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484.

ON THE VARIATIONS OF THE POSITION OF THE ORBIT IN
THE PLANETARY THEORY.

[From the Monthly Notices of the Royal Astronomical Society, vol. xxxπ. (1871—72), 
pp. 206—211.]

It has always appeared to me that in the Planetary Theory, more especially when 
the method of the variation of the elements is made use of, there is a difficulty as 
to the proper mode of dealing with the inclinations and longitudes of the nodes, 
hindering the ulterior development of the theory. Considering the case of two planets 
m, m', and referring their orbits to any fixed plane and fixed origin of longitudes 
therein, let θ, θ' be the longitudes of the nodes, <∕>, φ' the inclinations {p = tan φ sin θ, 
q = tan φ cos θ, &c., as usual); then the disturbing functions for m, m respectively are 
developed, not explicitly in terms of φ, φ', θ, θ', but in terms of Φ, the mutual 
inclination of the two orbits, and of Θ, Θ' the longitudes in the two orbits respectively 
of the mutual node of the two orbits; Φ and Θ, (-)' being functions (and complicated 
ones) of φ, φ', θ, ff. Moreover, although in the general theory of the secular variations 
of the orbits of the planetary system, θ, φ, &c., are, as above, referred to one fixed 
plane (the ecliptic of a certain date), yet in the theory of each particular planet it 
is the practice, and obviously the convenient one, to refer for such planet the θ, φ 
to its own fixed plane (the orbit of the planet at a certain date), the effect of course 
being that φ, and consequently p, q, instead of being of the order of the inclinations 
to the ecliptic, are only of the order of the disturbing forces. It has occurred to me 
that the last-mentioned plan should be adhered to throzιghout; viz., that for each 
planet m, the position of its variable orbit should be determined by θ, the longitude 
of its node, and φ, the inclination in reference to the appropriate fixed plane (orbit 
of the planet at a certain date) and origin of longitude therein. The disturbing 
functions for the planets m and m' will of course depend not only on θ, θ', φ, φ', 
but on the quantities Φ, Θ, Θ' which determine the mutual positions of the two fixed 
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pl a n es of r ef er e n c e a n d ori gi ns of l o n git u d e t h er ei n, t h es e l ast b ei n g h o w e v er a bs ol ut e  
c o nst a nts n ot aff e ct e d b y  a n y  v ari ati o n of  t h e el e m e nts; s o t h at as r e g ar ds t h e v ari ati o n  
of  t h e el e m e nts t h e dist ur bi n g f u n cti o ns ar e i n f a ct gi v e n as e x pli cit f u n cti o ns of t h e 
v ari a bl e el e m e nts θ, θ', φ,  φ' ; a n d w h er e  φ,  φ'  a n d t h er ef or e als o p,  q,  p',  q ar e o nl y  
of  t h e or d er  of  t h e dist ur bi n g  f or c es.

I pr o c e e d t o w or k  o ut t his i d e a, f or t h e pr es e nt c o nsi d eri n g t h e d e v el o p m e nt of  
t h e Dist ur bi n g  F u n cti o n  o nl y  as f ar as t h e first p o w ers of  p,  q, & c.  F or  c o m p aris o n  
wit h  t h e or di n ar y  t h e or y, o bs er v e t h at i n t his t h e or y t h e dist ur bi n g f u n cti o n c o nt ai ns  
o nl y  t h e s e c o n d p o w ers of t h e p,  q, & c.,  m a d e  us e of t h er ei n; t h es e ar e i n f a ct of a  

f or m s u c h as P  +  p,  Q  +  q,  ... w h er e  P,  Q  ar e a bs ol ut e c o nst a nts a n d p, q,  ... ar e t h e 
p,  q,  ... of t h e pr es e nt t h e or y; t h e or di n ar y t h e or y gi v es t h er ef or e i n t h e dist ur bi n g  
f u n cti o n a s eri es of t er ms i n v ol vi n g ( P +∕ >) ≡, ( P + p)  ( Q +  q ∖ ... w hi c h  I n o w t a k e 
a c c o u nt of o nl y as f ar as t h e first p o w ers of p, q,  ... t h e y ar e i n eff e ct r e d u c e d 
t o P ≡  +  ’̂ P p, P Q- ∖- P q Λ- Q p,  & c.  ... T h e  pr es e nt t h e or y is t h us n ot n o w d e v el o p e d t o 
t h e e xt e nt of gi vi n g t h e p, q,  ... of t h e or di n ar y t h e or y i n t h e m or e  c o m pl et e f or m 
as t h e s ol uti o ns of a s yst e m of si m ult a n e o us li n e ar diff er e nti al e q u ati o ns, b ut o nl y t o 
t h e e xt e nt of o bt ai ni n g f or t h es e p,  q,...  r es p e cti v el y t h e t er ms w hi c h  ar e pr o p orti o n al  
t o t h e ti m e.

I c o m m e n c e wit h  t h e f oll o wi n g s u bsi di ar y pr o bl e m. C o nsi d er  a s p h eri c al tri a n gl e 
Λ B G  (si d es α,  b, c, a n gl es Λ,  B,  G,  as us u al),  a n d t a ki n g t h e si d e c as c o nst a nt, b ut  
t h e a n gl es Λ  a n d B  as v ari a bl e,  l et iι b e r e q uir e d t o fi n d t h e v ari ati o ns of G,  a, b  
i n t er ms of v ari ati o ns  d A,  d B a n d t h e v ari a bl e  el e m e nts C,  a, b t h e ms el v es. Alt h o u g h  
t h e g e o m etri c al pr o of w o ul d  b e m or e  si m pl e, I gi v e t h e a n al yti c al o n e, as it m a y  b e  
us ef ul.

W e  h a v e  

a n d t h e n c e 

t h at is

or  fi n all y

N e xt  

or,  diff er e nti ati n g.
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or, substituting for dG its value, 

that is

or, on the right-hand writing instead of , this issin a sin 0

'da = -- —(dA sin ύ + dB cos G sin a);sin G^ ’
and similarly

(/6 = -, - - (dB sin α + c∕√l cos (7 sin 6).sin 0 '

Now let the continuous lines represent the orbits of m, m' at certain dates, 
0, Q the origins of longitude therein; and the dotted lines the variable orbits of the 
planets respectively.

Write

Then, answering to the notation of the lemma, we have 

whence
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G'A = h + dh,

Suppose V, v' are the longitudes of the planets in their two orbits respectively; 
that is 

whence 

say these values are v — Θ + χ, √ — Θ' + √, Φ + y. Then if H is the angular distance 
mm' oi the two planets,

The disturbing function for the planet m disturbed by rtι' is

= — R, if R is the disturbing function of the Mecanique Celeste); and the term 
hereof which involves V is 

λvhere after the differentiation cos H is replaced by cos H,
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vi z., t his is a li n e ar f u n cti o n of x, x', y, t h at is of  p,  q,  p',  q', wit h  c o effi ci e nts w hi c h  of  
c o urs e i n v ol v e t h e ot h er  v ari a bl e el e m e nts a n d t h e ti m e; b ut it will  b e r e m e m b er e d 
t h at Θ,  Θ',  Φ  ar e n ot v ari a bl e el e m e nts, b ut ar e a bs ol ut e c o nst a nts. T h e  v ari ati o ns  

of p d e p e n d u p o n  a n d t h os e of q o n , a n d t h e q u a ntiti es p, q,  p', q',...

dis a p p e ar fr o m t h es e diff er e nti al c o effi ci e nts , ; t h at is, disr e g ar di n g p eri o di c

t er ms, a n d t h e v ari ati o ns of t h e el e m e nts, w e  ∙ o bt ai n ⅛ , ⅛  as a bs ol ut e c o nst a nts, or  
dt dt

r e c k o ni n g t h e ti m e fr o m t h e e p o c h b el o n gi n g t o t h e fi x e d or bit of m,  w e  h a v e p,  q  
as m er e  m ulti pl es  of t h e ti m e ( p =  Λt,  q  =  Bt,  w h er e  A  a n d B  ar e c o nst a nts); a gr e ei n g  

wit h  t h e st at e m e nt pr e c e di n g  t h e i n v esti g ati o n.

O bs er v e  t h at t h e p,  q, as us e d  a b o v e, h a v e r ef er e n c e n ot o nl y t o t h e fi x e d or bit  of  
m,  b ut als o t o t h e n o d e t h er e o n of t h e fi x e d or bit of m' : w e  m a y,  if w e  pl e as e,  writ e  
p  =  t a n φ  si n ( Θ +  θ ∖  q  =  t a n φ  c os  ( Θ +  θ),  t h at is, p  =  q  si n Θ  +  p  c os  Θ,  Q  = c os  Θ  —  si n Θ  
( or 7 ?  =  p  c os Θ  - q  si n Θ,  9  =  P  si n Θ  +  q  c os  Θ),  a n d i n pl a c e of  p,  q i ntr o d u c e i nt o t h e 
f or m ul a e p a n d q, w hi c h  h a v e r ef er e n c e o nl y t o t h e fi x e d or bit of ι n, a n d si mil arl y  
writi n g  p'  - t a n φ'  si n ( Θ' +  θ' }, q'  =  t a n φ'  c os  ( Θ +  Θ'),  i nst e a d of p', q' i ntr o d u c e p', q' 

w hi c h  h a v e  r ef er e n c e o nl y  t o t h e fi x e d or bit  of  m'.

I r e m ar k t h at a t a bl e f or t h e r el ati v e p ositi o ns  of t h e or bits of t h e ei g ht Pl a n ets  
f or t h e E p o c h  1st J a n u ar y, 1 8 5 0,  is gi v e n  i n L e v erri er ’s A n n al es  d e I' O hs er v. d e  P aris,  

t. 1 1. ( 1 8 5 6), p p. 6 4 — 6 6.

C.  VII.
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