CHAPTER IV

INTEGRATION BY PARTS. POWERS OF SINES
AND COSINES.

INTEGRATION BY PARTS.

90. Let w and w be functions of z, and let accents denote
differentiations, and suffixes integrations, with respect to .

2

Thus u” stands for b and w, for j[jfw dz | dz, and so
: " dzz

on with ", w,, ete.

Then Ed;; (ww)=u rﬁl_z: +w %

which we may write as

(uww) =uw' +wu'.

It follows that ww= _‘- uw dz +I wu’ dx

or juw’ dz=uw~—jwu’da:.

This may be put into another form.

Let u=g(z) and o' (ic. %‘—;’) o )ity aei Ahak
w=jx/;(x) R

Then the above rule may be written

[s@v@dz=p@ | [v@a}-[s ||y}

2.e. j wv da = uv, —I w'v, dw,
105
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or the two functions ¢ and v may be interchanged, and then
[0 v@dz=y@ | [¢@ da} - [v@ { [ g2} do;
e J. wv.dr="vu, —J. v'u, da.

Thus, in integrating the product of two functions, if the
integral be not at once obtainable, it is possible to connect
the integral

[s@ v ,

with either of two new integrals, viz. those of

[s@{[ved}e [vo[s@d) e

and supposing that the integral of one of the two factors
¢ (@), Y (x) is known, one of these new integrals may be more
easily obtainable than that of the original product.

91. The rule may be put into words thus:

Int. of Prod. ¢.y,=1% function x Integral of 2"
— Integral of [Diff. Co. of 1** x Int. of 2],

92. Ex. f 2 sin nx da.

Here it is important to connect if possible f zsin ne dz with another
in which the factor x has been removed. There is a choice as to whether
we put u=x and v=sinnz
or u=sinnr and v=x;

but it will be observed that in the connected integral f wvdz, © nas

been differentiated, v integrated. Hence the removal of # will be effected
if we take the first alternative,
cos N

i

Then U=z, u’=1, v=sin nr, vy=-—
Thus, by the rule,
fxsin 1m‘dx=x[ _cos m::l i fl [: _cos ’w]dx
y ey Y

Z Cos N 1
v b +7_z [cosn.z‘dx

zcosny | sin nx
n n?
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93. It is to be noted that umity may be regarded as one of
the factors to aid an integration.

Thus flog.z‘dx=f1 log z dx
d
=xlogx—fx%(logx)dx
1
=:vlogx—fx;dz
=xlog.v—f1 dxz
=zlogz—z=z(logx—1),
or as it may be written =2z log, (E)

94. Repetition of the Operation.

The operation of integration by parts may be repeated as
often as may be considered necessary for the evaluation of the
original integral.

Thus [ asinne do= = (- 22) f(w)(_c_osg)dw’
f(4x3)( 008 Rt (413)(_&73") f<4 3.1:”)( smm:)dx’
f(4'313)(_smm)dx=(4.3ﬂ)( cosnx) f(4 2g .z')( cosnx)d

n?

(4.3.2.2) +°°“‘"” do=(4.3.2.2) (527%) _ [(4.3.2.1) (3272 4y,
J

f(4 3.2. 1)(“‘“"‘”)@ (4.3.2.1)( - °°“"“").
Then adding and subtracting alternately,

fx‘smm;dx (xi)( cosm-) (4‘,&3)<_sinm)

n?
+(4. 3,,-2)(4."03"‘”) (4.3.2 )(smm:)

+(4.3.2. 1)(—°_°:T"i‘ -

The student will note that no arithmetical simplification is attempted
until the whole operation is complete. The total operation is much less
liable to error if simplification be postponed to the end.

‘We now obviously have

fz‘sinnxdx=Pcosm+Qsin nx,

xt 4.3.%2.1
where I’-——; +4. 3% 3”5
23

Q=417,—4.3.2;‘-4.
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95. The General Rule.

It is obviously possible to formulate a general rule for the
repeated operation. And such a method is most serviceable in
practice.

The rule is

J.u'vdx =UV; — WUV — v . (= 1) Dy,

+(=1) J.u‘”)v,. dx,

where u®- is written for « with » — 1 accents, 7.e. the (';1, —1)th
differential coefficient of u.

For juv dx =uv, — j w'v, d,
J-“'”x dx =uv,— ". w v, du,
J-u”'v2 dx =u"v,— j u"v, dz,
Iu"’vs dz =u'v,— j u”"v, dz,
ete. =etc,,

j u® Ny, _de=uMy,_, — Iu‘”“’v,,_, dz,

J.u""”v,,_, de=u""Ny, — I u™v, dz.
Hence, adding and subtracting alternately,
j wv dz=uv; — WV +u vy — U v+ ... (= 1)y,
+(=1) J- u™y, da.

Ex. 1. Thus applying this to the last example (Art. 94),
/x‘smnxdx (.z")( cos nx kit ( sin 'nx)
7

ke 3r2)( cosnx) (4.3.20 )(smn.z')

cos n.z')
b

+(4.3.2. 1)(

each term being derived from the preceding by the simple rule of
““ Qiff, 1% factor and integ. 2"¢” and connecting by alternate signs. When
one of the factors is a ratlonal integral algebraic polynomial, it is ulti-
mately destroyed by the successive differentiations.
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oz o
Ex. 2. f ameEda = g™ — a1 e:: +mfm —1)a™2—
a o a

ax
—m(m—1)(m —2)t"‘_3eaj +..+(=1)y"m! sy

96. If one of the subsidiary integrals returns to the original
form, this fact may be utilized to infer the result of the
integration.

Ex. fe"‘sinb.rdr=£:sin bx—%fe“‘ L AR T (i)
and Je“cos brdr= e:‘cos bz+éjf‘sin 0% ARAR 1 b ek 385 {ii)
a a

Hence, if P= [ e*sinbrdzr and Q= f €** cos b dz,

P=fsin bx—é[gcos bz + éP]
a al a a

e b . b
and =7cosb.z'+ Z![_a— sinbx — &Q]’
whence P=W‘%;bem,
bsin bx + a cos bz
iR

Or we might have written equations (i) and (ii) as
aP+b@Q=e"*sin bz,

—bP+aQ=e" cos b.r,} and then solve for P and .

We may write P and @ as follows :
P=(a?+ b*)_&e“‘sin (b.z' —tan—? :—:) y
Q=(2%+ b’)—ie‘“ cos (bx - tan‘13> b

forms which are frequently useful and which are derivable at once from
the formula for the n™® differential coefficient, viz.

‘%e“' ::;bx=(a2+b2);e“::; (bx+n tan"s)y

by putting n= —1. [Dif. Cale., Art. 93.]
And this is what we should be led to expect. For if to differentiate

e :::; (b +c) is the same as to multiply it by va?+5® and to increase

the angle by tan™ 2, the effect of integration, which is the inverse opera-

tion, must be to divide out by the factor Na?+0? and to diminish the

angle by tan™! ‘—I:.
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And it is in this form, viz.
L sin
Na®+b? cos

(b.’u+c—tan—‘:)—l),

sin

that the integration of f iy (b1:+c) da is most easily remembered.

97. In cases of the form
e sin brsin cx sin dz, e sin? xcoslz, e* sin’z cos nz, ete.,

p and ¢ being positive integers, the trigonometrical factor must
first be expressed as the sum of a series of sines or cosines of
multiples of by trigonometrical means, and then each term

being of form e‘”‘ mm can be integrated.
98. Ex. 1. I=fe’r sin 27 cos x dx.

Now sin 22 cos =14 (sin 3z 4-sin z) ;
i I=§/e’(sin 3x+sin z) dz
i 1 T
=3¢ [:/ﬁ sin (3z — tan—! 3)+7§ sin (x— Z)] .
Ex. 2 I=fe°" sin? 7 cos® z da.

Now sin® z cos® =1} sin? 2z cos =3 (1 — cos 4x) cos x
= 14(2 cos # — cos 3z — cos bx) ;

.'.fe”sin’xcos’xdx:;%fe”@cosx—cos&r—cos5x)dx

=16 |:~/— cos(x ta.n—‘;) 3J§cos(3\r—§> % cos(5.z' tan—lg)]

Ex. 3. Integrate fVa“ — 2% dz by “Parts.”

[ d
I SN g e A L L g
f\/uz—x dr=xna®—2 j.z‘ /,xs/a 2tdz

2
—NT 4 [ e

ey [£5 D s

[Note this step. Some such rearrangement is frequently necessary.]

— VTR arsint S [V d,

www.rcin.org.pl
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whence, transposing and dividing by 2,
—— aNat—a? o .
f\/az—a:zdx= +~-sin—1=,
2 2 a

which agrees with the result of Art. 78 obtained by the method of sub-
stitution of a sin 6 for 2.

99. The method of Integration by “ Parts” shows immedi-
ately that whenever a direct function ¢(z) can be integrated,
so also can the corresponding inverse function ¢-1(z), v.e. if

J.¢(a:) dz can be found, so also can I¢-l(x) dz be found.
For, putting ¢*(z)=z2,
z=¢(z) and dz=¢'(2)dz

Hence ‘[ ¢~ (x) de= I z2¢'(2) dz

=== 9() s
which establishes the rule.

100. Geometrical Consideration.

This is no more than might have been anticipated from
geometrical considerations.

Let PQ be any arc of a curve referred to rectangular axes
O, Oy, and let the coordinates of P be (z,, 9,) and of Q (z,, y,).
Let the equation of the curve be y=¢(z); or if 2, ¥ be ex-
pressed in terms of a single variable ¢, let the equations of the

curve be z=f,(t)=u, say,

y=/y(t)=v,say;
and let ¢, and ¢, be the values of ¢ corresponding to the values
%, Yo and @, y,, of x and y respectively.
Let PN, QM be the ordinates and PN,, QM, the abscissae
of the points P, Q. Then plainly

area, PNMQ=rect. 0Q —rect. OP —area PQM,N,.
But area PNMQ= J.xly o= rl ¢ () de,
%o %o

area PQM,N, = j:x dy= j: ¢~ (y) dy.

Also rect. OQ=2,y, and rect. OP=zy,.
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Thus jzxy dx:(zlyl—woyo)—r‘xdy, 8 e

Yo

i £ 2%
2.e. L ¢ (x) dz= (Y, — Te¥o) — L o7 (y) dy.

A B
) M‘ Q
A
.{;c xdy
4
N' P f.:r,
A +8 i
(e] N M e
Fig. 16.

Hence the dependence of the one integral upon the other is
obvious, and to establish the possibility of calculating the area
PNMQ is to establish incidentally the possibility of obtaining
the area of PQM,N,.

£2) i(t) t
Further, j ydx =j vdu= 2 v %Eb dt
2 Aito) o dt
1 Ya(t) t
and r zdy= udv:j uczydt
Yo = Ja(to) t dt
¢,
and Yy — Tolo= I:uv] il
to

So that the equation (1) may be written
TEONT, e S
L v »(Edt = [uvlo - J-lo w o dt,
and thus the general rule of integration by parts is established
geometrically.

The meaning of the process is therefore this: In cases where
there is a difficulty in finding the area PNMQ, we may find
instead the area PQM,N, and deduce the former result from
the latter.
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ExXAMPLES.
Integrate by parts
. xe**, x2¢**, a%¢*, xcoshz, 2%sinha.
. wcosx, 2°cos 2z, x?cos?z, a%cos3xsinz, xsinzsin2zsin3z.
. e®sin 2z, e®sinlz, e*sindxcosz, e 5 coszsin’xcos 3z,
. 23log x, 2™ log z, z" (log z)?% 2™ (log x)’.
€** sin pa sin gz sin 7z, e**sin px sin gz cos rz.
€**sin pa sin g cos® ra, € cos pa cos g cos? (p+q)z.
. Evaluate

- I RO

i 5 oF
f.z'sinzdx, [)x%cszdw, f;.z‘”cos%dz.
0

8. Integrate
f sin"lz dx, f zsin"lz dz, f 2Bsin"lrdr, |ztanlzdz.

101. Reduction Formulae.

It not infrequently occurs that a function which it is
desired to integrate is not immediately integrable or reducible
by substitution to one or other of the standard forms
whose integrals have been committed to memory. But
it may happen in such a case that the integral may be
connected in a linear manner with the integral of another
function, or with the integrals of other functions, which are
simpler or easier to integrate than the original function.

Such a connecting formula is called a Reduction Formula.
Thus an integration by parts makes one integral depend upon
a second integral, and is a Reduction Formula.

Many Formulae of this type will be found and used in
subsequent chapters.

102. We have seen how a repetition of the process of
integration by parts will enable us to calculate the integrals

S,,,:jx"‘sinnxdz, Cm=jx’"cosm;dz.

We propose to construct “ Reduction Formulae” for these
integrals, giving S,u,, O in terms of S,,_,;, C,_; respectively.
Integrating by parts, we have at once

cosnxT K m

Sm = —g™ o Tn’ Cm-l

and Oa=
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Thus,
cCOSNT . M _,sinnx m—1
Sum =Sy B pmti _RTlg, ]
sinnx m cosnx K m—1
and Cpn= o™ —--——[-——xm—l.—_ e _:l
m n n n m-2 [
2 3 cos N __sinnez m(m—1
tes  Sp=—a®——+ma™ 1—2———(—2—)8,,,_2
n n
810 7T m—1 COS 1T m(m—l)o ‘
and  Cn= T e T T Ve

Thus, when the four integrals for the cases m=0 and m=1
are found, viz.

sin nx

cos nx
. C'°=jcosm:dz= :
n

So=jsinm:dx= —

. cos nx . Sin nw
S,=|zsinnedr= - —— s
n n

3

sin nx . cos nx
C'l=jmcosm:dz=x—-~—d+ 3
n n

’

all others can be deduced by successive applications of the
above formulae.

This sllustrates the use of a reduction formula. But for
expressions like 2™ sin nz, 2™ cosnz it is ordinarily better in
practice to apply the method of Art. 95 at once and avoid the
successive substitutions.

ExAMPLES.

Write down the integrals of

1. f 28" dx, / 2%sinh z dz, /ﬁcosh’xdx.
7 4 7
S j; 23 sin z de, ﬁ:&“sin“zdx. '/;x‘sinzcosxdx.
T Ed 1
3. fx“sinxdx, , 25 cos® z du, f:c“coshxdx.
0 Jo 0
¥ 3
4. fo 2%(a? cos? x + b? sin?x) dz, /;x"logxdx, ﬁ lxtan"a:d:c.

H 7
5. Le’sinxcoszxdx, j;xsinxsin%fvsinudx.
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103. The Determination of the Integrals
j a™ e sin b dx, J. x™ e* cos b dx,

may be at once effected.
For remembering

sin €% sin
,‘.e“cosbzdx=7 cos (bz—¢),
b
where r=+/a?+b* and tan ¢=¢_z’ we have
jx"e‘"’ sin bxd:c:x—: €** sin (bz—gb)—-'-”f%,:_,«_«le“” sin (bz — 2¢)

+ﬁ”;.:—l) z"~%¢% sin (bx —3¢) — ...

+(—1)"’%e“sin (bz—n+1 ¢)
or =e* (P sin bz — Q cos bz),
where

an n—1

i @ "2
P=7cos¢—n po; cos2¢+n(n—1)—r_‘.—cos3¢—...,

1, xn—2
po sm2¢+n(n-—-1)—-r3—sm3¢—....

Q= 907" singp—mn
Similarly,
jw"e“”cos b de= e { P cos bx+Q sin bz }.
104. Integration of
C,= Ie” cos” brdx, S,= |e*sin"bx dx.

We may now express cos"bx and sin"bz in a series of
cosines or sines of multiples of bz and then integrate each
term by Art. 96; or we may obtain formulae connecting C,
with C,_, and S, with S, _,, thus:

C',,=Ie"‘” cos” bz dz =e—;ixcos1'l bz+_“9;. nb cos" 1 bz sin bz dz
o cos” bx + 7—"—b I:e—a—z cos™ 1bgz sin bz
a ala

3 I c—bbe“{cos" bz—(n—1) cos" bz sin®bz} d:t]
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I e cos™ bz+ nb [iz cos" 1 bz sin bz
i, «
b i
- ae"{n cos™ bz—(n—1) cos™ 2bx} dz];
(l +n ot ) C, =%zcos" bz+%2 ¢ cos™ 1 bz sin ba
b2
+'n('n—1)a70,,_,.
Hence
w_y7. acosbr+nbsinbz  n(n—1)5b®
Cpn=ecos™ bz o+ b o +n2¥)2 022

Similarly

S=ﬁsinn_lbza,sinbz—nboosba: n(n—1) b2

a2 + n2b? i a? + n2b2

&

And a6 Ie"dz, Ie“sin b da, je"cosbz de (that is, S,, Cy,
8, and C,) can be written down (Art. 96), the integration of
j € cos™ bz d and je“ sin” bz dx can be completed, in any case
where # is a positive integer, by successive reduction.

105. Ex. Integrate f e*sinfzdz (i) by the “ multiple angle” method,

(ii) by “reduction.”

(i) Let cosz+sinz=y; then 2 sinx=y—.-yl~ (see Art. 112).

: 1ye 1 4 1
svaesl- B =(0-3) 2ot
=2 8in 52— 10, sin 3420 sin z ;

', sin® x=% (sin 52 — 5 sin 32+ 10 8in 7).

e sin®x dx

=lff (sin 62— 5 sin 32+ 10sin z) dz

2‘I;/_mn(lia: tan=15)— ~/_3111(3\71: tan-13)+J_aln x—-)]

(ii) Proceeding with the reduction formula, a=1, b=1, n=5,

sinzx—b5cosx 5.4 S

=e*sint t oo gLl
Sg=e*sin' » 12452 it
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sinz—3cosz, 3.2
U s U L

g T
e’sm( —Z) 4
EEE——

V12412,

Similarly S;=e*sin? 2

and Sl=fe’sin.z'dx=
S =€t [2-% sint m(sin 2 — b5 cos z)
{sm’ sinz— 3cos.z' 3. 2sm(x _)}]
*10vs

106. Integrals of form /,= I a™ (log )" dx, n being a positive

integer and m not equal to —1.
Integrating by parts, we have

m+1
I,= E—-ﬁ (log z)» — :_ i Iz’”“:—li (logz)*'dz

.;::_1 (log )" — ':_1 jm”‘ (log x)"- d,
te. I,.— ety | (log x)"— +II"‘1 .............................. (1)
Writing  for log z,
= e Ttz BVib ant n—l_(n_l)l :l
" m+1 m+1Lm+1 m+1 "2

and proceeding in this way, we ultimately get down to I,,
which i3

g gm+1 am+l
Iaﬁ"‘logxda:, s.e. ml—%m.
Hence
z'”“ nay Pr=1),, , n(n-1)(n-2), .
i [z G ) L

(=1)n1nl,  (—1)*n!

AR (m+1)n]. (2)

107. If the definite integral | a™(logz)"dx be required
(m>—1), note that .

z™+(log z)'=0 when z=1 and >0,

and that Lt, _gx™t(log z)*=0.
[Diff. Cale., Art. 474, Ex. 3.]
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Hence
[B]= (=02 [ 2. l=(_1)2?(11])2) L] =ete,
and finally, [11]:= (m:-_—ll)z
Hence | . ] (— 1" gy Tt
-y I; 2 (log 2)" dz=(—1)"(m—:a—i!)"+l, ............... ®)

which is also directly obvious from result (2).
When m= —1,

1 log z)n+!
I,.=j5(log z) dx=(ff—_+_)l——.

108. The reduction formula established by integration by parts was

I,= i + sy (log z)"— + sl — I

We may point out that this could be obtained by the rule of “the
smaller index+1” of Art. 217 by putting P=2"*+!(log 2)* and differen-
tiating, but in this case there is no advantage in using this method, as

the same formula is immediately written down by “ parts” as above.
y Yy~ pa

log
finite terms except when m= —1. In tha,t case, we have

109. We may add, in passing, that f

fx Tog# dz=log (log x).

In other cases put z=¢.

o™ emy etm+y
Then jmd!‘—-/:’/— e'dy:/ 7 dy,
and expanding the exponential, we have

_j [1 +(m+1)+(ml';1)zg/+(ml'g])3 P :Idy

(m+1)? g2 (m+1) g
I EEDR: e TR

(m—1) (log 1)2 (m+1)® (log .2')3
o i i

=logy+(m+1)y+-——7>—= +...

=log (log )+ (m+1)log z+

and the integration is expressed as an infinite series.

www.rcin.org.pl
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110. Integrals of the form f 2™(log #)"dx, where n is a negative

integer, may be reduced to the above form by using the reduction formula
in the reversed form, and writing n for n—1,

- n +1 m "
fx"‘(log.t) dx= —(]o x) “—-—n lfx (log 2)"+'d.
Thus

2 3
f(logx)’dx: _log.t+3,[logx

2
+3[log(log.1,')+3logap+3 (log 2) +.. ]

“logz
But as these expansions are not finite in expression, they are of but

little practical importance.

111. Integrals, however, where m is negative and n is
positive, can be expressed in finite terms by the reduction
formulae, and present no difficulty.

Ex. f (log ¥ ;..

z? 3 e
I,.—._—g(log x)-"—_—gfx 0 (log )% dz

1 i LN
=—5.1:‘9(log.x)3+§[i—9(logx)-+§fx “’logxdx]

1(logz)® 3 (logx)? 3.2loga 3.2.1

9 9z o0 98 29 940

e I:(logx)3+ logx)’+ (log@)+ 2L 1].

NoTE oN A TRIGONOMETRICAL PROCESS.

112. We return to the Method of Multiple Angles already
introduced in Arts. 97, 105.

The process of expressing sin? zcos? z in multiple angles is
a matter of Trigonometry. But for the convenience of the
student it is briefly indicated here, as it will be extensively
required in what follows.

Remembering that

(cos z + ¢ sin z)* = cos nz+ ¢ sinnz (Demoivre),
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let cosz+:sinz=1vy; then cosa:—minw:%,
cosnz+sinnz=y"* and cosnz—;sinnz:%.

Thus 2cosa;=y+;, 2zsina:=y—?—1/,

2 cosna;=y"+?—/1;, 2 sin n:c=y”--%-

Thus, if we require, say, sin®# in a series of sines or cosines of multiples
of z, we proceed thus :

: [ 1 1 ( 1 ])
Rl R g reas i L il
28,8 sin (3/ y) P+ 8(y°+y6)+28 _1/‘+y,) 56(y +52) 70
=2 cos 82 — 16 cos 62+ 56 cos 42 — 112 cos 22+ 70
and sin5x=;7(ws&r—8ws6x+28cosu—560082.1:+35).

sin® x thus expressed is then ready either for finding the n* differential
coefficient, or jfor integration, or for expansion in powers of z, as may be
required.

If we required sin®zcos?z, say, in a series of sines or cosines of
multiples of 2, then

-\ 6 2
28,8 5in6 22, 22 cos”x=(y—%) ( v +‘%> (See the next article.)
e, S £ 5 ( i 2 l) il
=9+ 54 (y“+ye>+4 g/‘+y,)+4 (v +5)-10
=2 cos 8z — 8 cos 6z + 8 cos 4+ 8 cos 2z — 10,
and sin‘xcos”x:% { —cos 82+ 4 cos 6x — 4 cos 42 — 4 cos 2x+5} .
and is ready for integration, etc.

118. It is convenient for such examples to remember that
the several sets of binomial coefficients may be quickly
reproduced in the following scheme :

1
1
Jieigneal
| whkzel oy gl
LT o SQF Vi
11l 30800510 1
1579508 80 15611
T e ab - 30 BTtk
18 28 .56 .70 08 .28 '8 '}

ete.,
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each number being formed at once as the sum of the one immediately
above it and the preceding one. Thus, in forming the seventh row,

0+1=1, 1+5=6, 5+10=15, 10+10=20, etc.,

and in multiplying out such a product as the one in Art. 112, we
only need the coefficients of (1—¢)%(1+¢)% and all the work appearing
will be

Coefficients of (1—¢)® are 1-6+15-20+15-6+1,
Coefficients of (1—2)%(1+¢) are 1-5+ 9— 5— 5+9~5+1,
Coefficients of (1—¢)°(1+¢)? are 1-4+ 4+ 4—-10+4+4—-4+1,

each row of figures being formed according to the same law as before.
The student will discover the reason of this by performing the actual
multiplication of
a+bt+ct?+d*+... by 1+¢,

in which the several coefficients in the result are
O+a, a+b, b+e¢, c+d,....

Similarly, if the coefficients in (1+4¢)*(1—¢)? were required, the work
appearing would be
1+4+4+6+4+1

1+3+2-2-3-1
1+42-1-4-142+1,

and the last row gives the coefficients required.
The coefficients here are formed thus :

1-0=1, 4-1=3, 6-4=2 4-6=-9, ete

Powers AND Propucrs oF SINES AND COSINES.

114. Sine or Cosine with Positive Odd Integral Index.

Any odd positive power of a sine or cosine can be
integrated immediately thus:
To integrate

jsin2“+1wdx, let cosz=c¢; .. sinazde= —de.

Hence

Isin"‘“wc&z: —J(l—cz)”dc

= ~[[1-ne+ 2GRt (1o | de
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i ne® n(n—1)c° cn+l
g 4wy s TRY A g e

cos® cos® x cos?n+l g
=—-COS-’D+"01 3 —'”02—5-’-...—(—1)”"0"—2—”—_'_—1—.

Similarly, putting sinz=s, and therefore cos xdz=ds, we
have

jcos"'*‘lzdx:-‘-(l —s?)nds

sin3 % sin® z sin2r+ly

=Sinx'—'"01 3 +"Cg g i --'+(_1)”"Cﬂ 2n+l ‘

115. Products of form sin’x.cos?z, p or ¢ hbeing an odd
positive integer.

In the same way as before, any product of the form
sin?z cos?z admits of immediate integration by the same
method whenever either p or ¢ is a positive odd integer,
whatever the other may be.

Thus, to integrate jsin”z costlgdy. Let sinz=s; then

coszdr=ds and j sin? ¢ cos?+l g dr= J‘ s (1—s?)nds,

and expanding as before,

sin?+2n+1 o

p+2n+1

sin?+ oy o sl s pey St e Ap
o i o 243 +*C, g — . (—=1)n"C,

116. When p-+q is a negative even integer, the expression
sin? z eos?x admits of immediate integration in terms of
tan z or cot z.

For, put tan z=¢, and therefore sec?z dz=dt, and let

p+q= —2m,

% being positive and integral.
Thus

Isin” zcos? xdr= j tan? z cosPHt2 gy di = I *(14e2)n-1dt
= J- (t” + n—lCl 42 + "-IC’ZtP+4 R n—lon_l {pt+2n —2) dt

- tapPly o o tanftia oo sstantR e % tan?+2n-1g
ol -+ Cl—p+3 + 02——10+5 +.otn 0"“1p+2n—1'
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Similarly, if we put
cotz=¢, then —cosec?zdr=dc,

and

Isin" zcos! z dx= ——J.cotqa;sinf’”*"zdc: —I@(1+&)"-1dc

q+1 a+3 a+5 g+2n—1
cottlg .~ cot'z n1Q, cot™x 10 cot z
e e ——— -
qg+2n—1

g+1 1743 = Tt g+5
This result is the same as the former, arranged in the
opposite order.

117. Use of Multiple Angles. sin®x, 'cos?x, sin?x.cos?,
where p and q are positive integers, either odd or even.

To sum up then, when in sin’z, p is odd, or in cos?z, ¢ is
odd, or in sin?zcos?z one of the two p, ¢ is odd, the best
method of procedure is that of Arts. 114, 115.

But when both p and ¢ are positive even indices, this
method cannot be adopted, for the series used are not
terminating series.

We then express the function to be integrated as the
sum of a series of sines or cosines of multiples of z, which
can be done in all cases by the method of Art. 112, or in
simple cases without having recourse to that method. We
then have

sin?x, cos?’z or sin®zcos!w
expressed in the form
SA.sinnz or XA,cosnz,

and each term may be integrated at once, giving

COoS nT sin ne
Al 24,
n
as the integral.
118, Ex. 1. | cos’zdr= f—lﬂﬁdx—f B—l——lff

(A=)

2. [cos3xdx= 3—C(w-—(i(ﬂzg—xd:l:=§sin.af.'-{-»l~sin3.7:
A smallodd) 4 4 12
index.
. in®z
or otherwise = [(1 —§%) ds=sinz —813
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1 +cos 4z
! 14+2cos 204+ —70p——
L )/cos‘xdx=j(l+c;)82z)2dx=f — s
A small even'
index.
=f(§+§cos2z‘+§cos4r)dx
=4z +} sin 22+ sin 4.

119. But for higher powers we adopt the method of Art. 112.

Ex. 4. / sind z dz. 4

A large even'
index.

Let cos #+ ¢ sin 2=y, etc.

1\8 1 1 1 1
8 8gindrely—=)= i) e = s By i
28,8 sin' x-(_v/ y) (y’+ s) B(y"+ l,)+28(y4+ ‘) o6(_1/’+y,)+70
=2 cos 82— 16 cos 62+ 56 cos 42— 112 cos 22470 ;

1rsin8z _8sin6r  28sin4r 56sin 2
7778 6 4 2

f sinfxde = 4 351‘].

Ex. 5. /sin’xdx: —f(l—c’)‘dc: —f(1—4c’+6c‘—4c°+c')dc
All:::x?dd J

. cos‘Z‘J_‘ircos%a' 6cosbzr dcos’x cos®w
4% g 5 7 9

Ex. 6. Find [ sin®z cos?z dz.

(Both indices even.)

Then, as in Art. 112,
- syl
28,8 sin® 2 22 cos x—(y—y) (,1/+?7)
[and the working of the multiplication is
Coefficients in (1—1¢)8 1-8+28-56+70-56+28— 8+1
Coefficients in (1 —£)8(14+2) 1-7+20—28+14414—-28420~7+1
Coefficients in (1 -¢)3(1+¢)? 1-6+13~ 8-14+28-14— 8+13-6+1]

s, 288gindx. 22cos?x

1 1 Sl
(y + m) (y3+y8)+13(y°+y‘,) s<y4+37,) 4(y +y)+2s
=2co8 102 — 12 cos 82+ 26 cos 62 — 16 cos 42 — 28 cos 22+ 28 ;
/ sind 2 cos? x dx

T sin10.z‘_65in8.z'+13sin61'_83in4.z'_14sin2z

9] 10 8 6 4 3

vx sinle_35in8x+13sin6x

~9%1.710 4 6

+14¢]

—2sin 42 -7 sin 22+ 14x].
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Ex. 7. Find [sinfxcosdzda.
(One index odd.)

f sin®z cos® z dor= f sindz (1 —sin?z) d (sin z).

sin® » _sinly
9 11

Ex. 8. fez' 8in z cos? x dx

(An cxponemthl
factor.

————fez’[cos&'c 4 cos 6244 cos 47+ 4 cos 22— 5] dx

(Art. 112)
s et cos(&z:—t'.zam‘ltt)__2 cos(6x—tan™13)
BRELS /68 10
m™
g cos(io—tang) “(2’”‘1)_9.
N N2 2

Ex. 9. Consider /= | ¢*sinnx cos®xsin? 2 dz.
An e ential factor and
igonometrical factor
( sinnz, in which n is not)
lmnly integral.

As before, 23 cos® z 222 sinr = (_1/ += ) ( £ ;)’

Coefficients of (1+¢)* 1+3+3+1,
Coefficients of (1+¢)*(1—¢) 1+2+0-2-1,
Coefficients of (1+2)*(1—2)* 1+1-2-2+1+1;

', cos*zsin?zr= —-21—‘(005 b2 +cos3x—2cos 7) ;
e sinmcos’xsin’x=—%—6[2sinm:cos5x+2sinnxcosaz—4sin'n.z'cos.r]

e [sm (n+8)x+sin (n—5)2 +sin (2+3)x+sin (n - 3)z
—2sin(n+1)2—2sin(n—1)2] ;

whence f ¢ sin nx cos® x sin? z dz

1 sin {(n+5)x — tan"}(n +5)} . sin {(n—b5)2—tan™(n—5)}

4 N/ V=5 +1
+ sin {(n+3)x — tan“('n+3)}+ sin {(n—3)z—tan™(n—3)}
N(n+3) 41 Vn—-3)72+1

sin {(n+1)z—tan"Y(n+1)} g sin {(n— 1)z —tan™}(n—1)} 1
JEn+1)P24+1 Vin-12+1

-2
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120. Integral Powers of a Secant or Cosecant.

Even positive powers of a secant or cosecant are even
negative powers of & cosine or a sine, and come under the
head discussed in Art. 116.

Thus,/sec2xdx=tanx,

fsec‘a:dx=f(l +tan?z) d tan 2

tandz

=tan z+ 3

[sec".z- dx=f(l +2 tan®z +tantz) d tan

2 tan®zx + tan®z
3 i

=tanx+

and generally

/sec”'*’zdx:f(l +¢2)" dt, where ¢=tan z,

oy tandz o tanSa Jsotanttly
=tanz+ 01 3 e Cg~—5—+...+ C.-W.
Similarly,
f cosec?z dx = — cot z,
fcosec‘x dz= —f(l +cot?z) d cot 22
cotdz
=-—cotx — 3
etc.,
and generally
2n+1
Snis il _ap ootz cottr . cOtTTE
fcosec xdr=—cotx— "0, 3 (03 s s OHls
121. Exactly in the same way
j-sec"z cosec? z dx

can be integrated when p+q is a positive even integer, either
in terms of tan z or of cot .
This has been done already in Art. 116, for it may be

written
Icos-”x sin—4z dz,

where —p — ¢ is a negative even integer.
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122. 0dd Powers.

But for odd 'positive powers of a secant or a cosecant, we
have to adopt another method, because the Binomial Series used
would be non-terminating.

We now proceed as follows:

By differentiation,
(n+1)sec*ts —msectz = diz (tan z sec”z)
and  (n+1) cosec™t%x — n cosecny = — c%; (cot  cosec™) ;
whence

(n+ l)jsec”“z dz = tanxsectz +nJ. sec "z dz 1
(4)
and (n+ l)jcosec'l+2 dx= —cot x cosec"z + 'njcosec"zdx.J

Hence, changing n to n—2,

tan z see®? —2
Isec":z: de = z + - Isec”‘zz dz,
n—1 n—1
cot z n-2y m—2
Icosec"x i A et £ g DU Icosec""z da.
n—1 n—1
T, T
Now Isec zdz =log t;an(z £hs §> =gd-la,
z
Icosec z dr=log tan 3.
Hence
fsec"’x do= M+ 3 log tan (7: + f) (see Art. 79)
2 i 4 2 % y
tanrsec’r 3tanxsecx 31 N
fsec‘xdx= 7 +3 3 +Z§log tan (Z+§)’
ete,,

and generally

tan zsec®2z , n— 2 tan xsec*x
sec”zrdr = <
n—1 n—1 n—3

+(n— 2)(n—4) tan zsec™ Sz
n—1)(n—3) n—5
(n—2)(n—4)...3.1 T, @

el o ™ g

(n odd).
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The same formula would equally apply if n be even, except
that it would terminate differently, viz. the last term would be
(n—2)(n—4)...4.2
(n—1)(n—38)...5.3

In the same way

tanz (n even).

[ 3xdx:_coi;.zr:cosec.z:_'_l]c.gm".3',
2 2 2
cot x cosec®s 3 cotxcosecx 31 z
fcosec‘xd.z'=— 7 =7 3 +i §logtan-,’

and generally,
J‘ o4 cot z cosec™2x m—2 cot zcosec 4z
cosectz dz = — :
ne—1 n—1 n—3
_(n—2)(n—4)cot x cosec™ Sz
(n—1) (n—38) n—>s

n—2)(n—4)...3.1 z
AT (h=3).3. 3 PEiNtgui- dmedd)
4.2
7

_(n—2)(n—4)...
" (n—1)(n—3)...5.3

But as explained above, if » be even we should not in
general employ this method, but that of Art. 120.

123. Since positive or negative powers of secants and co-
secants are negative or positive powers respectively of cosines
and sines, it will appear_that so long as pis an integer, whether
positive or negative,

jsin”a: dx, |cosPzdz, J.sec"a; dz, jcosec”xdx

cot . (n even.)

can be integrated. Also it appears that jsin":z;cosqzdx can
always be integrated directly if p and q are positive integers;
also that, even if one of the two p or ¢ be negative or
fractional, the integration can still be directly effected if the
other be a positive odd integer. And further, this integration
can be directly effected if p+gq be a negative even integer,
even though both p and ¢ may be fractional.

For other cases of |sin’ cos?zdxz, where p, g are negative

integers, a reduction formula is in general required (see
Art. 228).
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124. If the student has any difficulty in reproducing the
formulae of connection marked (A), they may be obtained at
once by integration by parts thus:

dtan z
jsec"*’%da: = Isec"a:

dz

=gec"z tan £ — |n sec”z tanz dx

dx

=sec*z tan z —'nj (sect2z—secnz) dz,

se. (n+ l)jsec"“:c dr=sec"z tan x+njsec"x dz.
And similarly for Icosec"“x dz,
(n+1 )jcosec"*” zdx = —cosec"z cot z+ njcosec"a: dzx.

125. Integral Powers of tangents or cotangents.
Any integral powers of tangents or cotangents may be
readily integrated.

For jtan"m dz—= jtan"-% (sec2z—1)dx

= jtan"' 2z d tan z—jwn"‘ 2zdx

i
= tzn:lg —Itan”‘zx da.

And since | tan z de=1log secx

an J. tan2z do= j(sec’z—l) dz=tan z—uz,

we may integrate successively tan’z, tan‘z, tan’, ete.
Thus we have

tanz
2

f tandz dr= —log sec z,

3
fta.n‘.z' dz=§a%z‘— tan 2+ z,
tan*r tan’zx

4 2
tanfz tand3x
5 3

etc.,

f tanbz dr= +log sec z,

ftan“.r dz= +tanx -z,
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and generally

n=—1 n=3 n—5 n+l 2
fta.n".z‘dx tan""la:  tan .1:+t.a.n x_m_'_(_l)—rtanx
n—1 n—3 n—5

+(- l) logsecx (n odd)
tan™lz tan"3

or SR TR TR 3+ (- 1)’tanx+( 1)’.1:
(n even).
126. Similarly for cotangents,
I cot*zdr= j cot" 2 z(cosectz—1)dz .

g

gsem vl I cct—2z de,
sl

whilst .‘. cotz dx=log sin z,

I cot?z dz =I (cosec?z—1)dz= —cot z—z.
Thus we have successively

2
fcot’.z‘dx= e 8 log sin 2,

2
3
fcot‘zd.r: —CO; x+coTtx+x’
4
[cot“.z‘ de=— coi x+<_:2;_x+]0g sin z,

and generally

el Gz 17 icOMT cot’"“’x_cot""‘z
ft,ot Wk L e n—>5

—(- l)__ co; z -(- )Tllog sinz (n odd)

_ _cot™lz cot" Sz cot,""'a; gcotx 3
i 5.1 (A ~het ghabr v e gdra el 2 it

(n even).

Hence any odd or even positive or negative power of a
tangent or cotangent can be integrated readily.

EXAMPLES.
1. Integrate sin?z, sin®z, sin‘z, sin’z, sindz, sin®z, sin™z, sin*'*'z,
doing those with odd indices in two ways.

2. Integrate sin®z cos®x, sin3z cos®z, sinz cos*z, sin3z cos®z,
sindz cos’z, sinfz costz.

WWW.rcin .0rg.pi
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3. Integrate :v’ cos?z cosectz, seclzcosec?r, —T—IAA ;
ose sin‘z cosz
f : T 73
4. Evaluate j sin®z dz, j cos®z dz, j cosbz dz.
0 0 0
5. Integrate sinaxcos?bz, sin3zcos®z, sinnzcos?.
6. Show that
sinzsin 2zsin 3zdx = — & cos 22 — : cos 4x + ! cos 6z.
8 16 24
7. Show that
; : __cos(m+m)x cos(m—n)r
@) Ismma:cosnzdx— T ioM n) A= wy
it : : sin (m —n)x sin(m+n)x
(ii) jsm ma sin nx do = ~m=n) SR

sin (m —n)z  sin (m+n)z
2(m —n) 2(m+m)
Deduce from (ii) and (iii) the values of

j sin?medz and j cos?ma dz,

(iii) Icos mz cos nz di =

and verify the results by independent integration.

8. Prove that f

0
zero sc long as m and » are integral and unequal. But if m and

¥
sin ma sin nz dz and j cos mx cos nx dx are both
0

are equal integers their values are each equal to 7—;

GENERAL EXAMPLES.

d% dv du d*u
1. Prove that ju ﬁdx o i j'v dx‘ld”'
2. Perform the following integrations :
@) ]cos—lx dz. (ii) j
(iii) j 23 tan—1z dz. (iv) j z sec¥x da.
v) jzsecxtan zdz. (vi) I(az+ b) log (cx + d) dz.

(vii) J'tan"1 N1 =22 dz. ~12 da.
[St. JouN’s, 1886.] [Ox IL P., 1889.]
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(ix) ,‘.Sin—l\l/aii-:;:' (x) j’r sin‘l\/g—a‘;;—z dz.
; 2 e (R i) A 2
(xi) I cos \/a e zdac. (xii) jx log z da.
3. Integrate
i in—1 28 sin— .'t
i) |ernedz, ii j“ﬂ—“dz. iii j
W | O e N e
4. Integrate
(e tan—1lz mun—’z mhn'ls
(i) |hera da. (ii) ."(1 2)%da:. (iii) j(l £ 2),
B e e ! St e
@iv) g ;da:. (v) d:c (n = a positive integer)
I(1+27) (1+
5. Integrate (i) Ixe"' cos azx dz.
(i) Iz?e"‘ sin Bods, | [u1858]
(iii) Ixe sin%z da.
6. Integrate :
(i) |e* (sin bz + cos bz) dz. v) ja:? 3*sin 4z du.
o
(ii) |e** (sinh bz + cosh bz) da. (vi) Icos <b log g) dz.
(iii) -} ¢** sinh bz cosh az dz. (vii) jcosh <b log Z) da.
(iv) |e* cosh az sin bz da. (viii) ‘r 6 sin 6 cosh (cos ) d6.
J [a 1891.]
7. Integrate
L o [ ,1+sinz 1-sinz
(l) ) (x-{-_——l)ﬂ dz. (ll) je 1+ o8 & dz. (lll) Ie’ 'I-Tszdz.
.\ (coshz+ sinh zsinx dx
) i 1+cosz e \ jl +e" [chn. Sc. Trir.]

(vi) Iv 1+ €™ da. (vii) I a +a:)2 d:c
[Ox. I. P., 1890.]



8. Integrate
@)

(iv)

)

L

i |

(vii)
(viii)
(ix)
9. Integrate

@@

INTEGRATION BY PARTS.

. (log z)? dz.

(i) .\. <x+% +;1§) log z d.

aiy [

z~2tan~1 2 dz.

log (z ++/a® + 2%) da.
'xlog(x+\/(;’+—wz)dz.
(a +2) Ja? + 2%dz.
.(a’+z’) a+z dz.

( e*z%sin (bz + c) da.

[ 3 (1 - %)} da.

z ¢* sin bz sin ¢z dx.

(ii) | = e* sin bz sin%cx dz.
L
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[Ox. 1. P., 1888.]

[Ox. L P., 1889.]

[Ox. IL P., 1887.]

[MATH. Tr1p., 1882.]

[ST. JounN's, 1884.]

[ST. JonN’s, 1888.]

[St. Jonn’s, 1888.]

[CoLL., 1892.]

[Ox. L P., 1890.]

10. Show that if  be a rational integral function of z,

Ie”“udz=ae"“{u—a—+a’

du d*u

dz

___a3(_iﬁl'+
da? az2 iy

where the series within the brackets is necessarily finite.

[TriN. CoLL., 1881.]

1 u= Ie‘“ cos bz dx, v = Ie"' sin bz dzx, prove that

tan—! % + t.a.n‘lg = bz,

and that (a2 +52) (w2 +12) = €=

12. Evaluate j 2%log (1 — 2?) dz, and deduce that

1

8y §2 o L S

1 1 8

9 3

o= zlz)g, 2.

[a, 1889.]
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13. Integrate jsec* 6 cosect 6.6, jsec* O sin 6 d6.

14. Find the value of

I d A dz"}dx [y, 1890.]
15. Evaluate
du/dv dw\ d3v/dw du dsw du dv
%z %)+ &E-z) %G @)=
[, 1890.]

16. Establish the following formulae for integration by parts,
» and v being functions of z, and accents denoting differentiations
and suffixes integrations with respect to , and «™ denoting u with
n accents :

(1) .[W dz=ww, — w'vy+u vy — w0, + ... + (= 1) Tul Ny,
+(- 1)"] u dv, ;.
(ii) II (wv) (dz)? = wv, — 20y + 3u"v, — 4w+ ... + (= 1)" ™o, 4,

+(-1)™ I u™y, dz+ (= 1)" j dz j uy, dz.
[a, 1888.]

, 17. If w be a function of «, and differentiations and integrations
are respectlvely denoted by accents and suffixes, and (») means
n accents, show that

et (e (- (e s 0]

[ST. Joun’s, 1889.]

18. If u, v, w be functions of z, and accents and suffixes denote
differentiations and integrations respectively, show that

2uvw = (vw)'u; — (vw)"uy + (VW) Uy — ... + (= 1) j (vw)™du,,
+ (wu)v; — (wu) vy + (wrw)""vy — ... +( - 1)"-lj (wu)™dw,

+ (wv)'w, — () “wy + (uv)"wy ~ ... +( = 1)*72 I (w)®duw,,.

[St. Joun’s, 1889.]
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19. Prove that
- 43, B3 . ot
L dv = l—— 3 44+5—... ete.
[Maru. Trip., 1878.]

1
20. Find the value of j #* dz correct to five decimal places.

. [J. M. Scu. Ox., 1904.]
21. Prove that

z
e“"’j e
0

2%q
3.5
(2a2)“ —a%3
+ ——————-——(2n ) z”“e dx.
'Ox. I. Pus., 1899.]

22. Find the sum of the series, supposed convergent,
o z’

19
o Bl 22 78 i Dt 08 et

[Corv., 1881.]

23. If y and z be functions of z, and w=y2' -2y, prove the
following :

(i) jmb—ﬂ (./' " Z"T/”) dz s :’/—1 (1 A _1/2‘"/-1)1

(ii) the integration of zy—lu=2(y2’ —2y") can be reduced to that
of y3, [St. Joun’s, 1886.]

24. Show how the method of integration by parts may be applied

to find
[r@%m

where f(z) is a rational algebraical expression of the ™" degree.

. i) i
Prove that j f(@) ——_—iv_l-'—l——_‘dz_o. [CoLL., 1876.]

25. Prove thatj (cos )" dz may be expressed by the series,

3 ey T
sindz sin®z sin’z
sin 2 — N, —— +N2——5- -N3—7— + ..., etec.,

n—-2
N,, N,, N,, ... being the coefficients of the expansion (1 + a)2, and
n having any real value positive or negative.  [Smrri’s Prizr, 1876.]

26. Prove that
ja‘"e‘ sinzdz=¢* >_1( 1)

r=0

g ain {x i ,1)?},
4
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27. Express the infinite series

1131+1351
2t2 13t 163

as a definite integral, and find its value. [Ox. IL P., 1902.]
28. Show that

+...

sin 2z m(m— 1)sin 4z

2 Icosmxcos zde=Ad+z+m e e 1
sin 2ma.
om
where m is an integer and A is independent of z. [CoLL. a, 1885.]

29. Evaluate the integral
: 4
j a, sin % . @, 8in 2%(! + A)dt,

0

and draw curves showing how its value depends on that of A.
[MecH. Sc. Trre., 1899.]

30. Prove that if y=/(z) and z=¢(y) are equivalent relations,
then, between any corresponding limits,

‘\‘Jf_’(z_) dz= IJ«#'_(y) dy.

Hence, or otherwise, prove that if tan 8= J1-ctana,

@ dx i r dz
L J1—csinz Jon/1 —ccos’ [Ox. IL P., 1886.]
31. Prove that the remainder R in the series
0=tan 6 - } tan®0 + .. +( 1)1 tan®t0 + R
may be written as a definite integral,

0
_1) 2n+2
i L e [Cory., 1881.]

3 32. Show that the integrals j J(z) dz, r #"f"(z) dz are connected
thus : i

[r06-g@-5r@+Sr@- .
(=0T o)+ (- 1 o ds,

and that if one can be integrated the other can also be integrated.
[BERNOULLL ]
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33. Integrate
j {(2n+1) cos (2 +3) 0+ (21— 2) cos (2n — 3) 8} (cos 6) d,

and prove that when n is a positive integer,

7
j cos (2n+ }) 8 (cos 0)! d6.=0.
W [Oxrorp II. Pus., 1913.]

34. Find the sum of the areas included between the axis of z and
the arc of the curve y=zsin (z/a) from the ordinate z=0 to the
ordinate z=mnma, n being any positive integer, odd or even.

[Ox». 1. P., 1911.]

" 4
35. Evaluater——— dz when n is any positive integer.
0 20z — 22 Y P g

[Oxr. 1. P., 1916.]

: §
36. Show thats zlog (1+42)dz=3(1-2log$), and prove that
0

1
Bt 2
this is less than L 3 d. [MaTH. TrIP., PART L., 1913.]

3. T, = r tan"z dx, show that (n - 1) (T, + T,_,) =tan""z.
0
Given that ==3141592..., log,2 =0:693147..., show that

i : 3
I tan®z dz = 0+09657..., j tan*z dz=011873... .
0 0
[Mars. Trre. L, 1915.]

1 sin~l i) 1
38. Prove that S:‘(l I x2)”’ dz = ) log, 2.

[MaTa Trre. L., 1917.]
39. Find the area 4 between the curve
y=a(sinz + § sin 3z + } sin 52)
and the axis of z between the limits 0 and ; and the volume 7
obtained by rotating this area about the axis of z.
Prove that 47 =n2A4. [Mara. Trre. I, 1913.]

40, Show that

& 1y 1 1
-1 Sl e Y o it ——
Lz” log(1+z)dz-2p{l'2+3'4+...+(2p_1)2p}.

[MaTn. Trip.,, Pr. 1., 1916.]
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