the system
2041 —~022—033 = 0,
(18) —011+205,—033 =0,
— 0y —033+203; =0,

with the coefficient determinant

2 —1 -1
W=|-1 2 -1=0.
-1 -1 2

If (041,022, 033) is to be treated as an unknown three-dimensional vector satisfying
Egs. (18), the components of this vector satisfy the relations

(19) 011 = O35 = 033,

and it is readily seen that the set of simultaneous algebraic equations (19) is equivalent
to the system (18).
Consider now Egs. (14) which can be rewritten in the form

011,1+012,2+0133 =0,
(20) 021,1+0222+0233 =0,

031,1+032,2+ 0333 = 0.
By virtue of (17), Eq. (20) reduces to

@1 011, =0, 05,= 0, o0333= 0.
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Thus

22 011 = Ci(x2, %3, 1)
(23) 022 = Cp(xy, X3, 1)
{24) 033 = C3(xy, X5, 1),

where C; (i = 1, 2, 3) are arbitrary functions. If we combine (22)-(24) with (19) we are
led to

{25) Ci(x2, X3, 1) = Cy(xy, X3, 1) = Ci(x3, 1),
(26) Cy(x;, X3, 1) = C3(x1, X3, 1) = Cy(x,, 1),
(27) Cl(xih f) . CII(xZ, t) = C(‘),

where C;, C;; and C are also arbitrary functions. Therefore, Egs. (19) and (21) are
satisfied if, and only if,

{(28) op(x,t) = C(t)dy for (x,t)e¥Vx(0,0),

where C(t) is a function of time only.
Inserting (28) in the boundary conditions (6) we get

(29) Cym(x) =0 for (x,2)eSx(0, c0).
Since |n;] = 1, Eq. (29) implies that
30) [C®)] =0, or C(t)=0.

Hence, by virtue of (28) and (17), we obtain
op(x, ) =0 for (x,t)eVx(0, ).
This completes the proof of the theorem.
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