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434.

ON CERTAIN SKEW SURFACES, OTHERWISE SCROLLS.

[From the Transactions of the Cambridge Philosophical Society, vol. xi. Part ιι. (1869), 
pp. 277—289. Read Nov. 11, 1867.]

The investigations contained in the present Memoir were suggested to me by the 
Memoirs of M. De la Gournerie, presented by him to the Academy of Sciences in 
1865 and 1866, published in extract in the Gomptes Rendus, and reproduced in his 
work “ Recherches sur les surfaces reglees tetraedrales symetriques, par Jules De la 
Gournerie, avec des notes par Arthur Cayley,” 8vo. Paris, 1867. Although the results 
or the greatei’ part of them, agree with those in the work just referred to, the mode 
of treatment is different, and more general, the orders, &c. of the different scrolls being 
obtained by considerations founded on the theory of Correspondence, and I have thought 
it not improper to submit to geometers in this -altered form the theory of the very 
interesting class of Scrolls for which they are indebted to M. De la Gournerie’s researches.

Article Nos. 1 to 10. Geometrical Construction of a Class of Scrolls.

1. Consider any two curves (plane or of double curvature) U, U', of the orders 
m, m' respectively, and let the points of U have with those of U' an (a, α') corre­
spondence ; viz. let the points of the two curves be so related that to each point of 
U correspond a' points of U', and to each point of U' correspond α points of U: 
then the lines joining the corresponding points of U, U' form a scroll the order of 
which is = ma' + m'a.

2. In particular let U, U' be plane curves in the planes ∏, ∏' respectively ; and 
let the correspondence between the points of the two curves be established as follows; 
viz. consider in the plane ∏ a curve Ω of the class μ, and in the plane ∏' a curve 
Ω' of the class μ'; and (to avoid useless generality) let the tangents of these two 
curves Ώ, Ω' have to each other a (1, 1) correspondence; that is, to each tangent of
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Ω  t h er e c orr es p o n ds a si n gl e t a n g e nt of  ∩',  a n d t o e a c h t a n g e nt of ∩'  a si n gl e  t a n g e nt
of Ω  (t his ass u m es t h at t h e c ur v es ∩,  Ω'  ar e  r ati o n al tr a nsf or m ati o ns o n e  of  t h e
ot h er,  a n d t h at t h e y h a v e c o ns e q u e ntl y  t h e s a m e D efi ci e n c y).  T his  b ei n g s o, l et t h e
p oi nts  of U  w hi c h  li e o n a n y t a n g e nt of ∩  a n d  t h e p oi nts of U'  w hi c h  li e o n  t h e
c orr es p o n di n g t a n g e nt of Ω'  b e t a k e n t o b e  c orr es p o n di n g p oi nts  of U,  U'. T h e  c orr e ­
s p o n d e n c e is t h e n { μ m', μ! m) : i n f a ct t hr o u g h a gi v e n  p oi nt  of U  t h er e p ass μ  t a n g e nts 
of Ω,  a n d t h e c orr es p o n di n g μ, t a n g e nts of Ω'  m e et  U'  i n μ m' p oi nts, t h at is, t o a  
gi v e n p oi nt of U  c orr es p o n d μ, m' p oi nts of U' ; a n d si mil arl y t o a gi v e n p oi nt of U'  
c orr es p o n d μ' nι p oi nts of U. A n d  h e n c e t h e or d er of t h e s cr oll f or m e d b y t h e li n es 
j oi ni n g t h e c orr es p o n di n g p oi nts of U,  U'  is =  { μ  +  μ' }  ' mt n'.

3.  T his  c o n cl usi o n m a y  b e ot h er wis e est a blis h e d as f oll o ws ; l et K,  K'  b e a n y t w o 
c orr es p o n di n g p oi nts of U,  U',  s o t h at t h e s cr oll w e  ar e c o n c er n e d wit h  is t h at g e n e ­
r at e d b y t h e s eri es of li n es K K' ; a n d l et I d e n ot e t h e li n e of i nt ers e cti o n of t h e 

pl a n es ∏,  ∏'.  T h e  li n e I m e ets  t h e c ur v e U  i n m  p oi nts, a n d t a ki n g o n e of t h es e 
p oi nts f or a p oi nt K  w e  m a y  fr o m t his p oi nt dr a w  μ t a n g e nts t o t h e c ur v e Ω,  t h at 
is, t h e p oi nt i n q u esti o n is a p oi nt  K  i n r es p e ct of μ  diff er e nt t a n g e nts of t h e c ur v e  
Ω ; t o e a c h of t h es e t a n g e nts t h er e c orr es p o n ds a si n gl e t a n g e nt of Ω',  a n d s u c h 

t a n g e nt of Ω'  m e ets  t h e c ur v e U'  i n m'  p oi nts, t h at is, t o t h e p oi nt K  i n q u esti o n  
t h er e c orr es p o n d μ m' p oi nts K'  a n d c o ns e q u e ntl y μ' m' li n es K K'  i n t h e pl a n e ∏' ; 
h e n c e t o e a c h of t h e ' m p oi nts K  o n t h e li n e I t h er e c orr es p o n d μt n' li n es K K'  i n 
t h e pl a n e ∏' ; a n d w e  h a v e t h us μ mt n' g e n er ati n g li n es i n t h e pl a n e ∏' ; t h er e ar e  

i n li k e m a n n er  μ't nt n g e n er ati n g  li n es i n t h e pl a n e ∏.

T a k e  K  a n ar bitr ar y p oi nt o n t h e c ur v e U ; t h er e ar e μ m' c orr es p o n di n g p oi nts  
7f', a n d c o ns e q u e ntl y μ' m' g e n er ati n g li n es t hr o u g h K,  t h at is, t hr o u g h e a c h p oi nt of  

t h e c ur v e U ; or t h e c ur v e U  ( w hi c h is of  t h e or d er m)  is a ∕ x w'-t u pl e li n e o n t h e 
s cr oll ; si mil arl y t h e c ur v e U'  ( w hi c h is of  t h e or d er  t n' } is a  ̂' τ n-t u pl e li n e o n  t h e s cr oll.

T h e  c o m pl et e s e cti o n of t h e s cr oll b y  t h e pl a n e ∏  c o nsists of t h e c ur v e U  t a k e n 
μ m' ti m es ( or d er μt n m' } a n d of t h e μ' mt n g e n er ati n g li n es i n t h e pl a n e ∏ ; t h at is, 

t h e or d er of t h e s e cti o n is =  ( μ +  μ' }  t nt n' ∖ a n d w e  t h us s e e t h at t h e or d er of t h e 
s cr oll is =  { μ +  μ' }  m m'. Of  c o urs e i n li k e m a n n er  t h e c o m pl et e s e cti o n of t h e s cr oll 
b y t h e pl a n e I Γ c o nsists of t h e c ur v e U'  t a k e n μt n  ti m es ( or d er μ! mt n' }  a n d of t h e 

μ m m'  g e n er ati n g  li n es i n t h e pl a n e ∏',  t h e or d er  of  t h e s e cti o n b ei n g  t h us =  { μ- ∖- μ' }t n m'.

4.  T h er e  ar e o n t h e s cr oll c ert ai n si n g ul ar t a n g e nt pl a n es ; vi z. if w e  h a v e t w o 

c orr es p o n di n g t a n g e nts of Ω,  Ω'  m e eti n g  t h e li n e I i n t h e s a m e p oi nt, t h e n w e  h a v e  

w  p oi nts K  a n d w'  p oi nts K'  all l yi n g i n t h e pl a n e of t h e t w o t a n g e nts; a n d of  
c o urs e t h e t n m' li n es A Α '̂  will  all li e i n t h e pl a n e of t h e t w o t a n g e nts; t h at is, t h e 

i nt ers e cti o n of  t h e s cr oll b y t h e pl a n e i n q u esti o n will  b e m a d e  u p  of t h e m m'  li n es, 
a n d of a c ur v e of t h e or d er ( μ +  μ'  —  1)  m m' ; a n d t h e pl a n e i n q u esti o n is t h us a  

si n g ul ar t a n g e nt pl a n e.

5.  T h e  n u m b er of t h es e si n g ul ar t a n g e nt pl a n es is =  μ  +  μ' ; i n f a ct c o nsi d eri n g  
as c orr es p o n di n g p oi nts o n t h e li n e I, t h e i nt ers e cti o n of t his li n e b y a n y t a n g e nt of  

Ω  a n d t h e i nt ers e cti o n b y t h e c orr es p o n di n g t a n g e nt of Ω',  t h e c orr es p o n d e n c e is
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obviously (/a, ^'); viz. through a given point P considered as belonging to the first 
system there pass μ tangents of Ω, and corresponding thereto we have μ tangents of 
∩' each intersecting I in a single point P'; that is, to a given point P correspond 
μ points P'; and similarly to a given point P' correspond ∕ι' points P'. And this
being so, the number of united points, that is, points of I through which pass corre­
sponding tangents of Ω, Ω', is = μ + μ.

6. In particular the curves Ω, Ω' may reduce themselves each to a point: the
tangents to the two curves are here the lines passing through the points Ω, Ω'
respectively: and the condition for the (1, 1) correspondence of the two tangents is 
that the pencils of lines shall be homographically related; or, what is the same thing, 
that these two pencils shall determine on the line I two ranges which are homo­
graphically related; the entire construction is then as follows:

Given in the plane Π a curve U and a point Ω, and in the plane ∏' a curve 
U' and a point Ω'; and taking in the plane II a pencil of lines through Ω, and in 
the plane ∏' a pencil of lines through Ω', in such wise that the two pencils corre­
spond homographically; then if a line of the first pencil meets the curve U in the 
m points K, and the corresponding line of the second pencil meets the curve U' in 
the m' points K', the scroll in question is that generated by the mm' lines KK'.

7. By what precedes, the scroll is of the order '2mm'; the curve U is a m'-tuple 
line, and the complete section by the plane ∏ is made up of this curve taken m' 
times and of mm' generating lines; similarly the curve U' is a w-tuple line, and the 
complete section by the plane ∏' is made up of this curve taken m times and of 
mm' generating lines; there are two singular tangent planes such that the section by 
each of them is made up of mm' generating lines and of a curve of the order mm'; 
the planes in question are obviously those through the lines ΩΩ' and the coincident 
points of the two ranges on the line I, say the points Λ, B respectively.

8. The foregoing results will be modified in special cases. Suppose, for instance,
that the curve U passes ω times, α times, and β times through the points Ω, Λ, B, 
respectively, and that the curve U' passes ω' times, a times, and β' times through the 
points Ω', Λ, B respectively. Then to each point on the curve U there correspond 
the m' — ω' intersections (other than the point Ω') on a line through Ω', so that U' 
is a (m' — ω')tuple line on the surface. The curve U' meets the line I in m' points
and corresponding to each of them we have a line through Ω meeting the curve U
in (m — ω) points, exclusive of the point Ω; this would give m'(m — ω) generating 
lines in the plane ∏ ; but among the m' points are included the point Λa' times, 
and the point Bβ' times; the (m — ω) points corresponding to A include the point 
Λa times, and we have thus the point A corresponding to itself αα' times, and giving
a reduction = aa' in the number m'(m — ω') of generating lines: similarly the m — ω
points ‘ corresponding to B include the point Bβ times, and we have thus the point 
B corresponding to itself ββ' times and giving a reduction = β^ in the number 
m'(m — ω) of generating lines; the number of generating lines in the plane ∏ is thus 
= m' {m — ω') — αα' — ββ'. The complete section by the plane ∏ is made up of the 
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c ur v e U  { m-  ω')  ti m es ( or d er m( m'- ω') }  a n d of t h e m' ( m —  ω)  —  a a' —  β β'  g e n er ati n g  
li n es; t h e or d er  of t h e s e cti o n, a n d c o ns e q u e ntl y als o t h e or d er of  t h e s cr oll, is t h us 
=  1rti' m'  - m ω' - m' ω- a a! —  β β'. It is cl e ar t h at i n li k e m a n n er  t h e c ur v e U'  is a  
( τ n —  ω)t u pl e  li n e o n  t h e s urf a c e, a n d t h at t h e c o m pl et e s e cti o n b y  t h e pl a n e ∏'  is m a d e  
u p of t his c ur v e t a k e n ( ?)t —  ω)  ti m es, or d er m  ( m —  ω),  a n d of m,  { m' —  ω')  —  α. α'  —  β β'  

g e n er ati n g  li n es.

9.  T h e  s e cti o n b y  t h e t a n g e nt pl a n e  t hr o u g h A  is m a d e  u p  of  ( w —  ω)( w'-  ω)  —  o ai  

g e n er ati n g  li n es ( vi z. t h es e ar e, t h e li n e il √ 4 α'( z n  —  ω  —  o C) ti m es, t h e li n e Ω,' A  a  { m' —  ω  —  a)  

ti m es, a n d ( τ n —  ω  —  α)  { m' —  ω  —  a') ot h er g e n er ati n g  li n es) a n d of a c ur v e of  t h e or d er  

i Zi Wi' —  ω ω'  —  β β' : si mil arl y t h e s e cti o n b y  t h e t a n g e nt pl a n e t hr o u g h B  is m a d e  u p  of  

{ m —  ω)  ( m' —  ω }  —  β β' g e n er ati n g  li n es ( vi z. t h es e ar e, t h e li n e il B β' { m,- ω- β')  ti m es, 

t h e li n e iI' B β  {t n —  ω  —  β' }  ti m es, a n d { m - ω  - β }  {r n' - ω —  β' }  ot h er  g e n er ati n g  li n es), 

a n d of  a c ur v e of  t h e or d er  m m'  —  ω ω'  —  o l λ '.

1 0.  A  v er y  i nt er esti n g c as e is w h e n  (i n, m'  b ei n g  e a c h e v e n) w e  h a v e

H er e  t h e c ur v e U  is a ⅜ w'- t u pl e li n e o n t h e s cr oll, a n d t h e c o m pl et e s e cti o n b y  t h e 
pl a n e ∏  is t his c ur v e t a k e n ⅜ w'  ti m es ; t h e or d er of t h e s e cti o n, a n d t h er ef or e of t h e 
s cr oll is t h us =  ̂ m m' ∖ of c o urs e i n li k e m a n n er  t h e c ur v e U'  is a ⅜ τ n-t u pl e  li n e o n  
t h e s cr oll, a n d t h e c o m pl et e s e cti o n b y t his pl a n e is t h e c ur v e U'  t a k e n ⅜ τ n  ti m es: 
t h e s e cti o n b y e a c h of t h e pl a n es ∩ ∩ Α,  Ώ Ω Έ  is a c ur v e of t h e or d er  ̂ m m', t h e 
pl a n es i n q u esti o n b ei n g i n t h e pr es e nt  c as e n o  l o n g er si n g ul ar t a n g e nt pl a n es,  or  e v e n  
t a n g e nt pl a n es  at all, of  t h e s cr oll.

Arti cl e  N os.  1 1 t o 1 4. A n al yti c al  T h e or y.

1 1.  It will  b e c o n v e ni e nt t o d e n ot e b y D,  G  r es p e cti v el y t h e p oi nts h er et of or e  

c all e d ∩,  ∩'  r es p e cti v el y: t his b ei n g s o, w e  h a v e a t etr a h e dr o n A B G D,  of w hi c h  t h e 
f a c es A B D,  A B G  ar e t h e pl a n es h er et of or e c all e d ∏,  ∏'  r es p e cti v el y, a n d t h e ot h er  
t w o f a c es C D  A,  C D B  ar e t h e si n g ul ar t a n g e nt pl a n es  ίΙ Ω Ά, Ω Ω' β  r es p e cti v el y. A n d  

t h e n, t a ki n g
i c ≈ 0, y  =  0,  z =(i, w  =  0

f or t h e e q u ati o ns of t h e f a c es B C D,  C D  A,  D A B,  A B G  of  t h e t etr a h e dr o n, w e  m a y  writ e  

f or t h e e q u ati o ns of  t h e c ur v e U,  z =(), f 3 { x, y, w)  =  0,  f or t h os e of  t h e c ur v e U',  w  =  0,  

f ^ { x, y, =  0 ; a n d t a k e t h e h o m o gr a p hi c r a n g es o n t h e li n e I {z =  0, w  =  0) t o b e  
gi v e n as t h e i nt ers e cti o ns of t his li n e wit h  t h e p e n cils of pl a n es x- θ y, x  —  k θ y  =  0  

r es p e cti v el y { θ a v ari a bl e p ar a m et er,  k a c o nst a nt). T h e  p oi nts  K  ar e t h er ef or e gi v e n  b y  

t h e p oi nts  K'  b y  

a n d t h e n t h e li n es K K'  b el o n gi n g t o t h e diff er e nt v al u es of t h e p ar a m et er θ g e n e ­

r at e t h e s cr oll.

C.  VII.  8
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1 2.  Or,  w h at  is t h e s a m e t hi n g, t a ki n g ( X, Y,  Z,  I F) as t h e c o or di n at es of K,  
{ X', Y',  Z',  I F') as t h e c o or di n at es of  K', h a v e  

a n d t h e n t h e e q u ati o ns of  t h e li n e K K'  ar e  

or,  as t h es e m a y  b e writt e n.

e q ui v al e nt of  c o urs e t o t w o e q u ati o ns. T h e  eli mi n ati o n of X,  Y,  W,  X',  Y',  Z',  θ fr o m 
all t h e e q u ati o ns gi v es  t h e e q u ati o n of  t h e s cr oll.

1 3.  S u bstit uti n g  t h e v al u es  X  =  Θ Y,  X'  =  k θ Y', ∖ n q  h a v e

. . I T Z'
or, w h at  is t h e s a m e t hi n g, writi n g =  ω,  a n d =  ζ, h a v e

R e c oll e cti n g  t h at t h e l ast f o ur e q u ati o ns ar e e q ui v al e nt t o t w o e q u ati o ns o nl y, a n d  
s u bstit uti n g f or ω,  ζ t h eir v al u es  i n t er ms of θ, w e  h a v e  i n eff e ct t w o e q u ati o ns, w hi c h  
b y  t h e eli mi n ati o n of  θ l e a d t o a r el ati o n i n { x, y, z, w },  t h e e q u ati o n of  t h e s cr oll.

1 4.  W e  m a y  fi n d t h e s e cti o ns of t h e s cr oll b y  t h e pl a n es  «  =  0, y  =  0 r es p e cti v el y. 
Writi n g  first x  =  0, w e  h a v e

w w w.r ci n. or g. pl
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Hence taking the other two equations in the form 

and putting θy = u, we have 

from which eliminating u we obtain an equation {y, z, w} = 0, the equation of the 
section by the plane x = 0.

Similarly, writing y=0, we have 

whence taking the equations in the form

• (Xjand writing ~q-o, have 

from which, eliminating v, we obtain an equation (x, z, w) 0, the equation of the 
section by the plane y = 0.

Article Nos. 15 to 29. The Curves U, U' are henceforward “triangular” curves.

15. Let r = +-,, where p, q are positive integers prime to each other, and let the 
given sections be

where it is to be observed that r being = + , the two given sections are of the 

order pq, the order of the scroll is =^^ρ-q~, each of the given sections is a p9-tuple 
line on the scroll, and the plane thereof meets the scroll in the section taken pq times, 

and in the pq generating lines: but r being =-^, the two given sections are each 

of the order 2pf∕, with three p7-tuple points {ω=a = β≈pq, ω ≈a≈β' = pq), and thence 
the order of the scroll is ⅜ = ^P'f; each of the sections is a ρg-tuple line on
the scroll, and the plane meets the scroll only in the section taken pq times. But 
in either case, if q be >1, that is, if r be fractional, it will presently appear that 
the scroll of the order ''Tphf breaks up into q scrolls each of the order 2p-q.

8—2
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16. To find the section by the plane x = 0, we have

and eliminating u we obtain

writing , this is

or, what is the same thing, it is

And in regard to this and the other equations which contain it is to be observed
that r being integral we have (—)~^ = (—/, and that r being fractional, every value of 
(—)“’■ is also a value of (—/; so that we may in every case write (—/ in place of (—

Similarly for the section by the plane y = 0, we have

and eliminating v, we have

or, what is the same thing.

17. The four sections thus are

It will be convenient to speak of these four curves as directrices of the scroll.
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18. Suppose for a moment that r is integral; as either of the given equations 
may be multiplied by a constant, we may assume that D = — (—/ C'; substituting this 
value and dividing the first and second equations each by G', we have 

so that the diagonally opposite coefficients differ only by the factor — (-/; viz. the 
matrix is symmetrical or skew symmetrical according as r is odd or even.

19. If r be fractional, it is to be observed that, although the three symbols (-/ 
and the two symbols (1 — ^/ which enter into the first and second equations of No. 17, 
do not in the first instance represent of necessity the same values of (—/ and (1 — ^/ 
respectively, yet there is no loss of generality in assuming that they do so—the 
irrational equations are mere symbols for the rational equations to which they respectively 
give rise—and the irrationalities (-/ and (1 — ky will on the rationalisation of the 
equations disappear along with the irrationalities y'^, to which they are attached. 
But the case is otherwise with the irrationality involved in the expression ΛB' —

writing as before r = + (p and q positive integers prime to each other), the symbol

has q different values; and there is not in the first instance any relation between 
the of the first equation and the k^ of the second equation: for each of these 
equations the rationalised equation (that is, the equation rationalised in regard to the 
coordinates) will contain the irrationality k^, and will thus for each of the q values 
of represent a distinct curve. The given equations (viz. the first and second equations) 
represent each of them a single curve of the order pq or 2pg, according as r is 
positive or negative; the first and second equations represent each of them q such 
curves.

20. Hence, starting from the two given curves in the planes z = 0 and w = 0, 
respectively, and with a given value of k, the section of the scroll by the plane y = 0 
is made up of q curves, viz. the curves obtained from the second equation of No. 17, 
by assigning to the radical k^ each of its q different values; the scroll consequently 
breaks up into q different scrolls, viz. the lines passing through the two given curves, 
and any one of the q curves in the plane y = 0, constitute a distinct scroll. The lines 
in question meet the plane a; = 0, not indifferently in any one of the q curves in that 
plane, but in a certain one of these curves, viz. in that curve for which the radical 
k'^ has the same value as for the curve in question in the plane y = 0. Hence we 
may in the first and second equations regard the radicals k^ as having the same 
meaning, and the system of four equations in effect breaks up into q systems, viz. the 
systems obtained by giving to the radical k^ its q different values; each of these 
systems gives a scroll, and the scroll derived from the two given curves with a given 
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v al u e  of k is m a d e  u p  of t h es e q s cr olls. A n d  h e n c e,  att a c hi n g a u ni q u e v al u e t o e a c h  
of t h e s y m b ols (-/, ( 1 —  k y ,̂ a n d w e  m a y,  as b ef or e,  writ e  D  =  (— ∕ C', a n d s o r e d u c e 
t h e ori gi n al e q u ati o ns as i n t h e c as e r i nt e gr al, t o t h e f or m N o.  1 8, i n w hi c h  t h e 
di a g o n all y  o p p osit e c o effi ci e nts diff er o nl y  b y  t h e f a ct or —  (— /.

2 1.  L et  t h e t w o iri v e n e α u ati o ns b e t a k e n t o b e  

w e  h a v e  t h e n 

or, p utti n g  t his =  —  (-/c, t h at is, writi n g  

t h e f o ur e q u ati o ns b e c o m e

X  =  0,  

y  =  0,  

z = 0,  

w  =  0,

w h er e  c b ei n g c o nsi d er e d as gi v e n, k is d et er mi n e d as m e nti o n e d  a b o v e, or, w h at  is 
t h e s a m e t hi n g, A:: — 1 : 1  —  k  —  \ : μ, : v, yf e h a v e λ  ∙. μ, : v, a n d t h e n c e k, d et er mi n e d  
b y  t h e e q u ati o ns

2 2.  C o nsi d er  f or a m o m e nt  λ,  ∕λ , v , as t h e c o or di n at es of a p oi nt  i n a pl a n e, t h e n 

=  + as b ef or e ^  , t h e e q u ati o n af V  +  l) g μ, ^ ÷  c Zι Z  =  0, is t h at of  a c ur v e of  t h e or d er  p q  

< y γ  1 p q,  a c c or di n g  as r is p ositi v e  or  n e g ati v e  : a n d t his c ur v e is m et  b y  t h e li n e λ +∕ι 4-  v  =  0,  
i n p q or 2 p q p oi nts,  t h at is, k h as t his n u m b er  ∕ > g' or ' 2 p q, of v al u es : b ut t o e a c h of  
t h es e v al u es of k t h er e c orr es p o n ds ( n ot q v al u es b ut) o nl y  a si n gl e v al u e of k ,̂ ∖ιz.  
t h at v al u e f or w hi c h  af k ^  +  b g  (—  1) ’’ +  c h  ( 1 —  k ^  =  0  ; t h at is, st arti n g fr o m t h e t w o 
dir e ctri c es i n t h e pl a n es .s' =  0, w  =  0, r es p e cti v el y, a n d a gi v e n t hir d dir e ctri x i n t h e 
pl a n e y  =  0 ( or i n t h e pl a n e x  =  0), w e  m a y  b y  m e a ns  of e a c h of  t h e p q  or  1 p q  v al u es  
of k c o nstr u ct a s cr oll p assi n g t hr o u g h t h e t hr e e dir e ctri c es, a n d w hi c h  will  als o p ass  
t hr o u g h t h e f o urt h dir e ctri x  i n t h e pl a n e  x  =  0  ( or i n t h e pl a n e  y  =  0),  b ut  s u c h s cr oll is 
o nl y  o n e ( n ot e a c h) of  t h e q s cr olls w hi c h  c a n b e  c o nstr u ct e d fr o m t h e t w o gi v e n  s e cti o ns 
i n t h e pl a n es  z =  0,  w  =  0, r es p e cti v el y, a n d fr o m t h e ass u m e d v al u e  of k. It h as b e e n  

m e nti o n e d  t h at w h et h er  r is =  +-,  or  =  --, t h e t ot al s cr oll c o nstr u ct e d fr o m t h e t w o 

gi v e n  dir e ctri c es  i n t h e pl a n es  . 2 ^ = 0, w  =  0,  a n d fr o m a gi v e n v al u e  of k is of  t h e or d er  
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2∕ > ¾ ≡, a n d t h at s u c h s cr oll br e a ks u p i nt o q disti n ct s cr olls, h e n c e t h e or d er of  e a c h  
of t h e disti n ct s cr olls is =  2 p ^ q. W h e n c e,  st arti n g wit h  t h e gi v e n dir e ctri c es i n t h e 

pl a n es z =  0, w  =  0, a n d a gi v e n t hir d dir e ctri x i n t h e pl a n e y  = Q  ( or i n t h e pl a n e  
x =  0), w e  h a v e p q or 2 p q s cr olls e a c h of t h e or d er 2 p' ^ q, a n d p assi n g t hr o u g h t h es e 
t hr e e dir e ctri c es, a n d t hr o u g h t h e gi v e n f o urt h dir e ctri x i n t h e pl a n e x  =  0 ( or i n t h e 
pl a n e  y  =  0).

2. 3. It is t o b e o bs er v e d  t h at w h e n  q is > 1,  t h e n c o nsi d eri n g  t h e t hr e e dir e ctri c es  
as gi v e n, t h e p q or 2 p q s cr olls e a c h of t h e or d er 2 p ∖, d o n ot m a k e  u p t h e t ot al 
s cr oll g e n er at e d b y t h e li n es w hi c h  p ass t hr o u g h t h e t hr e e gi v e n dir e ctri c es. I c all  
t o mi n d  t h at f or t hr e e gi v e n dir e ctri c es t h e or d ers of w hi c h  ar e w,  n,  p, r es p e cti v el y, 
a n d w hi c h  m e et,  t h e s e c o n d a n d t hir d, t h e t hir d a n d first, a n d t h e first a n d s e c o n d, 
i n α p oi nts, β p oi nts, a n d γ p oi nts r es p e cti v el y, t h e or d er of t h e s cr oll g e n er at e d b y  
t h e li n es Λ v hi c h  m e et  t h e t hr e e dir e ctri c es is =  2 m n p  —  α τ n  —  β n  —  y p. S u p p os e  first, 

t h at r  =  + , t h e n t h e dir e ctri c es ar e e a c h of t h e or d er p q,  a n d t h e y d o n ot a n y t w o 

of t h e m m e et;  t h e or d er of t h e s cr oll is = 2 p ≡ ^ ≡. S u p p os e  s e c o n dl y,  t h e n t h e

dir e ctri c es ar e e a c h of t h e or d er ' 2. p q, b ut e a c h t w o of t h e m h a v e i n c o m m o n t w o 
p 9-t u pl e p oi nts c o u nti n g as ' 2 p-( β i nt ers e cti o ns; t h e or d er of t h e s cr oll is t h us 
( 1 6 —  3 . =  I n t h e first c as e t h e li n es w hi c h  m e et  t h e t hr e e dir e ctri c es
g e n er at e a r esi d u ar y s cr oll of t h e or d er 2 p ≡  ( q " —  q-), a n d t h e p q s cr olls e a c h of t h e 
or d er 2 ρ- q  ̂, i n t h e s e c o n d c as e t h e y g e n er at e a r esi d u ar y s cr oll of t h e or d er  4 p ’ ((f —  (f), 
a n d t h e 2 p q  s cr olls e a c h of  t h e or d er 2 ρ q.

2 4.  I n t h e c as e =  +  > ill ustr ati o n of t h e ori gi n  of t h e p q  s cr olls e a c h

of t h e or d er 2 p- q, I c o nsi d er t h e p arti c ul ar c as e /) = 1, t h at is, r  = , t h e r e ci pr o c al of  

a p ositi v e i nt e g er q, a n d w h er e  it is t o b e s h o w n t h at w e  h a v e q s cr olls e a c h of t h e 

or d er  2 o. T h e  gi v e n  dir e ctri c es  ar e h er e  

e a c h of t h e m a u ni c urs al  c ur v e  ; w e  m a y  i n f a ct s atisf y t h e t w o e q u ati o ns r es p e cti v el y, 

b y  writi n g  i n t h e first of  t h e m 

a n d i n t h e s e c o n d 

w h er e  α,  b, d, a, β,  δ, a', b', c' , a', β', y' ar e pr o p erl y d et er mi n e d c o nst a nts, φ,  φ'  ar e  
v ari a bl e p ar a m et ers. It f <fil o ws t h at, c o nsi d eri n g t h e p oi nts  K,  K'  w hi c h  ar e t h e i nt er­

s e cti o ns of t h e first c ur v e b y t h e li n e x  —  θ y  —  0, a n d of t h e s e c o n d c ur v e b y t h e 
c orr es p o n di n g li n e ar —  λ∙ ^ y  =  0, w e  h a v e n ot o nl y  a c orr es p o n d e n c e of q p oi nts K  wit h
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k p oi nts K' , b ut w e  m a y  est a blis h, a n d t h at i n q diff er e nt m a n n ers,  a c orr es p o n d e n c e  
b et w e e n  si n gl e p oi nts K  a n d K'.  F or,  s u bstit uti n g t h e f or e g oi n g v al u es of  x ; y i n t h e 
e q u ati o ns x  —  θ y  =  Q  a n d x  —  k θ y  =  0 r es p e cti v el y, w e  h a v e  

a n d t h e n c e

s o t h at, e xtr a cti n g t h e ζ't h r o ot of e a c h si d e, w e  h a v e,  i n q diff er e nt  w a ys  c orr es p o n di n g  

t o t h e q v al u es of t h e r a di c al f τ a r el ati o n of t h e f or m =  a n d c o n-
∖ k  b a J  ^ n φ  +  r

si d eri n g φ'  as h a vi n g  t his v al u e, t h e p oi nts  K,  K'  as gi v e n b y  t h e etj u ati o ns  

a n d

r es p e cti v el y, c orr es p o n d as si n gl e p oi nts t o e a c h ot h er. W e  h a v e t h us i n q diff er e nt  
w a ys  a s eri es of  c orr es p o n di n g p oi nts K,  K',  a n d c o ns e q u e ntl y q s eri es of li n es K K'  
e a c h of t h e m, g e n er ati n g a s cr oll w hi c h  ( as t h e or d er of t h e s cr oll g e n er at e d b y all  
t h e q s eri es is =  2 ^ ≡), m ust  b e e a c h of t h e m of t h e or d er 2 q ; a n d t h e d e c o m p ositi o n  
i n q u esti o n is t h us e x pl ai n e d.

2 5.  I n t h e s cr oll of t h e or d er 2 q ,̂ e a c h dir e ctri x is a ⅛'-t u pl e  li n e, a n d t h e c o m ­
pl et e  s e cti o n b y  t h e pl a n e  of  t h e dir e ctri x  is m a d e  u p  of  t h e dir e ctri x  q ti m es ( or d er q ^),  
a n d of q ^ g e n er ati n g li n es, i n f a ct, of q  g'-f ol d g e n er ati n g  li n es: t o s h o w t h at t his is s o,

1 1 1  
c o nsi d er t h e dir e ctri x  i n t h e pl a n e  z  =  0,  vi z.  t h e e q u ati o n of  t his is A x ^  +  Βι β  +  D w ^  =  0.

1 1 "
Writi n g  h er ei n w  =  G,  w e  h a v e Λ x'i  +  B y ^  =  Q,  t h at is, J, ⅛ —  (— )’ =  0  ; it is cl e ar  
t h at t h e r ati o n alis e d e q u ati o n m ust  r e d u c e its elf t o [ A ^ x  —  (— B *i y ^  =  0,  a n d t h at t h e li n e 
w = Q,  is t h us a t a n g e nt of 5'- p 0i nti c i nt ers e cti o n at t h e p oi nt  w  =  0,  A ^ x  —  (— B ^ y  =  0.  
T a ki n g  K  at t his p oi nt v/ e lι a v e, i n e a c h of t h e s cr olls of t h e or d er  2 q, q c oi n ci d e nt  
p ositi o ns of K',  t h at is, a 5'-f 0l d li n e K K'  i n t h e pl a n e w  =  0 ; a n d t h e li k e f or t h e 
pl a n e  z  =  0, s o t h at t h e t ot al s e cti o n b y t h e pl a n e z =  0 is m a d e  u p of t h e dir e ctri x  
q ti m es a n d of q g-f ol d g e n er ati n g li n es; a n d it f oll o ws t h at f or e a c h of t h e s cr olls 
of t h e or d er 2 q, t h e s e cti o n b y  t h e pl a n e z =  0 is m a d e  u p  of t h e dir e ctri x  o n c e, a n d  

of  a g'-f ol d g e n er ati n g li n e.

2 6.  It is e as y t o s e e t h at i n t h e g e n er al  c as e r  =  ÷ , t h e li k e c o n cl usi o n h ol ds ; 

f or t h e s cr oll of t h e or d er 2 p " ^ q ,̂ t h e s e cti o n b y t h e pl a n e of t h e dir e ctri x c o nsists of  
t h e dir e ctri x  p q ti m es ( or d er p- q ^ ∖ a n d of  p ^ q gf-f ol d g e n er ati n g li n es ; w h e n c e  f or e a c h  
of t h e q c o m p o n e nt s cr olls of t h e or d er 2 ρ ^ q, t h e s e cti o n is m a d e  u p of  t h e dir e ctri x  
p  ti m es (t h at is, t h e dir e ctri x  is a  p-t u pl e li n e o n t h e s cr oll) a n d of g'-f ol d g e n er ati n g  
li n es.
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27. In the case where the order of the directrix is = 2jjq, then in the

scroll of the order 2p^q^, the directrix is a tuple line on the scroll, and taken pq 
times it constitutes the complete section by the plane of the directrix; whence in 
each of the q component scrolls of the order 2p^q, the directrix is a jo-tuple line ; and 
taken p times it constitutes the complete section by the plane of the directrix.

28. It is convenient to exhibit the foregoing results in a tabular form as follows:

Each directrix is of order pq. Each directrix is of order 2pq, with three 
p7-tuple points.

Scroll belonging to two directrices, and a given value of k, is of the order

breaking up into q scrolls each of order 2ρ^q, breaking up into q scrolls each of the order
each which scroll of the order 2p-q has each 2p^q, each which scroll of the order 2p"^q has
directrix for a 7)-tuple line and has besides p^ each directrix for a ^-tuple line, and conse-
7-f0ld generating lines in the plane of the quently no generating line in the plane of the
directrix. directrix.

Considering two directrices and a given third directrix,

k has pq values. k has 2pq values.

Total scroll for the three directrices is made up of

pq scrolls each of order 2ρ^q (viz. one for each 2pq scrolls each of order 2p"^q (viz. one for 
value of k}, and residuary scroll of order each value of k}, and residuary scroll of order 
2p3 (g3 _

29. The following are noticeable cases; r = 1 gives the hyperboloid as derived from 
three directrix lines; r = — 1 the hyperboloid as derived from three plane sections 
thereof; r = 2, an octic surl'ace, M. De la Gournerie’s Quadrispinal; r = — 2, an octic 
surface, his Quadricuspidal; r=⅜, a sextic surface which (as remarked by Dr Salmon), 
on writing therein y"^, z^, in place of {x, y, z, w), is converted into a surface 
of the twelfth order, locus of the centres of curvature of an ellipsoid.

C. VII. θ
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