





GROUP JUDGEMENT WITH TIES. A POSITION-BASED APPROACH

1. INTRODUCTION

Problems of determining a group judgement have been investigated for over two
centuries. Since there is no ideal method satisfying all the requirements formulated, new
methods possessing desirable properties and avoiding the deficiencies of previous ones are
being developed. To efficiently analyze and solve problems of determining group decisions,
some simplifying assumptions are introduced. Usually, it is assumed that no tied alternatives
can occur either in expert opinion or in group judgement. However, in real life problems
experts are not always able to uniquely determine the order of alternatives with respect to
a given criterion or set of criteria. In such situations the occurrence of tied alternatives should
be taken into account.

Some methods of group judgement can be adapted to ties in experts’ opinions. But
determining a group decision with tied alternatives is more complicated.

Generally, it is assumed that no tied alternatives can occur in group judgement, even if
there are tied alternatives in experts’ opinions. This assumption seems to be rather restrictive
and may affect the solution obtained.

Experts’ opinions may take different forms. In this paper it is assumed that preference
orders are used. Cook and Seiford [11] proposed a system for enumerating positions taken by
the alternatives in preference orders that makes the problem of tied alternatives easier to
handle. This approach has been applied to positional methods of group judgement, ie.
methods taking into account the positions of the alternatives in preference orders. It will be
shown that within this framework some methods defined for the case of no ties can be

extended to the case of ties in experts’ opinions, as well as in group judgement.



A modification of the Borda count is proposed making it possible — in the case of ties —
to obtain the same results for the classical definition, as well as when using an outranking
matrix. Moreover, some rules for generating structures of preference orders to be searched for

in problems of determining group judgement are also given.

2. POSITIONS OF ALTERNATIVES IN A PREFERENCE ORDER

Assume there is a set of n alternatives &= {0y, ..., O,} and a group of X experts who
are asked to order this set according to a given criterion (set of criteria). It is assumed that the
alternative regarded as the best one (in the sense of a criterion/ criteria adopted) takes first
position and the one regarded as the worst one takes last position.

A preference order with ties is generally of the form O,.‘,...,(O,P ss 0 )5, O, , where r tied
alternatives (r>0) placed in the same position p are given in brackets. This notation is referred
to as classical. The positions taken by the alternatives are as follows

L2, .,p-L(p.p, ..., D), D+, ., nr+l. )
e —

r times
Cook and Seiford [11] proposed assigning to a group of  tied alternatives a position ¢ defined
as the mean one

2‘_p+(p+1)+.,,+(p+r—l):2p+(r~1)r:p+r_—l' @
r 2r 2

The expression obtained is of the form v+V for any even r and is an integer otherwise; where
D, r, v are integer numbers. This notation is henceforth referred to as fractional.

For n alternatives, the positions to be considered are taken from the set
T={1,1%,2,2%,3,3%, ..., n-1, n-%s, n}. 3)
The number of possible positions is equal to 2n-1. It is evident that there may be positions

with no alternatives assigned to.



Example 1.

Three preference orders for ten alternatives are given below. Tied alternatives are given in

brackets.

P! 1 {04, Oy, Os, O, 07, O1q, Os, Os, 03, 01}

P*:{{Qs, (01, Oz, 03, 04, Os, 07, O, O1g), Os} )
P*:| {(Os, O7), Os, O, Os, (02, Og), (Os, Os, O10)}

The positions of alternatives in the preference orders considered are as follows.

Using classical notation

sum of numbers of the positions
O O O3 O4 Os O O7 Og Os Opo
taken

PhJlo0 2 9 1 8 4 5 7 3 6 55
P© 2 2 2 2 2 1 2 2 3 2 20 (5)
PPl 5 1 3 2 5 1 6 4 6 39

It can be seen that the sum of numbers of the positions taken by the alternatives varies. It

takes values from n (when all the alternatives are tied and have been placed in first position)

to n(n+1)/2 (when there are no tied alternatives). The positions are numbered one by one.

Using fractional notation

(0]]

0))

sum of numbers of the positions

O3 04 Os Os O7 O3 Oy Oy
taken
P10 2 9 1 8 4 5 7 3 6 55
P%155 55 555555 1 5555 10 5,5 55 (6)
P29 6515 4 3 6515 9 5 9 55

In this case the sum of numbers of the positions taken by the alternatives is constant and

equals n(n+1)/2.



As mentioned before, when ties can occur in preference orders, it can happen that some
positions are not used. This holds true both for the classical, and the fractional notation.
However, the positions are more varied using fractional notation. Therefore - in the authors’

opinion - it better describes experts’ true preferences.

Tt is worth noting that in the case of no ties the classical and fractional notations are
equivalent. A detailed description of the latter is givenin [1, 4, 5, 10, 11].

Both these notations have some advantages and disadvantages. The choice of a notation

is up to the person responsible for obtaining the group judgement.
However, it should be noted that the fractional notation makes it possible to formulate

a framework for an optimization model for determining group judgement (see e.g. [6]).

3. POSITIONAL METHODS OF DETERMINING GROUP JUDGEMENT

For the case under consideration, a group judgement is derived on the basis of the
positions of alternatives in preference orders.
The vector of weights (also called the voting vector) is denoted as follows
w=(wy, ..,Ws) € R,, 7
where w; is the number assigned to position ; taken by an alternative in the preference order.

Generally, it is assumed that Vw , 2w, and w; >w,.
J

A scoring function s; is

‘. 1 if the alternative O, takes the j - th position
s,=, . 8%w,, 8f= in the preference order given by the k - th expert (®)
ket g 0 otherwise.

The winner is the alternative with the highest score.

The form of the weighting vector describes the character of the voting rule e.g.

") The position taken by an alternative in a preference order is denoted as j for the classical and as ¢ for the
fractional notation, respectively.



w=(1,0,..,0) corresponds to the plurality method

w=(11,...1,0,...,0)  corresponds to the case of voting for m candidates

w=(1,1,..1,0) corresponds to the antiplurality method

w=(n-1, ..., n-j, ..., 1, 0) determines the Borda count.

In order to show that the choice of voting rule really matters, let us consider the foilowing

example.

Example 2.

The preference orders of twelve experts for four alternatives are given below.

number of preference orders preference order
1 01>0;>03-04
2 0,>02>04>03
3 0104035 0, )
1 04> 030> 0,
2 03> 04> 02> 0y
3 02> 03> 04> 04

The preference orders obtained using three positional methods are as follows:

score

method / vector of weights preference order
0O, 02 03 O4

plurality (1, 0, 0, O) 6 3 2 1 01>=02>03>04 (10)

antiplurality (1,1, 1,0) 6 9 | 10 | 11 | O4> O3> 020,

Borda (3,2,1,0) 18 | 18 | 18 | 18 | O;~0;~0;~04

The outcomes from applying these different methods seem to be rather unexpected. The

preference orders determined under two systems can be opposite to each other. Also,



alternatives may be assessed to be equivalent. Hence, it is important to choose a suitable

method for the problem to be solved.

3.1. The Borda count

The Borda count is one of two fundamental methods for determining a group
judgement. The second one is the Condorcet method. There has been a lot of debate over the
past two centuries as to which method is better. Both of them have advantages and
disadvantages. Some authors regard the Borda count as a method burdened with a relatively
small number of drawbacks compared to other ones (Saari [21, 22, 23], Nurmi [18]). The
Borda count always determines a winning alternative/ alternatives and fully utilizes the
information given by experts. It also satisfies - among other things — the monotonicity
condition, as well as the Condorcet loser criterion, but it does not satisfy the Condorcet
winner criterion. It is manipulable and not independent of irrelevant alternatives. Saari (see
e.g. [24]) is the main advocate of the Borda method. Other authors e.g. Risse [20], do not
share this opinion on the primacy of the Borda count. However, they admit that the Condorcet
method is not better.

The Borda count initiated the development of a whole family of positional methods. Bury and
Wagner [3] give a description and examples of the application of different positional methods.

It should be emphasized that in the opinion of some authors the Borda count cannot be
applied in the case of ties in preference orders. However, it has been suggested that after some
modifications it may also be used for the case of tied alternatives. Therefore, the application
of the fractional notation to the Borda algorithm seems to be of interest.

Let us recall the definition of the Borda score in the case of no ties.

WB,:Zn:(n—j)S{ ,i,j=1...n,,Z”:S{ =K (11)

j=1 j=1

where 7 — is the number of an alternative,



J — denotes position,
9/ —is the number of experts, who placed alternative O; in position j,
(n—) — is the weight assigned to an alternative taking position .
Let §i» denote the number of experts who regarded alternative O; as better than alternative Oj.

For simplicity, this is denoted by O; » Op. The l; coefficients define the so called outranking

matrix [17]

0,10, l 0,
01 - I12 Iln
O, |1y | = |1, wherelw+ 1=K, i h=1,.n (12)
On lnl an o -

The Borda score for an alternative can also be determined as the sum of elements in the

corresponding row of the outranking matrix [17}:
WB, =31, (13
h=1
The Borda winner is the alternative O;, such that WB; = WB 0 = max WB,.

1t is evident that WB,..x < (n-1)K. Equality holds in the case where all experts regard a given
alternative as the best one.
It can be shown that in the case of ties the direct application of formulas (11) and (13)

may result in different outcomes.

Example 3.

The preference orders determined by seven experts for a set of six alternatives are given
below. Tied alternatives are given in brackets. The positions (the classical notation is applied)

taken by alternatives in the preference orders under consideration are also presented.



{02, O1, (O3, Oy, Os, O¢)}
{03, Os, Og, O4, Oy, 02}
{(O1, Os, Ts), (O3, O4), Oz}
{O1, Oy, 03, 04, Os, Os}
{(Oa, O3), Os, O4, (01, O6)}
{01, Os, Og, O3, O4, 02}

{Os, (02, 03), (04, O4), Os}

The Borda scores obtained with the use of formula (11) are as follows:

akmﬂaﬁve} (o} { 0, / 0s

04

(os

0, 0, 0; 04 Os O
p. 2 1 3 3 3 3
P~ 5 6 1 4 2 3
P13 2 2 1 1
P 1 2 3 4 5 6 (14
P 4 1 1 3 2 4
P> 1 6 4 5 2 3
P 3 2 2 3 4 1

(15)

/ Os

WB,

score

l 25 i 21 ‘ 26 ] 18 [*23 ( 21

The winning alternative is O3. The preference order obtained with respect to the Borda

is {03, 0Oy, Os, (Oz, 05), 04}.

The outranking matrix (12) is of the form.

0, 0, O3 04 Os Og|WB,
0,0 4 4 4 4 3] 19
O3 0 2 4 4 316
Os|3 3 0 5 4 31 18
O4/2 3 0 0 2 2] 9
Os| 2 3 2 4 0 4115
Ol 2 4 3 4 1 014

16)

The winning alternative in the sense of (13) is O;. The preference order obtained with

respect to the Borda score is {01, O3, Oy, Os, Og, O4}. It is evident that the values of the

Borda scores derived with the use of (11) and (13) differ.



To remove this discrepancy, the fractional notation is applied and the outranking matrix
is modified. According to the Borda method, the weights assigned to alternatives taking the

possible fractional positions are given as follows:

—

t 1 1% 2 2% .. n-1 n- n a7

Wi n-1 n-1% n-2 n2% | L 1 Va 0

Generally, for a fractional position £, the corresponding weight is w; = #-£.

Let 9] denote the number of experts who placed alternative O; in position .

The Borda score for alternative O; is

WB, =2 wS =>(n-08=>n%->18, i=l.nted. (18)
&5 e tes” e
Since » §;=K, (19)
es”
WB, =nkK - Zt\‘},’. . (20)
e

Let m;; denote the number of experts who regarded alternatives O; and Oy as being tied, i.e.

0,~0, and Is =1, +0,5m,, . 21)
Formula (13) becomes: WB, = 51 = i(l,.,, +0,5m,,). (22)
h=1 h=1

One also has In +1w =1, +0,5m,, +1,,+0,5m, =1, +1,,+m, =K .

From formulas (20) and (22), it follows that WB; = WB, .

Example 4.
Let us again consider the preference orders given in Example 3. The positions —

corresponding to the fractional notation — taken by the alternatives for the preference orders

considered are also given,



{02, Oy, (03, 04, Os, O6)}
{03, Os, Og, 04, 01, O2}
{(Oy, Os, Og), (O3, O4), 02}
{04, Oy, 03, 04, Os, Os}
{(O, 03), Os, 04, (01, Og)}
{0y, Os, Og, O3, Oy, 02}

{Os, (02, 03), (01, Oy), Os}

O O 01 04 0Os O

P2 1 45 45 45 45

3

>

P> 55 15 1,5 4 3 55

P’ 45 25 25 45 6 1

The outranking matrix determined according to (21) is of the form:

0, 0, O3 Os Os O |WB;
0| 0 4 4 45 45 4 | 21
0./3 0 3 4 4 3|17
O/ 3 4 0 6 45 35 21
04(25 3 1 0 25 25[115
0s(25 3 25 45 0 5 [175
Os| 3 4 35 45 2 0| 17

The Borda scores determined according to (20) are as follows:

altemative’ 0, ’ 0, ‘ 05

| o |

05105

WB;

’ 21 l 17 ‘ 21 /11,5,17,5’ 17

The results derived with the use of (20) and (22) agree. The winning alternatives in the sense

23)

(24)

@5

of Borda are O and O;. The preference order obtained with respect to the Borda score is of

the form {(O;, 03), Os, (02, Os), O4}.

It follows from Example 4 that as a result of the application of the Borda count, some

alternatives may have the same score. However, it should be emphasized that even in the case

of no ties in experts’ opinions, tied alternatives can occur in a group judgement.



Example 5.
The preference orders determined by five experts for a set of five alternatives are given
below. There are no tied alternatives. The positions of alternatives are the same for both the

classical and fractional notation.

01 Oz 03 04 05

Pl {03, Oy, Os, 04, O3} PL. 2 5 1 4 3
P% {03, Oy Oy, Os, 0;} P 3 5 1 2 4
P’ {04, Oy, 03, O, Os} P> 1 2 3 4 5 (26)
P* {03, O4 Oy, O, Os} P 3 4 1 2 5
P* {O4, Oy, Os, Oz, O3} P> 2 4 5 1 3

The Borda scores are as follows
alternative’ 0, [ 0O, , (0 l Oy [ Os 27)
WB; —|14‘ 5 114112,5

The winning alternatives (in the sense of Borda) are O; and Os. The preference order obtained

with respect to the Borda score is of the form {(O1, O3), Oa, (02, Os)}.

3.2. Some modifications of the Borda method

One can find various modifications of the Borda method in the literature. Nurmi [18]
analyses other forms of scoring rule, namely geometric average, median rule, maximin and
Litvak’s rule. However, efforts to modify the method in order to satisfy various criteria (e.g.
the Condorcet winner criterion or independence of irrelevant alternatives) generally result in
worsening other properties. A general conclusion is that for non-political decision making, the
drawbacks of the Borda method mentioned above are of less importance. Various versions of
the Borda count are used to determine awards in competitions, e.g. in the Eurovision song
contest and for project evaluation. An interesting application of the Borda count in the case of

a fixed structure of alternatives is given in a paper by Richards et al. [19].




4. DETERMINING A GROUP JUDGEMENT BY MEANS OF DISTANCE
MINIMIZATION
A group judgement can also be determined as a preference order P which is the closest
one - in the sense of the distance applied — to the set of preference orders {P*} given by

experts. This problem can be formulated as follows:
X
ménZd(P",P)—) P. (28)
k=1

Such a problem can be solved e.g. by an exhaustive search over the set of all possible
preference orders for a given ». However, this approach is limited, due to the fact that the
number of preference orders to be searched through grows rapidly with n. Nevertheless, in the
case where the structure of group opinion is subject to some restrictions, this difficulty is not

so serious. Another approach consists of formulating and solving an optimization problem.

4.1 Distance defined on the basis of the alternatives' positions in preference orders
The distance between preference orders can be formulated in many ways. For the
purpose of this paper, definitions making use of the positions of alternatives in preference

orders are considered. It is usually assumed that

d@,PP) =3 dp, P =3 3 1(qk ~q,), (29)

k=1 j=1
where

g denotes the position taken by alternative Oy in the preference order given by expert k,

q; denotes the position taken by alternative O; in the preference order P to be searched for,
£/ -q,)20.
A simple, but frequently used, form of the function fis f(qf ~q,) :’qf —qfl, applied e.g. in

[11]. The distance formulated in such a way has a simple intuitive interpretation.



When there are no ties, problem (28) can be formulated as a linear assignment model [13].

Let us assume that alternative O; takes position j in the preference order P. The distance (29)

can be written as

dP,P®)y=3">"d,y, , where (30)
=1 j=1
S k
d,_,:zf(q; _j): (31)
k=1
1 if O, takes position j in the preference order P
Yij = . 32)
0 otherwise,
~ Yi = 1, (33)
=1, =1
o y; =1 349

In the case of ties — in preference orders given by experts and/ or in group judgement -
problem (28) can be solved as a linear integer optimization problem by imposing additional

constraints [6].

Cook and Seiford [12] — referring to the well known book of Kendall {14] — suggested

to assume that £(q* —q,) = (q," - q,.)2 . Problem (28) is then of the form
n K
min 3> (qF -q.)* > . (35)
i=l k=1
Kendall [14] proved that in the case of no ties the preference order P and the preference order
determined using the Borda method are the same. The following example illustrates this

property. However, using a counterexample, it can be shown that in the case of ties it is not

always true [7].



Example 6.

The preference orders determined by eleven experts for a set of 5 alternatives are given
below. There are no tied alternatives in experts’ opinions. The positions taken by the
alternatives are as follows (the classical and fractional notations are equivalent).

O, 0 O3 04 Os

Pl {05, Os, 0y, 04, 01} P 5 3 1 4 2
P% {0y, Os, O4, 03, 02} P 1 5 4 3 2
P {05, Oy, Os, Oy, O4) PP 2 4 1 5 3
P* {0y, Oy, 03, 04, Os) P 2 1 3 4 5
P’ {Os, Oy, O3, 04, O1} PP 5 2 3 4 1
P8 {03, Os, Oy, Oy, O4) P 4 3 1 5 2 (36)
P": {03, Oy, Os, O4, 03) P2 5 1 4 3

P% {05, 05, O4, Oy, 02} P> 4 5 2 3 1

P°: {Os, 0, 03, Oy, O5) P> 5 2 3 4 1
P!% {03, Os, Oy, Ou, O3} P 3 5 1 4 2
P! {0y, 05, 0, O3, Oy} P31 4 5 2

The Borda scores are as follows:
Os 37

19’19’31’10’31

alternative | O 0O | Oy Oy

WB;
The preference order obtained with respect to the Borda score is: {(O3, Os), (01, O2), O4).

The solution of problem (35) is:

{(0s, Os), (04, 02), Oa)}. (38)



















































