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948.
REPORT OF A COMMITTEE APPOINTED FOR THE PURPOSE 

OF CARRYING ON THE TABLES CONNECTED WITH THE 
PELLIAN EQUATION FROM THE POINT WHERE THE WORK 
WAS LEFT BY DEGEN IN 1817.

[From the British Association Report, (1893), pp. 73—120.]
We have, on the Pellian Equation, Degen’s tables, the title of which is “Canon Pellianus sive Tabula simplicissimam aequationis celebratissimae y2 = ax2 + 1 solutionem pro singulis numeri dati valoribus ab 1 usque ad 1000 in numeris rationalibus iisdemque integris exhibens.” Autore Carolo Ferdinando Degen. Hafniae, apud Ger- hardum Bonnierum, mdcccxvii., 8vo. Introductio, pp. v—xxiv. Tabula I. Solutionem aequationis y2 — αχ2 —1 = 0 exhibens, pp. 3—106. Tabula II. Solutionem aequationis 

y2 — ax2 + 1 = 0, quotiescunque valor ipsius a talem admiserit, exhibens, pp. 109—112.The mode of calculation is explained in the Introduction, and illustrated by the examples of the numbers 209, 173.As to the first of these, the entry in Table I. is 

where the first line gives the expression of √209 as a continued fraction, viz. we have
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948] REPORT ON THE PELLIAN EQUATION. 431the denominators being 2, 5, 3, (2), 3, 5, 2, then 28, which is the double of the integer part 14, and then again 2, 5, 3, (2), 3, 5, 2, and. so on, the parentheses of the (2) being used to indicate that this is the middle term of the period.The second row gives auxiliary numbers occurring in the calculation of the first row and having a meaning, as will presently appear. Observe that the 11 which comes under the (2) should also be printed in parentheses (11), but this is not done.The process for the calculation of the x, y is as follows: 

viz. writing down as a first column the numbers of the first row, and beginning the second column with 1, 14 (14 the number at the head of the first column), and the third column with 0, 1, we calculate the numbers of the second column, 29 = 2.14 + 1, 159 = 5.29 + 14, 506 = 3.159 + 29, &c., and the numbers of the third column in like manner, 2 = 2.1+0, 11 = 5.2 + 1, 35 = 3.11 + 2, &c.; and then writing down as a fourth column the numbers of the second row with the signs +, — alternately, we have a series of equations y2 — ax2 = ± A, viz.

the last of them being 
this last corresponding as above to the value + 1, and the numbers 46551 and 3220 being accordingly the y and x given in the fourth and third rows of the table.

www.rcin.org.pl



432 REPORT ON THE PELLIAN EQUATION. [948As to the second of the foregoing numbers, 173, the only difference is that the period has a double middle term, viz. the entry in the Table I. is

The first row gives the expression of V173, viz. that is 
the denominators being 6, 1, 1, 6, then 26 (the double of the integer part 13), and then again 6, 1, 1, 6, and so on. In the second row I remark that Degen prints the parentheses (13, 13) for the double middle term.The process for the calculation of the x, y is similar to that in the former case, viz. we have 

where the second and third columns begin 1, 13 and 0, 1 respectively, and the remaining terms are calculated 79 = 6.13 + 1, 92 = 1.79 + 13, &c., and 6 = 6.1 + 0, 7 = 1.6 +1, &c.; and then writing down as a fourth column the terms of the second row with the signs +, — alternately, we have 

the last equation being 
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948] REPORT ON THE PELLIAN EQUATION. 433the term for the last equation being always in a case such as the present one, not + 1, but —1. The final numbers 1118, 85 are consequently entered not in Table I., but in Table II., viz. the entry in this table is 

and thence we calculate the numbers y, x of Table I., viz. these are
Generally Table II. gives for each value of α, comprised therein, values of x, y, such that y2 = ax2- 1, and then writing y1 = 2y2 + 1, x1 = 2xy, we have 

so that x1, y1 are for the same value of a the values of x, y in Table I.It is to be remarked that the heading of Table II. is not perfectly accurate, for it purports to give for every value of α, for which a solution exists, a solution of the equation y2 = ax2-1. What it really gives is the' solution for each value of a for which the period has a double middle term. But if α = α2 + l, then obviously we have a solution y = a, x=1, and for any such value of a the period has a single middle term, viz. the entry in Table I. is 

and we, in fact, have 

that is,
C. XIII. 55
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434 REPORT ON THE PELLIAN EQUATION. [948The foregoing instances of the calculation of x, y in the case of the numbers 209 and 173 suggest a table which may be regarded as an extended form of Degen’s tables; viz. such a table, from α=2 to α = 99, is as follows:
Specimen of extended Form of Table in regard to the Pellian Equation.
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948] REPORT ON THE PELLIAN EQUATION. 435

Specimen of extended Form of Pellian Equation Table—continued.
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Specimen of extended Form of Pellian Equation Table—continued.

www.rcin.org.pl



948] REPORT ON THE PELLIAN EQUATION. 437

Specimen of extended Form of Pellian Equation Table—continued.
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Specimen of extended Form of Pellian Equation Table—continued.
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Specimen of extended Form of Pellian Equation Table—continued.
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Specimen of extended Form of Pellian Equation Table—continued.
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948] REPORT ON THE PELLIAN EQUATION. 441

Specimen of extended Form of Pellian Equation Table—continued.

The meaning hardly requires explanation ; for each number a, we have a series of pairs of increasing numbers, y, x, satisfying a series of equations y2 = ax2 + b ; thus

The following table, calculated under the superintendence of the Committee, extends from α = 1001 to α = 1500 (square numbers omitted); it is (with slight typographical variations) nearly but not exactly in the form of Degen’s Table I., the chief difference being that for a number a having a double middle term, or of the form α2 +1 (such number being further distinguished by an asterisk), the x, y entered in the table are the solutions, not of the equation y2 = ax2 + 1, but of the equation y2 = αx2 — 1. As remarked above, if we have y2=ax2- 1, then writing y1 = 2y2 + l and x1 = 2xy, we obtain y12 = ax12 + 1.Moreover, for each value of a, in the first line, the first term, which is the integer part of √α, is separated from the other by a semicolon, and the 1, which is the corre­sponding first term of the second line, is omitted.
c. XIII. 56
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442 REPORT ON THE PELLIAN EQUATION. [948The calculations were made by C. E. Bickmore, M.A., of New College, Oxford: his values for x and y have been revised as presently mentioned, but it has been assumed that his values for the periods and subsidiary numbers_(forming the first and second lines of each division of the table) are accurate; in fact, any error therein would cause the resulting values of x and y to be wildly erroneous; but (except in a single instance which was accounted for) the errors in x and y were in every case in a single figure or two or three figures only.The values of x and y were in every case examined by substitution in the equation (y2 = ax2 +1, or y2 = ax2 — 1, as the case may be), which should be satisfied by them. These verifications were for the most part made by A. Graham, M.A., of the Observatory, Cambridge. As already mentioned, some errors were detected, and these have been, of course, corrected. The values of x, y given in the table thus satisfy in every case the proper equation y2 = ax2 + 1, or y2= ax2 — 1; on the ground above referred to, it is believed that the periods and subsidiary numbers are also accurate.It may be remarked, in regard to the verification of the equation y2 = ax2 + 1 for large values of x and y, it is in practice easier and safer to calculate ax2 +1, and then to compare the square root thereof with the given value of y, than to further calculate the value of y2.

www.rcin.org.pl



948] REPORT ON THE PELLIAN EQUATION. 443

The Table 1001 To 1500.
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Table 1001 to 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 τo 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 τo 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 Tο 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 τo 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 τo 1500—continued.
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Table 1001 τo 1500—continued.
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Table 1001 To 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 to 1500—continued.
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Table 1001 τo 1500—continued.

www.rcin.org.pl



464 REPORT ON THE PELLIAN EQUATION. [948

Table 1001 To 1500—continued.
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Table 1001 τo 1500—continued.
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Table 1001 to 1500—continued.
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948] REPORT ON THE PELLIAN EQUATION. 467In connexion with the subject we have a paper, “A Table of the Square Roots of Prime Numbers of the form 4m + 1 less than 10000 expanded as Periodic Continued Fractions,” by C. A. Roberts, with Introduction and Explanation by Artemas Martin, the Mathematical Magazine, vol. II. (No. 7, for October, 1892), pp. 105—120. This extends, in fact, to numbers up to 10501, but only the denominators of the continued fractions (that is, the first lines of Degen’s and the present table) are given: thus the entry for 1009 is 31; 1, (3, 3).The paper just referred to notices errors in Degen’s tables for the numbers 853 and 929. For 853 the first line should be29, 4, 1, 5, 1, 2, 4, 1, 1, 15, 19, (2, 2),(15 instead of Degen’s 14). For 929 the first and second lines should be30, 2, 11, 1, 2, 3, 2, 7, 5, (2, 2)1, 29, 5, 40, 19, 16, 25, 8, 11, (23, 23).The values of x, y in Table I. and those in Table II. (for the solution of 
y2= ax2 — 1) are correct for each of the numbers 853 and 929.

59—2
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