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931.

ON SOME FORMULAE OF CODAZZI AND WEINGARTEN IN
RELATION TO THE APPLICATION OF SURFACES TO
EACH OTHER.

[From the Proceedings of the London Mathematical Society, vol. XX1v. (1893),
pp. 210—223.]

AN extremely elegant theory of the application of surfaces one upon another is
developed in the memoir, Codazzi, “Mémoire relatif & lapplication des surfaces les
unes sur les autres,” Mém. prés. a UAcadémie des Sciences, t. XxviL. (1883), No. 6,
pp. 1—47; but the notation is not presented in a form which is easily comparable
with that of the Gaussian notation in the theory of surfaces. I propose to reproduce

the theory in the Gaussian notation.

Codazzi considers on a given surface two systems of curves depending on the
parameters ¢, T respectively; the curves are in the memoir taken to be orthogonal to
each other, but this restriction is removed in the general formula given p. 44,
Addition aw chapitre premier. For a curve of either system, he considers the tangent,
the principal normal, or normal in the osculating plane, and the binormal, or line at
right angles to the osculating plane (say these are tan, prn and bin). For a curve
of the one system, that in which ¢ is variable or say a ¢-curve, he denotes the cosine-
inclinations of these lines to the axes by the letters a, b, ¢, thus:

tan a, a, a,

prn b, b, b,

bin ch Cy (i
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254 ON THE APPLICATION OF SURFACES TO EACH OTHER. [931

and he writes also ! for the inclination of the principal normal to the normal of the

surface, (ZA? dt for the angle of contingence, or inclination of the tangent at the point
@& T) to the tangent at the point (t+dt, T), and fl?tz dt for the angle of torsion, or

inclination of the osculating plane at the point (¢, 7) to that at the point (¢+d¢, T,
or, what is the same thing, the inclination of the binormals at these points respectively.
And he gives as known formula

do_ydn db__ dw_ du do_,dn

dt “dt’ dt T dt Tdt’ dt " dt’
where a, b, ¢ denote

(ax; bx, cx): (ay, by; cy); or (a27 bz’ cz)-

He uses the capital letters

aM dN

Az; Ay) Az; Bx; By) Bz, Ox’ Cy’ Gz; L’ ﬂv‘dT; d_zi

ar

with the like significations in regard to the curve for which 7' is variable, or say
the T-curve; for greater clearness I give the accompanying figure.

Codazzi writes further

O il i B i L B L O

C Wit i bttt i
aM aM . ANl
ap sn k=l Camsal = g e

also, if s, S are the arcs of the two curves respectively,
ds as
ST

and he obtains a system of six formule, which in the Addition, p- 44, are presented

in the following form—only I use therein 6, instead of his b, to denote the inclination
of the two curves to each other:
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931] - ON THE APPLICATION OF SURFACES TO EACH OTHER. 255

%:%cos@+t%’;zsin9+w <V_%>+(Usin9—Wcos0)<v "%g)
%:2—1} cos@+§—%10, sin 0 4 W( ?;)—F(u sin 6 — w ‘3050)( gg,>,
(;’l;ﬂfi_lt’) df;T+s1n0(uU W W= eos (1 W L 0Ty 0,

R (wcos 6+ wsin 0)=r (U cos 8 + W sin 6),

RsinH(v —%>+%§cos0=g;p
rsinﬁ(V—§g>+%,cost9=(~Z£.

In the Gaussian notation, taking p, ¢ for the parameters, we have, with the slight
variations presently referred to,

dz = adp + a’'dg + fadp* + ddpdq + o«"dg?,

dy=bdp + b'dq + +Bdp*+ B'dpdq + B"d¢?

dz=cdp + c'dq + $ydp* + v/'dpdq + "d¢?,
A, B, C=0bd —=bc, ca’ —c'a, ab’ —a'b,

y E F, G=a+b+c% aa’ +bb +cc, a?+b?%+c?;
and therefore
da? + dy? + dz* = Edp* + 2Fdpdq + Gdg*;

NEG=F:=7V;
F', G =Aa+ BB+ Cy, Ad + BB +Cy, Ad”+ BB+ Cy";
and I take further
w, o, o =aax +bB8 +cy , ad +0B +cy, ad’ +bB" +cy”,
w, o, o’ =da +bB +cy , dd +VB +cy, da’+VB"+cy,
MA, AN =a +3 4+, d? 8% +4%, a% B 4,
l‘,, ’L /“ il alall + ﬂlB// + fY/fY”, alla + BI/B+ (yl/(y’ aal + BIBI +ryry’ 4
Ern—w’=A, GN'—=a"2=A",
where it is to be noticed that V2 E', F', (, are written instead of Gauss’s A, D, D', D”,
and o, o, 0, w, =, =’ instead of his m, m/, m”, n, n/, n”: and that he gives for the
last-mentioned quantities the values
’ " dF
B oo g AT aa‘%dp
dF ”
=——-3—, W =%—, 0 = —,
dp by Yap ¥ dq
or, say

w=4%E, o=3}E, o'=F-14,
W= Fl_%EM ‘wl=‘%Gl, w”=%G2;
where the subscripts (1) and (2) denote differentiation in regard to p and ¢ respectively.
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256 ON THE APPLICATION OF SURFACES TO EACH OTHER. [931

Observing that the cosine-inclinations of the tangent to the p-curve are as a, b, ¢,
and those of the binormal or perpendicular to the osculating plane are as by—cB,
ca — ary, af3 — ba, we easily find

N ek i i

g5 a’y) Oy = I\/E’ ‘\/E’ I\/E’
by —cB ca—ay af—ba

Cx: ny cz= .\/A > I\/A ’ I\/A ’
B by bz=Ea—am ER—bw Ey—cw.

VEA ' W~VEA ' WVEA'’

and for the cosine-inclinations of the normal of the surface

A NI Be
A:m Ayy Az= T," T]‘: —'[7;
we find
cos 1 = 4 by —cB) + B (ca—ay) + O (aB — ba)
VA
_(a*+ B+ ) (aa+ B+ cy)— (aa’ + bV + cc) (aa + 0B +cy)
S VA 2
_Eo—Fo
L o)
., A (FHo—aw)+ B(EB—bw)+ C(Ly— co)
sin ="~ - :
VNEA

or, since Aa + Bb+ Cc= 0, this is

E(da+BB+0y) _E'VE
VVEA Vya

We ought therefore to have

sinl=

E*E + (Ko — Fo) = V?A, =(EG—F?) (E\— 0%);
or, omitting the terms F?w? which destroy each other, and throwing out a factor £,
this is
Ew?-2Fwow + Go*— A (EG - F?) =\ (EG — F?)- E";

viz. putting for EG—F* its value, = A?+ B*+ (2 and for the other terms their
values, this is

(@+ b +¢*) (da+bB+c'y) =2 (ad’ + b + cc’) ('a+ b B+ c'y) (aa + bB + cy)
+(a”+ 0%+ ) (@ + B+ o)
=(4*4+ B+ (%) («* + B+ 4*) — (Aa + BB + Cy)~

The right-hand side is here = (By — OBy + (Ca — Ay)*+ (A8 — Bay; the left-hand
consists of three parts, the first whereof is

{a(@'a+ B+ cy)— o/ (aa+bB + oy)}* = (- By + CBY,
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931] ON THE APPLICATION OF SURFACES TO EACH OTHER. 257

and similarly the other two parts are
(= Ca+ Ay and (— AB+ Ba)*;
the equation is thus verified.

§ o dm dn dm dn :
We require Codazzi’s B and gi> O sy F and Pt these are to be obtained
from the equations

d a _FEa—aw dn ibry—c,8=Ea—awd_n
dp vE NEA dp’ dp VA VEA dp’

and the values obtained should satisfy

d Ba—aw _ a dn_by—cBdn

dp VEA ~ yEdp YA dp

I find
$ia, pEase
dn _vA dn_ VE |
@_T’ d})— A ’, a, B;  J )
oA, :81) Yi

where a;, B,, vy, are the derivatives of a, B, 4y in regard to p; and the equation
to be verified thus is

Hatiib g lic
_oib /:_aw=_ a,\/AV_*_(rbry—-cB)\/E Gl
dp NEA EVE AyA
0y, Bl) "1
First, for %7—; the derivatives of a, & are a and 2(aa+bB+0';Y): =2w; we thus
have
B et B SR g R - g
dpvE’ ~NWE EVE EVJLE '
which is \
sHacamdn,
VEA dp’
viz. we have
dm _yA
dp  E

Next, for %: using a subscript (;) to denote derivation in regard to p, we have
A=K\ — »? and thence
A =EN+ B\ - 200,
= 200 + £.2 (aa + BB+ y7) — 20 (A + aa, + b, + oy,),
=2 (& (a0, + BB, + yy1) — @ (aa, + bB, + cyi)},

=2 (X +B.Y + %),
COXTIE, 33
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258 ON THE APPLICATION OF SURFACES TO EACH OTHER. [931

if, for a moment,

X, Y, Z=FEa—aw, EB-bo, E'y—cw;
these values give identically

aX +BY+vZ=A, and aX+b0Y+cZ=0.
Hence we have
d b'Y_CB b’Yl_ B (b'y—CB) (a1X+BlY+ 'YIZ)

dp  ¥vA WA A VA

which must be

we thus have
(b = oB) &= by = o8) (X + B +12) = 50
or, putting the left-hand side in the form
by, — eB)(@X+BY+v2)
—(by — eB)(@X +BY +vZ)
—Br=Bm) (@ X+ bY+c)

this is
AR T
=-X a, B: b il 1
al; 181) 'Yl
and we thus find
AL R
dn _ VE
@__—A_ (S Sl
2,0 B Y1
For the verification of the equation
Bihio
d Ba—aw __ a\/A+(by—cﬂ)vE| o
dp VEA P CRURT T e
| @, B, Y

we have
(Ea— aw), = Ea, — a (a2, + bB, + c¢y,) + aw — a\,

(EA), = 2E* (aa, + BB, + yv,) — 2Ew (ao, + bB, + cy,) + 2Aw,
and hence the equation is

{E2 (aa, + BB, + yy) — Ew (aoy + bB, + cy,) + o} (Ko — aw) lyal— a(aa+bB+ cy,) + aw — ak
EAVEA vEA
RRGE

__avA (b'Y—CB)«/E
G ) iy Bie My
o, B, ]
Considering first the terms without a,, 3,, vi, these give

- (K2 - aw)+ E (aw — a\) = — a (E\ — o?),
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931] ON THE APPLICATION OF SURFACES TO EACH OTHER. 259

which is identically true; and then the remaining terms with a, B, v, give

— {E (a0, + BB: + yy1) — o (ae, + OB, + ¢y} (Ba — aw) + {Eo, — a (ag + bB, + cy,)} (BN — »?)

‘| Al veE e
=(b'y—CB)E a, ;3: Y
Aty g

On the left-hand side, the whole coefficient of a, is
= — (Ba— aw) + (B + ) (B — o),

which is
= — B + 200Fw — *w* + (0* + ¢®) EX — (b + &) o?,
= E[— Ea* + 2000 + (b* + ¢*) A — 0*];

and, substituting for £, @, and A their values, this is found to be
BB+ B+ -8+ oy, =E(by—cB)y

Similarly the whole coefficients of 3, and ¢, are found to be
=FE(by—cB) (ca—ay), and K (by—cB)(aB —ba),

respectively; and thus the left-hand side becomes

atiivib= e
=(by—c®E|a, B, v |,
al; Bl) 'Yl
as it should do.
We have
tan.l= g,
where
P=E'\E=E(Ada+ BB+ Cy), =aa + bB + cy, suppose,

Q=Eo—Fo=(cB-bC)a+(aC—cd)B+ (b4 —aB)y, =aa+b'B+cy, suppose,
P4 Q2= V2A,

and we have hence to find % Using, as before, a subscript (;) to denote derivation

in regard to p, we have

dl _ QP,—PQ,

dp P+’
the numerator is
= (@a+bB+cy)(am+bBi+cy+aa+bB+cry)
—(aa+bB+cry) @a+bB+cy +aa+b’/B+ey)
=—[(be’ = be) (By: — Bry) + (ca’ — ¢'a) (y2, — m2) + (ab’ — a'b) (a8, — ¢,8)]
+ @ (a,a+ b8 + cry) — P (a/a+b/B+ c/y).
33—2
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260 ON THE APPLICATION OF SURFACES TO EACH OTHER.

For the first part hereof,
be' —b'c =y E {B(bA —aB)—C (aC—cd)}
=VE {4 (aA +bB+cC)—a(A*+ B+ (?)},
since ad +bB+¢C=0; and similarly

ab’—ab=—-bV2E, -—cVVE,

ca’ — ca,

respectively ; and thus the first part is

=y VE {a (6’)’1 —:31')') wr b('Yal s 'Yla) +c (aBI = cx1:8)}’
a5 LDy e
=V:VE| a, B, v
a, B, m
Hence, dividing by
P+ @, =V24A,
the first part of g—; is
oy Uy i
vE
- ~E a, B ) v 4
a4, B M

For the second part of the numerator, we require
aa, + Bb, +yc, and aa’+ Bb+qc,)’;
the values of a, b, ¢ are A+ E, By/E, CE, where E,=2», and hence

Cw\

natbg+oy=(divE+ 52 a+ (BvE+ %) g+ (CWE+ )y,

=¢EM#+B£+Q”+;%QM+BB+Gﬂ

From the values
A, B, C=bc’ —bc, ca’—ca, ab’—a'b,
we have

4,, By, C,=Bc' —yb'+ by —cB', ya' —ac’ + ca’ —ay/, ab’ — Ba’ +af’ — ba,

and thence
Adya+ BB+ Cry=—[a(By —By)+b(ye —y'a) + ¢ (af —aB)],
el R
=—la, B, ¥
Hence B B
'y by e
E/
aqa+b13+cl'y=—\/E a5 y |+ON;AE
;a,; /8,7 'Yl}
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931] ON THE APPLICATION OF SURFACES TO EACH OTHER. 261

Next, we have
a/, b, ¢/=cB—-bC, aC—cA, bA —aB,
and thence

aa,” + Bb, + e,/
=a(yB—BC +cB, — b))+ B(al —yAd +aC,—cA,)+v(BA —aB+b4,—aB,)
=(by—cB) A, + (ca — ay) B, + (a3 — ba) C,
= (by —cB) (B~ by + by —cB)
+(ca —ay) (a'y — ca + cd — ay)
+ (@B —ba) (ba —a'B+af - bd');
the portion hereof, which is quadric in «, B, v, is
=—(a®+ B+ ) (aa’ + bb' + cc’) + (aa + DB + cy) (da + 'B + ¢'y),
=—\F+ 0w,
and the remaining portion, which is lineo-linear in a, B, v and o, 8, v/ is
= (aa'+ BB +yy) (@ + b +¢*) — (a2 +bB + cy) (ad’ + bB' +¢cv)),
=Eu' — oo’ ;

we thus have
aa, + b, +ye, == AF + By’ + o (w — o).

Hence the second portion of the numerator, or-

. Q(aa, + 8b; +v¢,) — P (aa) + Bb, + vcy),
18

i e Dt e
= (Ew — Fo) {—VE a, B, v +3—gl—E’\/E{—NF+;4,"E+,w(w—w')}.‘
al’ BI, 'y/

There are two terms, + £’'y/Eww and — E’s/EKww, which destroy each other, and
thus the whole second part of the numerator is

[ =bRrio
=—(Ew—-Fo)| a, B, v —E'«/E(,u.”E—)\F)+gg(w'E-wF),
al, /8,, 7/'

and, for the corresponding part of —o%l), we must divide this by P+ @2 = VA,

Hence, finally, we have

& = Dt (e
dl__\/é1
@-A a, B) o
@y, B,
{ FlatimbiEsc
i ‘ ~ . Fo ;
ey P - | _E’ ’ oy Sl A
+V2Al (wl wF)UzI, Iﬂ;’ ')" NE (WK XF)+VE(wb o)},
a, el
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262 ON THE APPLICATION OF SURFACES TO EACH OTHER. [931

where I recall that the values of w, @, o, N\, and u” are aa+b8+cy, da+b'B+cy,
ad' + 0B +cy, a2+ B+ and aa’ + BB + vy, respectively. Observe that the first term

: : : dl .
in this expression for — is

dp
__dn
i
We thus have
_dm l_Em-—Fw
’ll—d‘;C = VE K
v—dmsi e, 2
-l e
[ b e

_dn dl__2ME ‘
w—ch—%-— _‘\/A_ a, /3: 3 A

al; Bly 'Yl ‘
[ AR
Sl O iy gy + B VEWE-\F) - L2 (B —oF)
+ T[?TZK @ a ) ’ 'Y F’ J\/E ’
w B
and we thence obtain at once the values of U, V, W; viz. these are
aM Go’ — Fz”’
U= d_q cos I, = T s
aM . (3
V——dé SlnL—-V‘;‘/’G,
wodN _dL__ 246G
T R T
| o
1 ( /IG //F | ’ B// /7’ + G/ VG G G x/IF G/w,/ IG IIF)
+Wu Al )ia: > o (u )—«/GV(W ik >
‘v aell, 2’/, 721/

” ”

where a,”, B.”, v, denote the derived functions of o’, B”, ¥” in regard to q, viz.
these are the third derived functions of @, y, z in regard to q.

We have, moreover,

da? + dy? + dz* = Edp* + 2F dpdq + G dg?, = r*dt*+ 2rR cos 0 dtdT + R*dT*;
that 1is,

F
7‘=!\/E, R—/\/G, COS€=7EG,
and therefore also
., NEG=F: 14
Sinf=cr——r " =
i VEG VEG

www.rcin.org.pl



931] ON THE APPLICATION OF SURFACES TO EACH OTHER.

263

Writing p, ¢ in place of ¢ 7, and for », R substituting their values, then, with

. the foregoing values of u, v, w, U, V, W, Codazzi’s six equations are

du _dU

i _%c sg+(flz75m0+ w(V——>+(Usm9 Wcos@)( 3—;),

(Zo]:% c050+ddlqysin 0+ W(v —gg)+(u sin 6 — w cos€)<V—fl}l—g>,
(%+(;Z>dzz +sin @ (WU —wW) —cos @ (uW +wU) =0,
VG (1 cos @ 4w sin 0) =4/ E (U cos 0 + W sin 6),
VG sin (o gz)ﬂ%qcose:ddﬂ,
\/Esint?(V ZZ)+d(3/E 0=0£diq'

I take the opportunity of remarking that Gauss, in § 11 of his memoir
the first and second of the formulae

aVita(m F—w G)+d (0 F—w E)— AE =
dVita(m' F~o'G)+d (' F~o"E)—AF =
dV+a(@"F-—o"G)+d (0'F-5"E)—AGF =
(each of them one out of a system of three like equations), where, as before,
V:=EG - F, !

E', F', G =Aa+BBR+Cy, Ad + BB + Oy, Aa” +BB" + Cy’,
=aa +b8 + cy, aa’ +b8 + ¢y, aa” +b8" + ¢y,
=%E, 3£, F,-}@G,

w, o, o =da+VB+cy, da +VB +cy, da’ + B + ¢y,
=F-%1E, G, 3G..

’ 1"
w, ©, ©

These are, in fact, the formule (IV.),

d’z _ (11 dz _ (11) da o
dp? 1§ dp { dq+c"
d*z 12) dz (12) dz=
dpdé_{l}@_{2}dq+c“X .
dz  (22) dz (22) dz
@2—{1}@—{2}07(4-0»)( 0,

of the memoir, Weingarten, “Ueber die Deformation einer
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264 ON THE APPLICATION OF SURFACES TO EACH OTHER. (931

Fliche,” Crelle, t. c. (1887), pp. 296—310; viz. the symbols correspond to those of
Weingarten, as follows :—

B G = e
Vi=EG— F*=q=p?
E, F', G =—cuna, —cpra, —cura,
A BRC =pX5 oW 0

AT day dau da12 dazz
0, o, o'=% dp’ 11? ‘%
el o0 _dcc12 %dau %dam 1l_olaz‘2

and thus Weingarten’s symbols, {1 }, &c., have the values
11 dan, o_lc@) da,
{1}— BE TdrT G dp)
5 12}
22 [ d d, Ao
()=l (2 )+ (G 5))

L

a

W

a

x

a
e day AR e
{2 =z |=(-1 a)t o (G-t @)}

&

a

k

a

(4T
L

12) _
2)

22}
2

values which give, as they should do,

11 12) 1 dva 12 22) 1 dwa
W)= = (i )=
The foregoing comparison serves to explain the notation of Weingarten’s valuable
memoir.
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