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479.

THE SECOND PART OF A MEMOIR ON THE DEVELOPMENT
OF THE DISTURBING FUNCTION IN THE LUNAR AND
PLANETARY THEORIES.

[From the Memoirs of the Royal Astronomical Society, vol. XXXIX. (1872), pp. 55—74.
Read January 12, 1872.]

THE present communication is a sequel to my paper, “The First Part of a Memoir
on the Development of the Disturbing Function in the Lunar and Planetary Theories,”
Memoirs R.A.S., vol. xxviiL (1859), pp. 187—215, [214], and I have therefore entitled it
as above, but it, in fact, relates only to the Planetary Theory. In the First Part, I gave
in effect, but not explicitly, an expression for the general coefficient D (j, j') in terms
of the coefficients of the multiple cosines of 6 in the expansions of the several powers
(r* +1"2— 2 cos )%, or say (a*+ a”—2aa cos §)%; viz, at the foot of page 208
I speak of the term involving cos(jU +5U’) as having a certain given value; the
term in question is D (j, j)cos (jU +45U’); and consequently the expression for
D, j) is
I (z— %)

D@ H=3"F"

SR

the omission was, however, a material one, inasmuch as this expression for the general
coefficient serves to connect my formule with Leverrier's development, Annales de I'Observ.
de Paris, t. 1. (1855), pp. 275—330 and 358—383, and I resume the question for the
purpose of applying it.

Formula for the general Coefficient D (j, §').
In the First Part, the reciprocal of the distance of the two planets, or function

{r*+ 72 = 2rr’ (cos Ucos U’ +sin Usin U’ cos P)}~*
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512 ON THE DEVELOPMENT OF THE DISTURBING (479

is taken to be developed in multiple cosines of U, U7, the general term being
D(j, j)eos (jU+5U),

where j, 7 have each of them any integer value from — o to 4 @ (zero not excluded), but
so that j, j’ are simultaneously even or simultaneously odd. We have D (—j, —5)=D(j, )
and D(j, j)=D(j, j); and it hence appears that the really distinct values of the
coefficient may be taken to be those for which j is not negative, and as regards
absolute magnitude is not less than j'; and for such values of j, j/ we have the above-
mentioned expression

DG, =3 ez R,

which I proceed to explain and develope.

II,(# — %) and Ilz (2 being a positive integer) denote respectively 4.3 ...(z—3}),
and 1.2.3...2; in particular for =0, the value of each factorial is = 1.

7 denotes sin § P.

The coefficients R,*> are those of the multiple cosines in certain developments, viz.
we have
% {12+ 12 — 271’ cos (U — U')} 2t = 3R, coss (U~ U’),

where, as usual, ¢ extends from — o to o and R,7*=R,". Writing with Leverrier
(a*+ a”* — 2aa’ cos H)y"¥ =} SAicos iH,
ad’ (a?+a”* — 2aa’ cos H) ™=} S B cos 1H,
a*a” (a* + a® — 2aa’ cos H)~% =4 30 cos1H,
a*a”®(a*+ a’* — 2aa’ cos H) ~ = % 3 DicosiH,

then 2R}, 2R/, 2R/, 2R, are the same functions of », »" that A% B, C D respectively
are of a, .

The expression of M,> is

Iz Iz

M = (=)t d = : = .
i Ni@—j - @+5+9) Hi@—7j+Ni(z+)-9)’

and, finally, in the expression for D(j, j'), # has every integer value from 0 to o=,
and, for any given value of @, & extends by steps of two units from the inferior
value — (z —j’) to the superior value = —j.

It is convenient to write #=1%(j+j)+s; we have then % extending from
—3+(=7)—s to =} (j—7)+ s, or writing S=—%4(j—5)+6, & has the s+1 values s,
§—2, s—4,...—s, viz. for s=2p+1 the values are +1, +3,...+(2p +1), and for
s=2p they are 0, +2, + 4,... + 2p.
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479] FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 513

Making these changes we have

{(J+J)+3 3 gy 1-0140 p=3li=i)+8
CALY Pt O{(G+5)+s) n' M &(i+;)+sR %(;+j)+s

where

IRy I {3 (j+5) +s) I{§(j+]) +5]
G+ T MiG—O MG+ +s+0) MG+ O)IMI(j+j +5s—0)

viz. this is (=) into the product of two binomial coefficients, each belonging to the
exponent & (j+7)+s.

Particular Cases, j+j' =0, 2, 4, 6, being those required in the Planetary Theory.

Considering successively the cases j+j =0, 2, 4, 6, we have, first,

DG —p=2BE W s )S{H%(S—OI)I;I (s+0)}2 i

which, developed as far as 7% 1is

(*) B )= 347

DO =

7§ (B4 + B

1605] :
+ 5hy MO L 400 4 0y

17950 . p
— g 4 g7 § (D7 + 9D 4 9D 4 Dics),

where, and in what immediately follows, 4, B, C, D are used to denote functions (not
of (a, ), but) of r, 7.

Secondly,
- H(“H‘Tz) ,3{_8 II(s+1)

I (s + 1) R-j+1+9;
. M Groye—-g1
which, developed to 7%, is

a0 i 1s 1
(%) DG —j+p=w{ 3 .y
1.3
—g 4 $(2074 4 20),
19305 )
g agT HEDI LoDy 3D,
Q. VII. 65
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514 ON THE DEVELOPMENT OF THE DISTURBING [479

Thirdly,
e 134 H(S+)4V’S s ﬂ(s+2)
D) =it D=2 rrrgy (=0 (s = 0) 11} (s 4 0) 2
I (s +2) R-j+29}
“TMIG+o) L (s—0)+2 s+

which, developed to #f is

LA 1.3 :
(*) D (j, —J+4)=n*{ 53 3077
e ; . ZZ 3 (3D~—]+3 i 3D—)+1)1

and, fourthly,

Ty = ( ) 6 '8 s H(5+3)
: H(s+3) J+3+0)
NGOG0+ |
which, developed to 7% is simply
1. 3.9 ¢
(*) D(j, —j+0)=n5y 5§ D

The foregoing formule, although obtained on the supposition j=0, or positive,
apply without alteration to the case j—=negative, and the entire series of terms of an
order not exceeding 6 as regards » may be written,

P37 cos (U —jU")
+2D(j, —j+2) cos(jU+(—j+2)U)
+2D(j, —j+4) cos(jUA(—j+4) )
+2D(j, —j+6) cos(jU+(—j+6)U),

where j has every integer value from — o to + .

Comparison with LEVERRIER.

This is in fact what Leverrier’s expression becomes on putting therein e =¢ =0.
To verify this, observe that Leverrier having defined his A, B, (", D', as above, writes
further

B = (B4 B,

G = ¢ (072 + 407 + 0),
Hi= 5 (D2 4 9D 4 9D+ 4 Dits),
Li = § (O + 09,
N =}? (D= + 3D + D),
Tt =18 (D=2 + DY),
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479] FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 515

(consequently E—=Ei, =G, H = I, LI+t = L 8-+ =8 P-+4=T"), and that the
terms in question, putting in the coefficients e=¢’ =0, are with him

{(DP+ A1)+ (A7 )p*+ (20 )’

(212)' 77 + (218) 7 + (221)

((872) mt + (375Y

{(449)

where, substituting for (1)), (11)’, &ec., their values, the coefficients are

b cos (il —2n),

1 ocos[il! — (¢ —2) A =277,
7% cos[il' — (7 —4) N —47],
7%} cos [ill — (v — 6) X — 677],

6
6

%Ai—’l]zé-Ei-i-n‘ E —%Gi—nﬁ-‘}:Hi,
=% ,,)2 3 _i_ (Bz‘—-x o B"'H) A ,,]4 g T% (C[_.g + 401 L Ci+2) i ,,’6 - 352 (Di—a o 9Di—1 i 9 Di+ it Di+3) :
,,72 . % Bi—l i 7’4 i Li a0 775 S{, = 772 : % B[+1 o ,,74 (% Ci—z L C‘) 4 ,,76 £ %’8’ (_Di—3+ 3D{_1 i Di+1) i
,,74 .% 01'-—2 : ,'76 _’[Y'i, P 774 { % Ci—z . oy ,,76 i %% (Di—s 4L Di—l);
and

775 . Tﬁﬁ Dz—s_

Writing herein j in place of 7, and for 49, Bi7, &c., the equal values A, B+, &e.,
we have precisely the foregoing coefficients D (7, —j), ... D(j, —j+ 6).

The Development tn Powers of e, €.

The complete expression of the reciprocal of the distance is obtained from
D (j, =9 cos (jU-3U")
+2D(j, —j+2) cos (JU+(—j+2) )
+2D(j, —j+4) cos (jU+(=j+4)U)
+2D (j, —j +6) cos (jU+(—j+6)U"),

by writing therein for », #/, U, U’, instead of the circular, the elliptic values, that is

the values
r =aelqr(e, L —11) =il ),

¥ =d elqr(e, L' —1II') , o =a (1+2),
U=I1-0-+elta(e, L-11), =11 -0 +f,
U=II'-0+elta(e, L'=1I'), =II'—0"+f";
L, 11, ® the mecan longitude in orbit, longitude of perihelion in orbit, and longitude of
node; and the like for L', II', ®'; “elqr” = elliptic.quotient radius, “elta” = elliptic true
anomaly ; or, what is the same thing, if we write elta (¢, L —II)= L — TI +eltt (e, L —1I),
and the like for elta (¢/, L'—1II"), then
U=L -0 +eltt(e, L —-11), =L -0 +y,
U=L-0+eltt (¢, L'-1I"), =L'—-0"+y.
65— 2

www.rcin.org.pl



516 ON THE DEVELOPMENT OF THE DISTURBING [479

The process for doing this is explained, First Part, pp. 205—207, [214], viz., writing
r=a(l+2), ¥=a(1+4'), and restoring j' (instead of its value —j, ...—j+ 6, as the
case may be), we have a general term
1 SN (AN iy - ! Pt 1
e @@ (30) (35) - DG ). cos [ (= O +.£) 45 (I =@ +£)],

where D(j, j') now denotes the value obtained by writing @, ¢’ in place of r, » and
/. f' are the true anomalies elta (¢, L—1I) and elta (¢, L'—1II'). And the second
factor, x* ' into the cosine, is given as a series

32 ([cos] + [sin]’) ([cos]” + [sin]") cos [i (L — IT) + o' (L' = I1") +j (II — ®) — 5" (I" — ©")],
where [cos], [sin]’ are functions of e, [cos]’, [sin]" functions of ¢. Or, what is better,
the term a*z* into the cosine may be written z*2'* cos[j(L—0®+y)+j (L' =0 +y)],
and the expansion then is

S5 ([cos] + [sin]) ([eos]’ + [sin]*) cos [i (L — ) +4' (L' = 1) +j (L — B) +j' (L' — @],
where as before [cos]’, [sin]' are functions of e, [cos]’, [sin]" are the same functions
of ¢, viz. the e-functions are those given in the two “datum-tables” (2°...2") cosjy
and (2°...2")sinjy, taken from Leverrier, which I have given in my “Tables of the
Developments of Functions in the Theory of Elliptic Motion,” Memoirs R.A4.S. vol. XXIX.
(1861), pp. 191—306, [216]. In order to better show which are the symbols referred to,
we may, instead of [cos]), &c., write [z* cosjy]’, &c., the formula will then be

¥ cos[j(L-O+y)+j (L-6"+y)]=
S ([o* cosjy T+ [o* sin jyl) ([ cos jy')¥ + [ sin 1)
xcos [t (L—T)+4¢ (L' =1I")+j (L—-0O)+;' (L' - ©)];
and if we attribute to 7, ¢ any given values, that is, attend to any particular multiple
cosine,

cos [t (L—=TI)+¢" (L' = II")+j (L = O®) +j' (L — ®)],
the coefficient hereof will be
i i A a® (i)¢ a'® (—d—>a,D (7, 7)) - ([=* cos jy]' + [2= sin jy]’) ([’ cos j'y]" + [&'* sinj'y']")
Halle © \da da A oAy J JY JYI),

where @, @’ each extend from zero to infinity, but to obtain the expression up to a
given order p in e, ¢, we take only the values up to a+a' =p.

Particular . Cuse.
Thus, for instance, in cos [j (L — ®) —j (L' —®’)] the terms independent of ¢’ are
D (j, =) {[# cos jyI’ + [° sin jy]'}
1 d RN FT : s
i@ (%) D (3, =3[ cosjy]* + [ sin jyT'}
- 1Aa,’(~d~>2D(' —J) {[#* cos jy]° + [«* sin jy]’}
T\ bTd JY JYI'ss
+ &e.
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479] FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 517

which, observing that in the present case the sine terms vanish, is

- : -
3 5 16080
1 _8.7'2 +96j4 — 1280j6
—54j2 i 3920j-1 Al . D(j: "'.7)
— 34407
] 1 d
¥4 48P . S00605 T %% y
Y Z968 4119204 s d>2
— 13207 rs “(@ b
1 dp
; o sl
+144 — 2880 %2 2 (da) 9
4 - dat
+144 — 57605 7.9.3:4% (d—a) : *
A A0 1 o d 5
+ 14400 T T b (ﬁ) ; y
B 1, 7N
+ 14400 T (‘) 3 %
I i, /8N
0 At R

viz. the term in ¢* 1s
' . d ant desidl o
e {—12 +ia g+ iaﬁ((%) } D37 1)
viz. writing »=0, and therefore D (j, —j)=3% 4, the term in ¢* is
; d A d)2 x
62{"]”"‘%“3&*’%“ (d—ci }%A %,
which, conformably with Leverrier’s subscript notation

A
All:I

e g TR DY LT
a%A,A.2=1».—2a<a7l‘)A,&c.,
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518 ON THE DEVELOPMENT OF THE DISTURBING [479

I write
¢{=j+3( h+32( Nid7=e{-3°479+14,7+14,7]

The term in question is given by Leverrier as (}e)*(2), =e*.1(2), h=7 and Ki= 4’,
=¢.}(— 22 A+ A + 4,7), which agrees.

Similarly the term in ¢ is

et ? it . g :
oo 196 = 5412 — 48 - 06j2( )t 144 ( o+ 144 ( )3 A7
L 7—% (964 — 54j%) A~F — 48j* A, — 96j24,7 + 1444, + 1444,7),

and the term in question is given by Leverrier as (Le)*(4)i=¢'. & (4), h=7 and
Ki= A
=¢ & {3 (— 992+ 1644 AT — 22 A — 202 A, + 347 + 34,1,

which agrees. I have not made the comparison of any more terms.

LEVERRIER'S Results expressed in terms of the Arguments, L' —®', L' = 1I', L —©, L —1TI.

The angles which Leverrier uses in his arguments are I, A, o, »’, and 7, viz.
we have,
l/ et ®I + (L/ 2k /),
A=0'+(L —-0),
o =0 +(II' - ©),
0 =0 +(II —0),
T/ Aol @/’

where L, II, ® are the mean longitude of the planet m, its perihelion and the mutual
node, all in the orbit of m; and similarly L/, TI', ® are the mean longitude of the
planet 2/, of its perihelion and of the mutual node, all in the orbit of m" On
substituting the foregoing values of I, A, &c., ®’, as it should do, disappears, and the
arguments are all of them linear functions of L'— @, II'-0’, L—-06, II1-0; or, if
we please, of L'—@', L'=1I', L—0©, L—TI, that is of the distances of each planet
from its own perihelion and from the mutual node. It is, I think, convenient to use
these last angular distances, and accordingly in Leverrier’s arguments, I write,

UV =0 +(L - 9),

VR IR +(L - ),
o e @ L5 B ke GEL IO

o @ A o DS TG e g ey B Y.
¥ =@,
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479] FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 519
and for the purpose of reference form as it were an Index to his result as follows:

Reciprocal of Distance = as follows :

Terms of order zero: terms of orders 2, 4, 6, having the same arguments.

®’(L’—H' L-8 {L-m
(1)f 1. 5E20) Filieds % -1
@1y (be) (be) CTI T T e i ok | =i k|
(31) (L e)* (} )2 E R ol P i Y -2
(35)i (e (3 ¢)° EoTMRG S U T i 2 g et iy
(36)" (3 e)*p? (861 ;. X¥139) 5 % 7 0 —i+2 -2
(40) (L e) (Le)n* (40 .. 43) 4+ 2l ) e ol -1+ 2 ol
(44) 3¢y 7 TSI S R K i R 0
(48)* (de)* (3¢') n? (48 .. 48) 4 o D + 1 -+ 2 -3
(497 (3e) 3Py (49 .. 49) .. | . i L B R B L (s |

Terms of the first order: terms of orders 3, 5, T, having the same arguments.

‘ ool Lie VI
( 50) Le oD 1. 789 o 4. o} ees i 0 | -1 51
( 70 Le S L0 o . 4 i +1 - 0
(90¥derEe) (9 .. 99 .. o i +1 ~ 1 =B
(100)i (3 e) (L) (100 .. 109) .. 5 i +2 —4 =
(110 (e P(d ) (110 .. "113) ..\ |, i +2 | -4 =3
(114} (3 e)2@Ge)y (114 .. 117) .. % i $3 | -4 &6
(118 (e} (3¢)* (118 .. 118) .. " i PR, (58 Qe i
(119Y 3eP(de) (119 .. 119) .. & i +4 | =1 &8
(120) (% e ) n? (190 11, T1gey ™ 1. ¢ i 0| ~%+2 ot
(130)' (3 &) o2 2 AN -3 I - i =3 =2 0
(140) (L e ) o2 §18075 R J i 0 | “i+2 =
(144 Ber (B e)n? (144 .. 147) .. % i 1 g =5
(148) (3 e) (3 ¢) v (148 .. 151) .. # i 41 50 N
(152) (he) (B)ey® (152 .. 155) .. | , i £49 L §hrgeipi— 1
(156) Le (Le¢)2q2 (156 .. 159) .. a2 i =% b —gx8 ] +1
(160 (3 € o2 01 I o i =3 {1 Z%+2 0
(164) (ke )* (& e)n (el O350 .. A i +1 wiag ] w8
(163) (b e)* (b e)n? (165 .. 165) .. d i EC I VR L R T
(166) (e )2 (e n2 (166 .. 166) .. ! i L RIS BRERE
(167) (be) (A )y (167 .. 167) .. . i g Hiw s g |
(168)i (L e )’ n* (Ies 1. P18 8 LI B AR R Rt
(169 (Je) (3 ¢)n* (169 .. 169) .. & i > RS TR
(170 (3 e) (B * (170 .. 170) .. o i Wl T s iwd -1
(171)i (L &) gt i L RO | o T " i —3 -3+ 4 0
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Terms of second order: terms of orders 4, 6, having the same arguments.

BACW [P P e oE - 1T
(172)' (3 ¢)? 172 181) cos () 0 -1 + 2
(182) (Je)(ke) (182 191) I3 i W +1
(192)i (L ¢)? (192 201) 3 i e TR 0
(202)i (e (3¢) (202 205) 5 i X i -3
(206)i (Le) (L) (206 209) & i Y 5 e - |
(210) (Le)* (b €)® (210 210) ,, i 2 el -4
@1)iGerde) (211 211) - i 23 Rk e
(212)i o (212 221) i i O A sk 2 0
(222)i (L e) (3¢) n* (222 225) = i 1 S8 B A S 45 Bt
(226)i (be) (he) n* (226 229) " i R Bl R L
(230) (§ e)t 72 (230 230) X i 0 TR el p \ -4
(231)i (de)*(d¢) v (231 231) % i S B L
(232)i (el (3 ¢) n? (232 239)- & i v F e
(233)i (Le) (e n® (233 233) i i a8 | ~d+diivoel
(2341 (Le)*n® (234 234) 5 i -4 | -i+2 0
(235) (Le') (3 ) m? (235 235) * i $ 97 UL Lyl KO8 3
(236)i (4 )2 (3 &) n* (236 236) N i 2 e g T ey
(237) (3 e)?n* (237 237) ‘ i 0 Prribedislnieg
(238)i (Le) (L¢) n* (238 238) i i -1 | =i+t L1
(239 (4 ¢') 7* (239 239) G i ity O R K
I i

Terms of third order: terms of orders

5, 7, having the same arguments.

(240) (L e )? (240
(250)' (be ) (be') (250
(260)' () (3¢) (260
(270 (L ¢')? (270

249)
259)
269)
279)

Ti< @ | Bt
7 0
7 + 1
3 + 2
7 + 3

| +3
+ 2

+ 1
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Terms of third order (concluded):
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r-¢il-n I-e |L-H
(280 (Je ) (ke) (280 283) cos | & 0 MK g il
(284)i (Je) (be)* (284 287) B i oy (4 SN e
(288) (e)(de) (288 289) 3 i PR MDY -5
(290 (3e) (3¢ (290 299) 4 i 0y by pdit:R 1} el
(300)' (3 &) 7* (300 309) 5 i #1) ke wdm 0
(310 (e )* (3 ¢) n* (310 313) b i 1| -4+2 | +2
(314)i (ke) (&) (314 317) kA i 29| AW P i Ly
(318) (Je ) n? (318 318) e i 0 —-i+2 -5
G197 (e} () 7 (319 .. 319) £ ol G e W 08 R o Y
(320) (Je)* (4 ¢)2 92 (320 320) 4 i -2 L ~5+8°1 -3
(321)1 (e )2 (3 &) (321 321) ot i -3 | —i+2 | -2
(322)' (he) (3¢)n* (322 322) : i — 4l age B ld o]
(323)i (3 &P n? (323 323) o i N T 0
(324) (ke ) (3 )2 u* (324 324) 3 i -2 | —i+2 | +8
(325) (ke )* (b )P o2 (325 325) 2 i +3 | —i+2 | -2
(326)' (3 e) * (326 329) y i gLy d ooy
(330)i (3 ¢) o* (330 333) i i e | % ok 0
(334) (e)*(ke) 4 (334 334) b i +1 | i=d+d | =2
(335)i (3 e) (k) n* (335 335) 3 i O | S 5 el

Terms of fourth order: terms of order 6, and of same argument.

Le@ | Lnll'| L8 | L-T
(336) (3 e)* (336 339) cos | i b e dus +4
(340)i(Je)(3e) (340 343) i i L W S +3
(B44)i(he)(he) (344 347) i i +2 | -4 +2
(348)' (he) (3e)* (348 351) 3 i +8 | = +1
(352)i (3 )¢ (352 355) " i FEVEN Y 0
(356)i (ke ) (2e) (356 356) A i wly | - =5
(357) (he) (B (357 357) 5 i A | kel 0
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Terms of fourth order (concluded):
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Pl w18 NELg
(358)f (L o) 7 (358 358) .. | cos | i g e ee Hl o
(362) (Re) Re)n® (362 Lo et S5 i ) il B0 T
(366)i (1 ¢)? 7 (366 1, ) S U i +2 | ZEs'e 0
(370 (X ef* (3 &) #* (370 BR0) v 1 i GOR) | "Cegh'e #) (50
(BT1)i (R e) R ey (371 T R i ) | — e i]00y
(372)" (372 e o i 0 | —i+4 0
(376) (L e) (2 &) 4* (376 Sl A i 2iby bomkrd il
| BTTY (e) (X&) nt (377 1 AP i T R T o

Terms of fifth order: terms of order 7

having the same arguments.

i LI LR S P
(378)i (L e ) (378 381y .0 oo 14 0" LT +5
(382 Re)*(2¢) (382 .. 386) .. | i b5l +4
(386)i (Le)* (L&) (386 889)) .l P u i ¥oga ¢ Oy +3
(390) R e (L&) (390 BO9Y. .l JA, KUER P88 1¢ Yo +2
(394)i Re) (R e) (394 1l A L | R i 7 00 S 1 +1
(398)F (% &) (398 DTy T i Fife g 0
(402)F (Re) (2 e') (402 1 el i E e e -6
(403) (Le) (2 ' )® (403 108} =i W i Fhhd Yt =t
(404) (3 e)? o (404 $00) 4 Ly T i Lo G Wi 8
(408 (2 )2 (3 ¢)n® (408 PILT SR Sy ne i L ek A N g
(412)i (o) (2 )2 (412 7. EACIES M)y i 0 RS g B
(416)F (1 &) n? (416 ey i +3 | =442 0
(420)° (Je)* (3 ¢) m* (420 420) .. 1y, i EX) DR DR B W L
(421) (Fe) (3)'n" (421 galy . i hdig|  ed@ sl
(422)i (Le)4* (422 428y . b {1 i A e 0 e BT
(426)° (2 ¢) n* (426 3 s B i P NG A R T 0
(430)' (e ) (2 ¢) 2 (430 80y .0 f. i hi BRI S "8 N R
(431)F (R e) (2 )2 y* (431 2 OO O | i FY | A By
(432)i (L ) o (432 L R | R i 00 | 1 Lwlrter #) a5
(433)i (X &) 7t (433 8% .4 s i 386 | a6 0
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L-e |L'-1'| L-0 L-11
(434)i (L e ) (434 434) .. | cos | i 0 | - +6
(435 (L ey (A e) (435 by L. TEOE o H1) 5 e +5
(436) (Le)t (L e)* (436 LT e i 409) e § +4
(3T (Re)y (2e) (437 T SR A O i 885 | —% +3
(438) (R e ) (Le)* (438 438) . . o s, i ¥4y | w4 +2
(439) (Le) (¢ (439 UL\ e i 6 frad 4ol
(440 (1 ¢)° (440 7 i 36 o tiud 0
(441)" (L e)in? (441 441) o 5 ) 0 -7+ 2 +4
(442) (L e ) (3 €)o7 (442 T SR T Seal F - V2l a0e
(443)F (L e ) (2 &) o (443 iy .o A i §2 01 =i 2 0) 000
(444) (L e) (3 ) (444 ) i Y BB ARLE TN W G |
(445)1 (1 &) o2 (445 TS e i w8 o =g 0
(446)i (3 e )2 (446 deeyvig Jlath; i oot ledd off w2
(44T) B e) (R o) 4" (447 L e R i L R R BT
(448)i (1 &) 4 (448 1) TR & i +& P I 0
(449)i 78 (449 ey 1. |l i 0 | -i+6 0

Terms of seventh order.

L-@ |L-1 L-06 L-11I
(450) (3 e) (450 450) n cos 7 0 -1 +7
451 ey (L e) (451 i s i g +6
(452) (R ey (e (452 1Y paiiriw | o i 9 | - +5
(453)F (Le) (R &) (453 s ook i T +4
(454 (Le ) (b e)* (454 7.7 S B b i Pi +3
(455) (e} (Le) (455 4bp)l L) e1nepl i R R +2
(456) (Le) (2e) (456 7 N i g ficd +1
(457 (X € (457 71T VS I T i Zsifh e o 0
(458) (L e ) 7 (458 458) & i 0 fo—dweddldis
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524 ON THE DEVELOPMENT OF THE DISTURBING [479

Terms of seventh order (concluded) :

L-e |- L-0 L-1I
(459) (2 e) (3¢) n* (459 .. 4b9) e cos i +1 -1+ 2 +4
(460) (3 e)* (3 €)' n* (460 .. 460) - o i +2 -1+ 2 +3
(461)" (2 e)* (3 €)°n* (461 .. 461) iy | 3 7 +3 -1+ 2 +2
(462)i (2 e) (F€)n* (462 .. 462) o, i i +4 -1+ 2 +1
(463) (3 ¢y »* (463 .. 463) L A % +5 -1+ 2 0
(464)¢ (3 e)’n* (464 .. 464) 3 o ) 0 -1+ 4 +3
(465) (2 e)* (3 ¢)n* (465 .. 465) =k 3 ) +1 -i+4 +2
(466)" (2 e) (3€)°n* (466 .. 466) i 2 7 +2 -1+ 4 +1
(467) (% ¢)* 9* (467 .. 467) oF b ) +3 -1+ 4 0
(468) (3 e) 7’ (468 .. 468) oy 5 ¢ 0 -1+ 6 +1
(469) (3 €) 7° (469 .. 469) it b i +1 —-1+6 0

Here the several coefficients are u'timately given in terms of the before-mentioned
quantities 4%, B, C%, D, Ei, @, H', Li, §, T (functions of a, a’), and their differential
coefficients in regard to a

(-

as follows :—we have Leverrier, pp. 299—330, a list of functions (1), (2),...(154) of the
form (1)=3K¢, (2)=-2RKi+ K, + K}, (3)=—22*K' + K\’ + K, &c., involving ¢, h, and
Kt and its derived functions K K, &c. The coefficients of the several cosines are
given by means of the functions in question, thus, first coefficient, above denoted as

(1)i(1... 20), is

B sl g e
agpdh Af=pgagsdi &),

e

=1 +@FGe)+@B)VEe) ... +(20)7°
where (1)'=(1), (2)i=(2) ... writing in the functions (1), (2)... (10), k=14, and Ki=

(11)F = (1), (12)i = (2), &ec., writing h =1 and Ki=— E,
(20)' =(1), writing A =1 and K'=-— HY,

and so on for the various component coefficients (1)%, (2)... (469)"

But the resulting expressions, for the several integer values ¢=-—10 to +10, are
worked out in the Addition II. (Numerical Tables for the Calculation of the Coefficients
of the Development of the Disturbing Function), pp. 358—383. And this Addition
contains also, indicated by the letters & and A respectively, the expressions of the
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479 FUNCTION IN THE LUNAR AND PLANETARY THEORIES. 525

terms which experience an alteration in passing from the development of the reciprocal
of the distance to those of the disturbing functions = upon m, and m upon w’
respectively.

We have
Disturbing Function m' upon m

,{ rcos H .1}
VU {—- 2
r? P

Disturbing Function m upon m/

kel TOEE 1
i { g o
The expressions of _rcg‘gﬂ and —" 92—?—11, developed to the third order in the

eccentricities and inclination, are given, Leverrier, pp. 272 and 274. Expressed in the
terms of the foregoing arguments L'— @', &c., and in terms of a, o’ in place of a
and a, these are as follows:

—rc:,ssza%into I'-@|L-W|L-0|L-1
~1+i(@+e)+9n* .. - weve el BOB 1 0 -1 0
—ee % 0% A0 b % +1 +1 -1 -1
+3e—32e?—3en* .. i e o +1 0 -1 +1
—le+te®+ 36+ Loy 8¢ v S 0 -1 -1
—2¢' +e% +3e%+ 2’ 4 g 3 +1 +1 -1 0
-3e¢ ) il 3 a5 i | +1 -1 -2
+ P55 ee” o 3 v o S }' -1 +2 +1 -1
—2Te® .. i 4 ] R ) TR Y O MR ey |
+3ey L. i i3 i o e 0 ] 5

i
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ON THE DEVELOPMENT OF THE DISTURBING

“TC:ZH=§—2into L'-o|L-|L-06 | L-TI
-%é cos +1 0 -1 +2
#ge b +1 0 &1 -l
+ 3 e . +1 +1 3 +1
S g7 B | 2l el 0
-—»23-6,2 A +1 =2 —1 O
-7 55 o B 1% T 0
_?1163 % +1 0 -1 + 3 {
L} i B8 ol LAy
-1 e : +1 +1 +1 w2y
— e % =1 + 2 o | + 1 !
+ 41 ee” i + 1 + 2 = +1
—1e ” el +3 +1 0
— 1868 i +1 +3 24l 0
-3 en i +1 0 ol +1
- 2 ¢y E +1 +1 0 +1

—T—c—;):—f{_—ginto L@ | L-1.0-9" lanl
-1+}(@+e%)+7 cos i 0 -1 0
—ee .. S K +1 +1 -1 -1
—2¢+ ee?+ 3+ 2ep I o] 0 -1 -1
+ 3 -3 — ey .. 32 -1 +1 +1 0
-~ Y+l +3 P 1y L. N2 £1 +1 -1 0
+ 15 €% it + 2 el -2 +2
27 PN R S M, ) ST, S W
— 3 ee® o +1 + 2 -1 -1
+%e’7f % + 11 =3 +1 0
A iy 5 +1 0 -1 + 2
—21g Lifdo 'l T P S g
+ 3 ed 54 -1 +1 +1 +1
rdue? -1 + 2 +1 0
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rcos H a

- ——— = —, into L -@
7 @
TREORT 1
2 ¢" cos ‘ +1
U i il
% e’ ) + 1
18 ¢f +1
B 9
DR
18 c ” =l
7 €% % +1
5 ee? » -1
Pra ” &
i,
Le s + 1
2
2 e 3 34
3 ey % + 1

L 11

L-®
-1
+1
-1
-1
+1
-1
+ 1
+1
-1
+ 1

+1

527

It is hardly necessary to observe that, to obtain the expressions of the Disturbing
Functions, these additional terms are to be combined with the corresponding terms
in the expression of the reciprocal of the distance: thus, in the Disturbing Function
Q (m’ upon m), the entire term depending on cos[L — @ —(L —®)] is

= {2 1, ... 20), + c% (=1+3(e+e?)+ n2)} cos [(L' — @) — (L —-0)],

where, however, the supplemental term is taken to the third order only.
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