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Bifurcation of a 7T-periodic flow towards an »n7-periodic flow and their
non-linear stabilities

G. IO0SS (PARIS)

WE CONSIDER a basic T-periodic flow as a solution of the Navier-Stokes equations. Let us
suppose that this -flow becomes unstable when a parameter passes through a critical value,
then we give sufficient conditions to obtain a new periodic solution with a multiple period nT,
and we study its stability.

Rozpatrujemy podstawowy przeplyw T-okresowy stanowigcy rozwigzanie roéwnafd Naviera-
Stokesa. Zakladajac, ze przeplyw taki staje si¢ niestateczny po osiagnigciu przez pewien para-
metr wartosci krytycznej, podaje si¢ warunki dostateczne do uzyskania nowych rozwiazan
okresowych o zwielokrotnionym okresie nT oraz rozwaza si¢ zagadnienie statecznolci tych
rozwiazan.

PaccmarpuBaeTca OCHOBHOE T-NIEPHOMMYECKOE TEYEHHME COCTABJIAIOLICE DEIleHHe YpaBHEHHiA
Hagse-Croxcea. IIpemmonarasi, ¥To Takoe TeUeHHe CTAHOBHTCA HEYCTOMUMBBIM, KOTJa HEKO-
TOPHI IapaMeTp JOCTATAET KPHTHUECKOE 3HAYEHHe, NPHBOAATCA JOCTATOUHBIE YC/IOBHA
nepuogom nT, a TaKKe pacCMaTpHBAeTCA NpobieMa YCTOHYMBOCTH 3THX pelUeHHIt.

1. Introduction

IN 1972, C.S. Ym and C. H. L1 [1] studied the convection phenomenon of a viscous
incompressible fluid between two plane horizontal plates, submitted to different tem-
peratures periodic in time (upper plate: 6 = 6, +0,coswt, lower plate: 6 = 0,—0,coswt).
They observed numerically that, for a fixed value of 8,/6,—0,, if they increase the Ray-
leigh number (proportional to 8,—8,), then, for a critical value of this parameter, the
periodic known basic flow (the rest for speed, plus a periodic distribution for temperature
and pressure) becomes unstable, and there appears a new periodic flow, either with the
same period, or with a double period, according to the value of 6,/6,—6,.

On the other hand, G. S. MARKMAN [2] has mathematically shown for a similar problem
how there may occur a bifurcation towards a new periodic solution with the same period
as the basic one.

In [3], the same author formed that this is related to the fact that an eigenvalue of the
monodromy operator, noted hereinafter by S,;(T), escapes from the unit disc, passing
by 1 when A1 = A,, which is the critical value of the parameter 4 of the problem (such
as the Rayleigh number).

Finally, D. D. JosepH [4] has given a formal method for building, for Navier-Stokes
equations, a bifurcated quasi-periodic solution (with two fundamental periods) which
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appears when two conjugated simple eigenvalues of the monodromy operator escape
from the unit disc, passing through two points, not roots of unity, on the unit circle. But,
when the two conjugated eigenvalues cross the unit circle passing by roots of unity, his
method fails.

In this paper, our method gives in general the solution in this last case, and enables
us to justify mathematically the first cited work [1]—i.e., the apparition of a new periodic
flow with a multiple period nT, n being determined by the eigenvalues of the monodromy
operator at the neutral stability. This case is obviously very different from the case studied
in [4] which is in fact not mathematically justified, where the quasi-periodic bifurcated
solution is in fact periodic for certain values of the parameter 4, with period k7, but
a non-fixed k.

2. General formulation

Generally the flow is characterized by (¥, p) satisfying

% +V - VV+Vp = vAV+(1)
V:¥V=0
Vlsa = a(t),
where » is the inverse of the Reynolds number, fand a are given T-periodic vector func-
tions (obviously not necessarily constant in space). In fact, when we have thermal pheno-
- mena, there is a coupling between this system and the energy equation, with the occurrence
of temperature, but this does not change the structure of the system (2.1) (see [5]). On the
other hand, in the case in which the domain of the flow is unbounded, we suppose that
the flow has a spatially periodic structure such that we can always take a bounded 0.
We assume that there exists a basic flow (Vy, po) solution of (2.1), which is 7-periodic
in time, and we note by (U, w) the perturbation of this solution. Then we introduce
some classical functional spaces to facilitate study of the evolution in time of U, the
initial condition for (U, ) being given.
Let us note

2.1) in a regular bounded domain £,

H={Ue {L?(Q)}V-U=0,U"nlyp =0},

2= {Ue {H*Q)};V-U=0,U|yp =0},

K= {Ue{H'(Q)};V-U=0,U-nl, =0},
where H™(£2) is the classical Sobolev space, and n the exterior normal of the domain £.
We have the following compact imbeddings: 9 ¢ K ¢ H, where we have put the usual
Hilbertian structure on the spaces. Now, we project the first equation of (2.1) orthogonally
on H, in {L*(2)}3, as in LADYZHENSKAYA’S [7], and we obtain, for the perturbation U,
an evolution equation of the following form

2.2 ‘;_f’ = (1) U+ M(U).

(*) For the complete justification of this, see J. L. Lions [6].
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We seek solutions U of (2.2) in C°(0, 0; 2) n C'(0, co; H), the space of continuous
and bounded functions in &, with a continuous and bounded derivative in H. We assume
the initial condition U(0) = U, belonging to &. The characteristic parameter A of the
problem occurs by F, or (and) ». We assume that A belongs to some real (for physical
meaning) compact interval I;.

2.1. Properties of the linear operator A, (r)

Let us give the different properties of the operators in (2.2). First, we have a decompo-
- sition:
2.3) A1) = A+ By(1),
where A, and B,(¢) are linear and correspond to the parts not depending or depending
on time in the term

vAU—[Vo(t) - VU+ U - VW, (0)]
projected on H. Moreover, we can define a scalar product on 2, of the form:

U, V)g = (43, U, 43,V)g+ (U, V)g,
all norms being equivalent to any 4, in I,. In fact, there exists a complex domain D, = I,
such that {4,},ep, can be extended in a holomorphic family of (4) type in H, with domain
9D (see [8] for the definition).
A classical result is that 4, is the infinitesimal generator of a holomorphic semi-group
{e"*'} in H, and is with compact resolvent in H (see [5]). Finally, this semi-group satisfies
the important following estimate [9]:

(2.4) le™ | e oy < ct™%, a=3/4, te]0,T],

where ¢ is a constant and #(K; @) denotes the space of linear bounded operators from
Kto 2.

For the family B;(t), it can easily be shown that t — B,(r) is T-periodic, continuous
and bounded in.Z(2; K) and holomorphic in A. This results from the fact that for U e 2,

we have
Vo-VU+U-VV,e {H' ()}

2.2, Properties of the non-linear operator M

The function U — M(U) is quadratic, continuous from &£ to K, and we have a constant
 such that

@2.5) IMD)Ik < yIUll5.
This is obtained immediately from the Sobolev imbedding theorems in dimension 2 or 3.

2.3. Resolution of the linearized evolution problem

Let us consider the following problem:

(2.6) {% = ()W, VO =V,e9,
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where we seek a function ¢ — V(¢) continuous in 2 for ¢ > 0, with a continuous derivative
in H for ¢t > 0.
Knowledge of the solution of (2.6) is necessary to give us a “good formulation” of
our problem —i.e., investigation of a bifurcated non trivial periodic solution of (2.2).
To solve (2.6), we consider the term B,(z) ¥ in the second member as a perturbation
of A,V, due to the properties cited in 2.1. Indeed, we can write (2.6) as

4
V(@) = Vot [ OBV, Ve,
2.7 H

t — V(t) continuous in 2 for 1 > 0,
and there exists T > 0 such that (2.7) can be written
V(t) = e V,+ 2,V

in C°00, T; 2), where |Z| < 1 (we take the norm of uniform convergence in 2 for
C°(0, T; 2)). Hence (1—%)"! is bounded in C°(0, T; @), and we have

(2.8) V(t) = S;(t) Vo, t € [0, T] (definition of S;(¢)).

In what follows, we shall have to consider the similar problem
dav
E =gf a(f + 6) 4

with the same other conditions for V. Then we arrive at

2.9) V(t) = Si(t, 6)V, (definition of S;(z, 6),

and we have the identity (resulting from the definition):
(2.10) Sit—7,7) S (x—n,n) = Si(t—=n,7m), t=v=1,

which enables us to determine S(t, 8), ¥t € (0, o0). The following properties of the family
S,(t, 0) are not very difficult to prove:
i) S;(-, 0) is strongly continuous at 0* in 2; S,(0, ) = 1.
i) S;(-, d) is continuous in £(2), for ¢t > 0.
iii) S.(¢, 8) is analytic in Dy, with values in £(92).
iv) S;(¢, 6) is compact in @ for ¢ > 0.

V) wgt—S;(r—r, 1) =) Si(t—7, 1) e £ (2; H).

vi) [IS:(t, O)lle & < ct™%, a = 3/4,1€]0, T].
The properties i), ii), iii), vi) can be shown from the formulation (2.7), and v) results from
the construction. The property iv) results from (2.7) and the compactness of e”* for
1> 0 (see [5]); this has also been proved by G.S. MARKMAN in [3].

Another class of very useful properties, of the family S,(t, 8), is obtained by making
use of the T-periodicity of &/;. Then we obtain:

vii) S3(z, 6+T) = S,(¢, 9),

viii) S,(t+T, 8) = S;(t, 8) - Si(T, 9),
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this latter being a particular case of (2.10) with vii). The identity viii) is very important
for study of the behaviour of the solution V() of (2.6) when ¢ — co. This fact was first
noted by V. L. IupovicH in [10]. If the spectral radius of S;(T’, d) is less than 1, then V(¢) - o
exponentially in 9, when ¢ — oo. If the spectral radius of S,(T, é) (“the monodromy
operator”) is greater than 1, then there exists ¥, in 2 such that | F'(f)||s is unbounded when
t — co. Note that the spectrum of S;(T, d) is independent of § (see [5] for the demonstra-
tion).

2.4. A good formulation for the non-linear evolution problem

First, let us consider the following nonhomogeneous problem:

@.11) ;‘gi = (OVH),  VO) =0,

where f e C°(0, oo; K), with the same conditions on V¥ as for (2.6). The unique solution
of (2.11) is given by:

2.12) V() = SOVo+ [ Sit—1, Df(v)dr.
0

The demonstration of the required properties of ¥ is analogous to that made in [11, Ch. 7].
Now, we consider the complete evolution problem:

(2.13) % =d,()U+MU), UeC°0,0;9P)n C'(0,00;H), UQ=Uye2.

Then, due to the resolution of (2.11), we have the following equivalent formulation:
r

(2.14) U@) = S:() U+ fSA(t—r, DYM[U(D))dr, U,e2, UeC°0,o;9).
0

Now, it is easy to show that:

o If sprS;(T) < 1 (spectral radius), 38 > 0, such that |U,|s < d induces the exist-
ence of a unique solution U of (2.13), depending analytically on U, and which tends
exponentially towards 0 when ¢ — o0,

e If spr S;(T) > 1, JU, # 0 with an arbitrary fixed small norm, such that the solu-
tion U of (2.13) in C°(0, T,; @) (T; < ), leaves a fixed neighbourhood of 0 for ¢ > 1,.

3. The necessary condition for bifurcation

If we want U(¢) not to tend towards 0 when ¢ — oo, we have to suppose that the spectral
radius sprS;(7) is at least 1. Physically this means that when the basic flow loses its sta-
bility, the parameter 4 passes thrqugh a critical value 4, such that sprS, (T) = 1. Now,
we have to improve this point —i.e., to study how the eigenvalues of greatest moduli
leave the unit disc, to yield a bifurcation of a new periodic solution.

In fact, we seek a solution of (2.13) small in norm, U, being unknown, such that
U(t) = U(t+nT), Yt e R, where n is also to be determined. Now, it is not difficult to

4 Arch. Mech, Stos. nr 5/74
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show that the following formulation is equivalent to the preceding one (here we have
only expressed U(0) = U(nT)):

U(®) = S;()Up+ f:S',(t—t, 1) M[U(7))dz,

nT
G.1) [1-S,¢eDIU, = [ Si(nT—7, ) M[U(2)]dx,
(1]
Uy,e?2, UeC°0,nT;9),
where we seek a solution U(f) remaining of small norm in 2, and where we have to de-
termine U, and n.

But, for |U,|ls sufficiently small, we can solve (3.1); by using the implicit function
theorem, with respect to U, on [0, #T]. Then we obtain U(f) = #(U,, 4, 1), t € [0, nT],
with an analytic % in (U, 4) in the neighbourhood of (0, 1) W4, € D,. In fact, we
have

(3.2) U(Us, A, 1) = S;() Us+0(|| Uo13).
Putting % in (3.1),, we obtain now in 2
aT
(3.3) [1-S:(nD)]U, = f S:(nT—7, )yM[U (U, 4, v)ldr,
0
which is of the type
(3.9 (1=K U, = By(U,, Ug)+C(U,, 4),
with [C(Us, Dlls < ¢, [Uollz for  [Uolls < 6, and
nT

By(Uo, Up) = [ S,(nT—7, 1) M[Sy(x) Upldr  (quadratic in Up).
0
The study of the existence of a solution U, # 0 of (3.4) is a classical problem, because
K; is compact in 2 and depends analytically on 4, whereas the second member is analytic
in (Uy, 4) in the neighbourhood of (0, 4,) and begins with at least a quadratic term in
U,. We have immediately (see [12]):

THEOREM 1. It can appear a bifurcation of the trivial solution of (3.1), towards an nT-
periodic one, only from a Ao such that the spectrum of S; (T) contains at least a Ly satisfy-
ing {5 = 1.

Indeed, 1 is an eigenvalue of S; (nT) = [S,,(T)]" following the property viii.

4. Calculus of bifurcated solutions
4.1. Precise hypotheses

To calculate explicitly the new solution, we have to make further precise assump-
tions.

H1. 32, such that spr [S, (F)] = 1, %
that the basic flow (the null solution) is stable for A < 4, and unstable for 4 > 4,. On

[sprSi(T)]s=1, > 0. Physically, this means
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the other hand, for 4 = A, there exists a finite number of eigenvalues of S, (T), of mo-
dulus 1, the other eigenvalues being of moduli strictly less than 1. We shall make now
one of the two following assumptions:

H2a. S;,(T) has only {, = 1 or —1 as an eigenvalue of modulus one, and {, is simple.

H2b. S,,(T) has only {, and Co as eigenvalues of moduli one, with (%} =8 =1, and
these eigenvalues are simple(?).

Note that we do not consider the case when {, and {,, not roots of unity, are the eigen-
values of moduli 1 of S, (T). We have already observed that this case has been formally
treated in [4], and corresponds to a bifurcation towards a quasi-periodic solution. Now,
by the perturbation theory (see [8]), we know that for A €¥°(4,) (real neighbourhood

Of 20)3
1) if H2a is verified, 3 a simple real eigenvalue {,(4) of S,(T), satisfying
(4.1) £1(A) = Lo[1+ (A= 2) TV +0(2— 40)*],

where {; = 1 or —1 and (") > 0 by HI.

2) If H2b is verified, 3 two simple conjugated eigenvalues {, (1) and Z,(2) of Sy(T),
satisfying (4.1) with Rel' > 0 by H1. Noting E; the invariant projection operator
associated with £, (4), we know that {, and E are analytic functions in ¥"(4,). In the case
of the assumption H2b, we note E(1) = E;+E,, whereas in the case of H2a E(2) = E;.

To solve (3.3), we use the Liapunov-Schmidt technique. First, we split the equation
in the following manner:

Uy=X+V, with X=E)U,, V= [1-E(A)U,,
and we use the development

1-8,(nT) = 1-8, (nT)— Z (A= Ao)* SV,

k=1

where 1—S, (nT) has a bounded inverse Q in [1—E(4,)]2. Solving first with respect
to ¥ the Eq. (3.3) projected on [1— E(4,)]2, by using the implicit function theorem, we
find ¥V = ¥'(X, 1) with some good estimations (not made explicit here). Then reporting
in the equation projected on E(1,)2, we arrive at the “bifurcation equation™:

@2) (A= Ao E(Ro) SSVE(10) X+ E(40) By,(X, X)+ G(X, 3) = 0,
with
IGX, Wlls < 211 XN {]A—Aol*+ Xl - |2— 2|+ X115}

In the case of H2a, the Eq. (4.2) is a scalar equation, whereas in the case of H2b, (4.2)
has two dimensions. Moreover we have after some easy calculations:

case H2a:  E(A,)S{VE(2o) = n{\VE,,, with n =1 or 2,

case H2b:  E(Ao)S{VE(A) = n{W E; +nlVE,,.

Then we separate the two cases:

(*) Note n the smallest integer satisfying the identity,

4%
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4.2. Case of the assumption H2a

We note U® the eigenvector of S, (T) for {,, and E(,)B; (U, U®) = aU©,

H3a. We suppose « # 0.

Then it is easy to see that (4.2) has one non trivial solution which is analytic at the
neighbourhood of 4,. In fact

X= —(1—%)$U<°J+0(z—xo)2.

Let us now express the theorem:

THEOREM 2. Let the hypotheses H1, H2a, H3a be verified, then there exists a neigh-
bourhood of Ay, ¥ (Ao) such that if A€V (A,), there exists one and only one bifurcated
non trivial nT-periodic solution of (2.13), analytic in A. The principal part of this solution
152

nt®
«

U@) = —(A—4)

where n = 1 or 2 according as {, = 1 or —1.

S3, (1) UV +0(2— 40)?,

4.3. Case of the assumption H2b

We note U and U the eigenvectors of S, (T) for the eigenvalues {, and &, and
E(40) B, (U@, U©®) = qU© + 8 T,
2E(A,) B, (U, U®) = yU© +57©,
Then, if we assume
H3b. |y —By| # |lal?=1BI],
2|( M =LY 4 3BLW (pEO —GLW)| # 9] BLDP ~ (oD - FLDP|

to be verified, there always exists at least one non trivial solution of (4.2), having the
following form:

X() = (A=A Yot ) (A—Ao)Xi,
k=2
where Y, € E(1,) satisfies
4.3) [nLDE; +nlME, Y, + E(A) Biy(Yo, Yo) = 0.

THEOREM 3. Let the hypotheses H1, H2b, H3b be verified, then there exists a neigh-
bourhood of Ay,V (%), such that if A€¥ (o), there exists at least one bifurcated non
trivial nT-periodic solution of (2.13), analytic in A. The principal part of these solutions
is of the form:

44 U) = (A=20) 83, (1) Yo +0(A—40)?,

where Y, is a non trivial real solution of (4.3) in E(1,)2.
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5. Stability of a bifurcated solution

5.1. General remarks

Let us pose %(t, A) the bifurcated solution (4.4), and note U = % +V; then the equa-

tion satisfied by V is:
dv i
(5.1) & = L @OV+M©Y),
where
A3(t) = o (1) + DM, )],

DM denoting the derivative of M, which takes its values in % (2; K), We remark that
o;(t) has the same structure as previously «;(¢). In an analogous way we can define
the operator S;(¢) by:

(5.2) SiOVo = Si(O)Vo+ [ Sit—7, DDMMAU(z, A)- Si(x) Vodr.
0

Then we arrive at the monodromy operator S;(nT), the spectral radius of which determines
the stability of the solution V = 0 of (5.1). Now, using (5.2), we have

(5.3) Si(nT) = S;,(nT) + (A= 2p) S' W +0(A— 4,)%.
We can obviously verify that for A = ,, S3,(nT) = S, (nT) because of &} (f) = (1)
Moreover, we can calculate S'("):

aT

S0 = S04 [ 8, (1T, ©)DMISi(1) Yol * Sy (D) 1dr,
0

due to (4.4) and (5.2). But, using the definition of B} (§ 3), this can be written

(5.4 S'D = SM4+2B, (Yo, ).

Now, by (5.3), we know that the spectrum of S;(T) is obtained by a perturbation from
that of S, (nT), where 1 is a semi-simple eigenvalue, other eigenvalues being of smaller

moduli. By the perturbation theory (see [8]) we know that an eigenvalue of S;(nT) near
1 has the form:

{(A) = 1+ (A= 29) M +0(2— 1),
where £ is an eigenvalue of E(4,) S’ ME(Ay).

5.2. Case of the assumptions H2a, H3a

We can easily calculate the operator E(1,)S"") E(4,) which operates in a one-dimension-
al space; we find

E(30)S'ME(Ag) = —nt™WE,,.

Now, (™) is positive, hence we can conclude with the important

THEOREM 2'. Let the assumptions of Theorem 2 be verified, then for A > A, the bifurcated
solution is stable, the null solution being unstable, whereas for A < A, the bifurcated solution
is unstable, the null solution being stable.
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In fact, the eigenvalue of S;(nT) which is of modulus near 1 has the form:
£(A) = 1=nl™M(A— 20) +0(1— ,)%,

where n = 1 or 2 according as {; = 1 or —1.
Remark. Here we have a phenomenon analogous to “the exchange of stability”
for the bifurcation of stationary solutions of Navier-Stokes equations (see [11]).

5.3. Case of the assumptions H2b, H3b

Taking in the space E(4,) 2 the basis {U©), U©}, and denoting Y, = a, U® +a, U,
the matrix of the operator E(4p)S'ME(A,) is:

. ntMW +2a,a+a,y apy+2a,p
(5-3) 2a0f+a5y nlW® +ao7 +2a,
and H3b ensures its invertibility. Unfortunately, we can prove that the eigenvalues of

(5.5) are not necessarily of the same sign. Hence we cannot conclude on the stability
or instability of the bifurcated solution, in the general case.
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