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914.
ON A SOLUBLE QUINTIC EQUATION.

[From the American Journal of Mathematics, vol. Xir. (1891), pp. 53—58.]

Mr YouNG, in his paper, “Solvable Quintic Equations with Commensurable
Coefficients,” American Journal of Mathematics, X. (1888), pp. 99—130, has given, in
illustration of his general theory of the solution of soluble quintic equations (founded
upon a short note by Abel), no less than twenty instances of the solution of a
quintic equation with purely numerical coefficients, having a solution of the form
VA+/B+/0+3/D, where A, B, C, D are numerical expressions involving only
square roots. But the solutions are not presented in their most simple form: thus
in example 1, 2°+32°+ 22— 1 =0, the expression involves a radical

VAT (21125 + 9439 4/5) :

here
(21125 + 9439) 4/5, = 4/5 (9439 + 4225 4/5), = /5 .3 (18 4+ 54/5)* (1 + 4/5)* (2 + /5),

so that, taking out the roots of the squared factors, we have as the proper form
of the radical the very much more simple form V4T (2 + /5)4/5; where observe that
(244/5)(2—y5)=—1, and thence (2+ 4/53) V— 47 (2 — v/5) /5 = V4T (2 + ¥/5) ¥/5, viz. the
conjugate radicals V—47 (2—/5) 45 and V4T (2 +4/5) /5 differ only by a factor 2 + /5
which is rational in 1 and /5. To avoid fractions I consider the foregoing equation
under the form

2 +30002° + 20000z — 100000 = 0,

and I will presently give the solution; but first I consider the general theory.
Writing
A=l Al — o A ol
B=g, ‘B =af, B"=p%,
C=¢% C'=q% C"=ay,
Dot IY =gt Y= o of,
we have A'D' =a*3*By, B'C'=adB*y> Also
A'B LB A'C" N c'r

A/I — : BN = O// Rt )
By By

ad ’ ad ’
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914] ON A SOLUBLE QUINTIC EQUATION. 89

which determine 4”, B”, C”, D” in terms of 4', B, (", I, a8, By; and then
AA, B=BB O=O’C” D=DD
By

4= ad ’ ad ’ By ’

which give 4, B, C, D.

If now we assume #=a+ B+ y+96, and regard 4, B, C, D, A, B, C', D,
A”, B”, 0", D", a8, By each as a rational function, we may express «, a? a* a° each
of them by means of rational functions or of rational functions multiplied into

a, B, v, & respectively: thus,

z=a+B 4y +8 =a+B+y+34,
A'B B O’a Dy
t=a?t B 4o+ & s
N =~ By Ty
2B’y 2A'8 2D'a  2C'B

+ 2083 + 2ay + 2a8 + 2By + 288 + 298 iy i +2a8 + 2By + " 5 &
&c.; and we thus obtain
&+ qu* +ra® +se+t
=A+B+0+D
+ (2008 + 30By) (A’ + D)+ 30 (ad + 20By) (B’ + C")
+3¢(A'+B' +C" +D)+2r(ad+By)+t

- 012 B”B’Y o 10D12
a{5A +5E 25 + 100" + -

+10a28* + 20B” + 20D” + 308%2 + 300" Y B” § +60aBys

B/’ 3D// D/
+q (ES+_aS—+3“8+ 6;87)+r( + 8) s}
5A" .  D'ud 1007
5B 4+ 5280 1047+
”3{ oy g g

+ 108%y* + 20D” + 20C” + 30028* + goa = By + 60aByd

DII 30/1 / 20

+q(,3'y By +3'3"'+6“8)+r<37 ,37>+s}

5D A"ad 108" ’
C"+ ——+5 +10D" +
{ By By By 3

+108%2 + 204” + 20B” + 30a%* + 30B” gv +60a8ys
AI/ 3B[I Dl 2BI
o 8)+r (g + i) 9}

+q <18'Y+ B + 3By + 6a )+'r ’874— ny) +34

, BB . "By , 1047
+ 1008 + 200" + 204 + 308"+ 304" Y 1 60agys
. 0// A/I / 7
+ q( " +3 = +3a8+63fy)+r(38+%)+s}.
0, XITI. 12
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90 ON A SOLUBLE QUINTIC EQUATION. ; [914

If, then, a°+ qa® + ra®+se +¢t =0, we have the rational term =0, and the
coefficients of @, B, v, 8 each =0; in the class of equations under consideration,
these last equations differ only in the signs of the radicals contained therein, so
that one of them being satisfied identically, the others will be also satisfied. In
particular, if ¢=0, then ad+ By =0: the rational term gives

A+B+C+D-10ad(A"+ D —

and the term in a gives

B0 4i=0,

54" +15B" +10C” —10D” + o% (02 +2D") + o% (C' + 2D') - 20028 + 5 = 0.

For the equation °+ 30002*+ 200002 — 100000 =0, the expression for the root is
z2=y/A+/B+/C+D, where

A =39000 + 18200 v/5 + (1720 + 920 /5) V285 + 94 4/5,

D =39000 + 18200 /5 + (— 1720 — 920 v/5) ¥/235 + 94 /5,
B =39000 — 18200 4/5 + (— 1720 + 920 y/5) V235 — 94 4/5,
C =39000 — 18200 4/5 4+ (1720 — 920 4/5) ¥235 — 94 /5,

and where also

4’ =—150 —
D =—150—
B = —150+
0" =—150 +
and
A" =— 940 —
D" =— 940 —
B’ = — 940 +
0" =— 940 +

The foregoing forms are in
observed that we have

A =260045(1+5)( 2+

70 /5 4+ (—
70 /5 +(
70 4/5 +(
70 4/5 + (-

100 4/5 + (—
100 /5 + (
100 /5 + (
100 /5 + (—

10 —
10 +
10 —
10 +

100 +
100 —
100 +
100 —

some respects the

A =—10y5(1+45)( 2+ #/5)

4"=  20(1-v5)(18+134/5)

or putting for shortness

2 /5) V235 + 94 4/5,
2 /5) V235 + 94 /5,
2 \/5) V235 — 94 /5,
2 V/5) V235 — 94 /5,

20 4/5) V235 + 94 /5,
20 4/5) V235 + 94 /5,
20 4/5) V235 — 94 4/5,
20 4/5) ¥/235 — 94 /5.

most convenient; but it is to be

V5) +40 (1 4+ v/5) (18 + 5 4/5) V4T \/5 (2 + /5), &e.,
— 245 (14 5)VAT/5(2+45), &e.,
+204/5 ( 1— y3)V4T 52 +4/5), &e.,

VQ=VETV5 (2 +v5), V@ =V=47 52— y5),

www.rcin.org.pl



914] ON A SOLUBLE QUINTIC EQUATION. 91

(so that, according to a foregoing remark, we have (2+ 4/5)/Q = /Q,), then we have

A = 40(1++5){65v5( 2+ #5)+(18+5/5) ¥Q}, &,
A S A YD 5 (2 A% vQl, &,
A’w L0~ B) 18 388 4 V5 VQ}, &,

where observe that the term 2+ 4/5 is a factor of Q.
Starting from the values of A’, B, ¢V, IV, we have
A'=—2 Y5 (1+45) {52 +v5) + V@),
D =-2vy51+5){52+v5) -V}
A'D' =20 (14 /5 (2+/5) {25 (2 + ¥/5) — 4T ¥/5},
where the last factor is
=50—224/5, =—24/5 (11— 54/5), =—4/5 (1 —+/5)*(2—/5).

and therefore

Hence
A'D' =—4/5.20 (—4)*(— 1)=320 4/5,
that is,
A'D = (ad)? By =320 4/5, and similarly B'C’ =a8(By)*=—320+/5,
whence

ad=—44/5, By=44+5, and ad+ By =0, as above.

We have, moreover,

A'=—2v5(1+«/5){5(2+«/5)+«/Q},

B = 24501 —v5){5(2—v5)—v@Ql,

A'B =80 {-25-VQQi+5(2—¥5)vQ—5 (2 +V5) V@),

=80 {—25—47+/5+(5(2 - ¥/5)— 5) VQ},

A'B +By= 445{—25—47y5+5(1—y5)V/Q)
=—20 (47 + 54/5) +20 /5 (1 —/5) /Q, =4”;

and similarly we verify the values of B”, C” and D"

and thence

that is,

We have next
A’A” =160 /5 {(10+5 v/5 + Q) (18 + 13 45+ V5 VQ)},

or observing that @ /5 is =285 (2 + v/5), the whole term in { } is
= (505 + 220 4/5) + (470 + 235 4/5) + (18 + 13 4/5 + 25+ 10 /5) /@),
=9754+455 /5 + (43 + 23 v/5) V/Q =65 /5 (T + 3 4/5) + (43 + 23 /5) VQ;

or we have
A’A” =160 /5 {65 /5 (T + 3 4/5) + (43 + 23 ¥/5) V@),

— 160 /5 (1 + 4/5) {65 /5 (2 + v/5) + (18 + 5 /5) /Q)},

and consequently
A'A” + By =401+ /5)(654/5(2+V5)+ (18 +5V5) V@], =4;

and similarly we verify the values of B, C, D.
12—2
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92 ON A SOLUBLE QUINTIC EQUATION. [914

In the proposed equation °+ 30002*+ 200002 —100000=0, we have = 3000,
§ =20000, t=—100000, ad=—44/5; the two equations to be verified thus are

A+B+C+D+404/5(4"+ D — B — (’")—100000 =0,
and

54"+ 15B” + 100" —10D" — %5 (0”2 +2D"%) — 150 /5 (C’ + 2D’) — 1600 + 20000 = 0.

As to the first of these, we have A 4+ B+ C+ D=156000, 4"+ D' — B — C' =— 280 /5,
and the equation thus is

156000 + 40 4/5 (— 280 4/5) — 100000 = 0,
which is right. :

For the second equation, if in the calculation we keep the radicals in the first
instance distinct, we have

54" +15B" +10C” —10D" = — 18800 + 3000 4/5 + (— 1500 + 300 4/5) /Q + (500 + 100 4/5) v/,
—~ 150 /5 (C’ + 2D") = {— 450 — 70 /5
+(20 + 4+ ¥5) V/Q + (— 10 + 2 v/5) ¥/Qy} (— 150 4/5)

—1600+20000 = 18400
it % (C2+2D%) =-— 525 (282000 + 416800 4/5

+ (— 8800 — 4000 x/5) v/Q + (4400 — 2000 +/5) /Gh}.

Substituting in the equation, we ought to have
0=—18800+ 3000 45+ (—1500 + 300 4/5)/Q+( 500+ 100 /5) v/,
+ 52500 + 67500 4/5 + (— 3000 — 3000 4/5) /@ + (— 1500 + 1500 +/5) /@,
+ 18400

— 52100 — 70500 /5 + (5000 + 2200 4/5) /Q + (2500 — 1100 4/5) 4/Q,,
that is,
0=(500— 500 4/5) ¥/Q + (1500 + 500 4/5) v/Q,
viz.

0= 500 {(1 — /5) VQ+(3+ +/5) V@i,
which is satisfied in virtue of y/@=(2+4/5)4/Q,: this completes the verification.
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