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GROUP JUDGEMENT WITH TJES. A POSITION-BASED APPROACH 

1. INTRODUCTION 

Problems of determining a group judgement have been investigated for over two 

centuries. Since there is no ideał method satisfying all the requirements formulated, new 

methods possessing desirable properties and avoiding the deficiencies of previous ones are 

being developed. To efficiently analyze and solve problems of determining group decisions, 

some simplifying assumptions are introduced. Usually, it is assumed that no tied altematives 

can occur either in expert opinion or in group judgement. However, in real life problems 

experts are not always able to uniquely determine the order of altematives with respect to 

a given criterion or set of criteria. In such situations the occurrence of tied alternatives should 

be taken into account. 

Some methods of group judgement can be adapted to ties in experts' opinions. But 

determining a group decision with tied alternatives is more complicated. 

Generally, it is assumed that no tied alternatives can occur in group judgement, even if 

there are tied alternatives in experts' opinions. This assumption seems to be rather restrictive 

and may affect the solution obtained. 

Experts' opinions may take different forms. In this paper it is assumed that preference 

orders are used. Cook and Seiford [11] proposed a system for enumerating positions taken by 

the alternatives in preference orders that makes the problem of tied alternatives easier to 

handle. This approach has been applied to positional methods of group judgement, i.e. 

methods taking into account the positions of the alternatives in preference orders. It will be 

shown that within this framework some methods defined for the case of no ties can be 

extended to the case ofties in experts' opinions, as well as in group judgement. 



A modification of the Borda count is proposed making it possible - in the case ofties -

to obtain the same results for the classical definition, as well as when using an outranking 

matrix. Moreover, some rui es for generating structures of preference orders to be searched for 

in problems of determining group judgement are also given. 

2. POSITIONS OF ALTERNATIVES IN A PREFERENCE ORDER 

Assume there is a set ofn alternatives &'= {01, ... , On} and a group of K experts who 

are asked to order this set according to a given criterion (set of criteria). It is assumed that the 

alternative regarded as the best one (in the sense of a criterion/ criteria adopted) takes first 

position and the one regarded as the worst one takes last position. 

A preference order with ties is generally of the form O;, , ... ,(O;, , ... ,O;,.), ... ,O;., where r tied 

alternatives (r::::0) placed in the same position p are given in brackets. This notation is referred 

to as classical. The positions taken by the alternatives are as follows 

1, 2, .... ,p-1, (p, p, .... , p),p +l, ... ,n-r+l. 
'--r----' 

r timcs 

(1) 

Cook and Seiford [11] proposed assigning to a group ofr tied alternatives a position t defined 

as the mean one 

p+(p+l)+ ... +(p+r-1) 2p+(r-I) r-1 
r 2r r=p+2. (2) 

The expression obtained is of the form v+½ for any even rand is an integer otherwise; where 

p, r, v are integer numbers. This notation is henceforth referred to as fractional. 

For n alternatives, the positions to be considered are taken from the set 

Y= {l, I½, 2, 2½, 3, 3½, ... , n-1, n-½, n}. (3) 

The number of possible positions is equal to 2n-l. It is evident that there may be positions 

with no alternatives assigned to. 



• 

• 

Example 1. 

Three preference orders for ten altematives are given below. Tied altematives are given in 

brackets. 

(4) 

The positions of alternatives in the preference orders considered are as follows. 

Using classical notation 

01 02 03 04 Os 06 01 Os 09 010 
sum ofnumbers of the positions 

taken 

pl: 10 2 9 8 4 5 7 3 6 55 

p2: 2 2 2 2 2 2 2 3 2 20 (5) 

PJ: 6 5 3 2 5 6 4 6 39 

lt can be seen that the sum of numbers of the positions taken by the alternatives varies. It 

takes values from n (when all the alternatives are tied and have been placed in first position) 

to n(n+l)/2 (when there areno tied altematives). The positions are numbered one by one. 

Using fractional notation 

01 02 03 04 Os 06 01 Os 09 010 
sum ofnumbers of the positions 

taken 

pl: 10 2 9 8 4 5 7 3 6 55 

p2: 5,5 5,5 5,5 5,5 5,5 5,5 5,5 10 5,5 55 (6) 

pl: 9 6,5 1,5 4 3 6,5 1,5 9 5 9 55 

In this case the sum of numbers of the positions taken by the alternatives is constant and 

equals n(n+ 1 )/2. 



As mentioned before, when ties can occur in preference orders, it can happen that same 

positions are not used. This holds true both for the classical, and the fractional notation. 

However, the positions are mare varied using fractional notation. Therefore - in the authors' 

opinion - it better describes experts' true preferences. 

It is worth noting that in the case of no ties the classical and fractional notations are 

equivalent. A detailed description of the Iatter is given in [1, 4, 5, 10, 11]. 

Bath these notations have same advantages and disadvantages. The choice of a notation 

is up to the person responsible for obtaining the group judgement. 

However, it should be noted that the fractional notation makes it possible to formulate 

a framework for an optimization model for determining group judgement (see e.g. [6]). 

3. POSITIONAL METHODS OF DETERMINING GROUP JUDGEMENT 

For the case under consideration, a group judgement is derived on the basis of the 

positions of altematives in preference orders. 

The vector ofweights (also called the voting vector) is denoted as follows 

W= (w1, .. ,,wn) E Rn, (7) 

where Wj is the number assigned to position/l taken by an altemative in the preference order. 

Generally, it is assumed that \/ w i ~ w i+I and w1 >wn, 
J 

A scoring function s; is 

if the altemative O; takes the j - th position 

in the preference order given by the k - th expert 

otherwise. 

The winner is the altemative with the highest score. 

The form of the weighting vector describes the character of the voting rule e.g. 

11 The position taken by an alternative in a preference order is denoted as} for the classical and as t for the 
fractional notation, respectively. 

(8) 



w=(l, O, ... , O) corresponds to the plurality method 

w= (l,l, ... 1,0, ... ,0) corresponds to the case ofvoting form candidates 
'----v---' 

m 

w=(l, 1, ... 1, O) corresponds to the antiplurality method 

w=(n-1, ... , n-j, ... , 1, O) deterrnines the Borda count. 

In order to show that the choice of voting rule really matters, !et us consider the following 

example. 

Example 2. 

The preference orders oftwelve experts for four altematives are given below. 

number of preference orders preference order 

01 >-02>-03>-04 

2 01 >-02>- 04>- 03 

3 01 >-04>-03>- 02 (9) 

04>-03>-02>-01 

2 03>-04>-02>-01 

3 02>- 03 >- 04>- 01 

The preference orders obtained using three positional methods are as follows: 

score 
method I vector ofweights 

01 02 03 04 
preference order 

plurality (1, O, O, O) 6 3 2 1 01 >-02>-03>-04 (10) 

antiplurality (1, 1, 1, O) 6 9 10 11 04>-03 >- 02>-01 

Borda (3, 2, 1, O) 18 18 18 18 01ss02ss03ss04 

The outcomes from applying these different methods seem to be rather unexpected. The 

preference orders determined under two systems can be opposite to each other. Also, 



alternatives may be assessed to be equivalent. Hence, it is important to choose a suitable 

method for the problem to be solved. 

3 .1. The Barda count 

The Barda count is one of two fundamental methods for determining a group 

judgement. The second one is the Condorcet method. There has been a lot of debate over the 

past two centuries as to which method is better. Both of them have advantages and 

disadvantages. Some authors regard the Barda count as a method burdened with a relatively 

small number of drawbacks compared to other ones (Saari (21, 22, 23), Nurmi (18]). The 

Borda count always determines a winning alternative/ alternatives and fully utilizes the 

information given by experts. It also satisfies - among other things - the monotonicity 

condition, as well as the Condorcet laser criterion, but it does not satisfy the Condorcet 

winner criterion. It is manipulable and not independent of irrelevant alternatives. Saari (see 

e.g. (24]) is the main advocate of the Barda method. Other authors e.g. Risse [20), do not 

share this opinion on the primacy of the Borda count. However, they admit that the Condorcet 

method is not better. 

The Borda count initiated the development of a who le family of positional methods. Bury and 

Wagner (3) give a description and examples of the application of different positional methods. 

It should be emphasized that in the opinion of some authors the Barda count cannot be 

applied in the case ofties in preference orders. However, it has been suggested that after some 

modifications it may also be u sed for the case of tied alternatives. Therefore, the application 

of the fractional notation to the Barda algorithm seems to be of interest. 

Let us recall the definition of the Borda score in the case of no ties. 

n n 

WB;= :~)n- j)S; , i,j = 1...n„ L S{ = K (11) 
J=I J=I 

where i - is the number of an alternative, 



j - denotes position, 

S{ - is the number of experts, who placed altemative O; in position j, 

(n-j) - is the weight assigned to an alternative taking position}. 

Let l;h denote the number of experts who regarded altemative 0 1 as better than alternative 0h. 

For simplicity, this is denoted by O, >- 0h. The l;h coefficients define the so called outranking 

matrix (17] 

01 02 ... o. 
01 - 112 ... 

l1n 

02 121 - ... 12n , where l1h + lh1 =K; i, h = 1, .. . ,n . (12) 

o. In! ln2 . .. -

The Borda score for an altemative can also be determined as the sum of elements in the 

corresponding row of the outranking matrix [ 17]: 

WB,= i;I;,, . 
h=ł 

The Borda winner is the alternative O;, such that WB1 = WB max= max WB h . 
h 

(13) 

It is evident that WBmax s; (n-l)K. Equality holds in the case where all experts regard a given 

altemative as the best one. 

It can be shown that in the case of ties the direct application of formulas (11) and (13) 

may result in different outcomes. 

Example 3. 

The preference orders determined by seven experts for a set of six altematives are given 

below. Tied alternatives are given in brackets. The positions (the classical notation is applied) 

taken by alternatives in the preference orders under consideration are also presented. 



01 02 03 04 Os 06 

pl: {02, 01, (03, 04, Os, 06)} P: 2 3 3 3 3 

p2: {03, Os, 06, 04, 01, 02} p2: 5 6 4 2 3 

P3 : {(01, Os, 06), (03, 04), 02} p3: 3 2 2 

P4: {01, 02, 03, 04, Os, 06} P4: 2 3 4 5 6 (14) 

Ps : {(02, 03), Os, 04, (01, 06)} Ps: 4 3 2 4 

P6 : {01, Os, 06, 03, 04, 02} P6 : 6 4 5 2 3 

p1: {06, (02, 03), (01, 04), Os} P1: 3 2 2 3 4 

The Barda scores obtained with the use of formula (11) are as follows: 

altemative 01 02 03 04 Os 06 (15) 

WB; 25 21 26 18 23 21 

The winning altemative is 0 3. The preference order obtained with respect to the Barda 

score is {03, 01, Os, (02, 06), 04} . 

The outranking matrix (12) is of the form. 

01 02 03 04 Os 06 WB, 

01 o 4 4 4 4 3 19 

02 3 o 2 4 4 3 16 

03 3 3 o 5 4 3 18 (16) 

04 2 3 o o 2 2 9 

Os 2 3 2 4 o 4 15 

06 2 4 3 4 o 14 

The winning altemative in the sense of (13) is 01 . The preference order obtained with 

respect to the Barda score is {01, 03, 02, Os, 06, 04} . It is evident that the values of the 

Barda scores derived with the use of(l l) and (13) differ. 



To remove this discrepancy, the fractional notation is applied and the outranking matrix 

is modified. According to the Barda method, the weights assigned to altematives taking the 

possible fractional positions are given as follows: 

t 1 l½ 2 2½ ..... n-1 n-½ 

w, n-1 n-1½ n-2 n-2½ ..... 1 ½ 

Generally, for a fract10nal position t, the corresponding weight is w,= n-t. 

Let s; denote the number of experts who placed alternative O; in position t. 

The Barda score for altemative O; is 

WB;= I;w,s; = I;(n-t)S'. = I;nS'.- I;ts;, i= l...n, t E Y. 
teY teY teY teY 

Since I;s;=K, 
teY 

WB; =nK- I;tS'.. 
teY 

n (17) 

o 

(18) 

(19) 

(20) 

Let m;h denote the number of experts who regarded altematives 0 1 and Oh as being tied, i.e. 

(21) 

Formula (13) becomes: WB;= i:Lh = i:(l;h +0,5m;h). (22) 
h=I h=I 

Prom formulas (20) and (22), it follows that WB;= WB;. 

Example 4. 

Let us again consider the preference orders given m Example 3. The positions -

corresponding to the fractional notation - taken by the alternatives for the preference orders 

considered are also given. 



01 02 03 04 Os 06 

pl: {02, 01, (03, 04, Os, 06)} P1: 2 4,5 4,5 4,5 4,5 

p2: {03, Os, 06, 04, 01, 02} p2: 5 6 4 2 3 

P3: {(01, Os, 06), (03, 04), 02} p3: 2 6 4,5 4,5 2 2 

P4: {01, 02, 03, 04, Os, 06} P4: 2 3 4 5 6 (23) 

Ps: {(02, 03), Os, 04, (01, 06)} Ps: 5,5 1,5 1,5 4 3 5,5 

P6: {01, Os, 06, 03, 04, 02} P6: 6 4 5 2 3 

P1: {06, (02, 03), (01, 04), Os} P1: 4,5 2,5 2,5 4,5 6 

The outranking matrix determined according to (21) is of the form: 

01 02 03 04 Os 06 WB, 

01 o 4 4 4,5 4,5 4 21 

02 3 o 3 4 4 3 17 

03 3 4 o 6 4,5 3,5 21 (24) 

04 2,5 3 o 2,5 2,5 11,5 

Os 2,5 3 2,5 4,5 o 5 17,5 

06 3 4 3,5 4,5 2 o 17 

The Borda scores determined according to (20) are as follows: 

altemative 01 02 03 04 Os 06 (25) 

WB, 21 17 21 11,5 17,5 17 

The results derived with the use of (20) and (22) agree. The winning altematives in the sense 

ofBorda are 0 1 and 0 3. The preference order obtained with respect to the Borda score is of 

It follows from Example 4 that as a result of the application of the Borda count, some 

altematives may have the same score. However, it should be emphasized that even in the case 

ofno ties in experts' opinions, tied altematives can occur in a group judgement. 



Example 5. 

The preference orders determined by five experts for a set of five alternatives are given 

below. There are no tied alternatives. The positions of alternatives are the same for both the 

classical and fractional notation. 

01 02 03 04 Os 

P1: {03, 01, Os, 04, 02} P: 2 5 4 3 

p2: {03, 04, 01, Os, 02} p2; 3 5 2 4 

p3; {01, 02, 03, 04, Os} P3 : 2 3 4 5 (26) 

p4; {03, 04, 01, 02, Os} P4: 3 4 2 5 

Ps : {04, 01, Os, 02, 03} Ps: 2 4 5 3 

The Barda scores are as follows 

alternative 01 02 03 04 Os (27) 

WB; 14 5 14 12 5 

The winning alternatives (in the sense ofBorda) are 01 and 03. The preference order obtained 

with respect to the Barda score is of the form { (01, 03), 04, (02, Os)}. 

3.2. Some modifications of the Barda method 

One can find various modifications of the Barda method in the literature. Nurmi [18] 

analyses other forms of scoring rule, namely geometrie average, median rule, maximin and 

Litvak's rule. However, efforts to modify the method in order to satisfy various criteria (e.g. 

the Condorcet winner criterion or independence of irrelevant alternatives) generally result in 

worsening other properties. A generał conclusion is that for non-political decision making, the 

drawbacks of the Barda method mentioned above are of less importance. Various versions of 

the Barda count are used to determine awards in competitions, e.g. in the Eurovision song 

contest and for project evaluation. An interesting application of the Barda count in the case of 

a fixed structure ofalternatives is given in a paper by Richards et al. [19]. 



4. DETERMINING A GROUP JUDGEMENT BY MEANS OF DIST ANCE 

MINIMIZATION 

A group judgement can also be determined as a preference order P which is the closest 

one - in the sense of the distance applied - to the set of preference orders {Pk} given by 

experts. This problem can be formulated as follows: 

(28) 

Such a problem can be solved e.g. by an exhaustive search over the set of all possible 

preference orders for a given n. However, this approach is limited, due to the fact that the 

number ofpreference orders to be searched through grows rapidly with n. Nevertheless, in the 

case where the structure of group opinion is subject to some restrictions, this difficulty is not 

so serious. Another approach consists offormulating and solving an optimization problem. 

4.1 Distance defined on the basis of the altematives' positions in preference orders 

The distance between preference orders can be formulated in many ways. For the 

purpose of this paper, definitions making use of the positions of altematives in preference 

orders are considered. lt is usually assumed that 

(29) 
k=I k=l i=l 

where 

ą~ denotes the position taken by altemative O; in the preference order given by expert k, 

q; denotes the position taken by alternative O; in the preference order P to be searched for, 

A simple, but frequently used, form of the function fis f(q~ - q;) = lą~ - ą;I, applied e.g. in 

[11]. The distance formulated in sucha way has a simple intuitive interpretation. 



• 

When there areno ties, problem (28) can be formulated as a Iinear assignment model [13). 

Let us assume that altemative O; takes position} in the preference order P. The distance (29) 

can be written as 

n n 

d(Pfkl) = LLdifyif, where 
i=l j=l 

K 

tlij = I;f(q~ - j)' 
k=I 

if O; takes position j in the preference order P 

otherwise, 

V i> =l, 
i=l, ... ,n J=l 1J 

V fyij =l . 
J=l, ... ,n i=l 

(30) 

(31) 

(32) 

(33) 

(34) 

In the case of ties - in preference orders given by experts and/ or in group judgement -

problem (28) can be solved as a Iinear integer optimization problem by imposing additional 

constraints [ 6). 

Cook and Seiford [12] - referring to the well known book of Kendall [14] - suggested 

to assume that f(q; -q,) = (ą; -q;)2. Problem (28) is then of the form 

(35) 

Kendall [ 14] proved that in the case of no ties the preference order P and the preference order 

determined using the Borda method are the same. The following example illustrates this 

property. However, using a counterexample, it can be shown that in the case of ties it is not 

always true [7]. 



Example 6. 

The preference orders determined by eleven experts for a set of 5 altematives are given 

below. There are no tied alternatives in experts' opinions. The positions taken by the 

alternatives are as follows (the classical and fractional notations are equivalent). 

01 02 03 04 Os 

P1: {03, Os, 02, 04, 01} pl; 5 3 4 2 

p2: {01, Os, 04, 03, 02} p2: 5 4 3 2 

P3: {03, 01, Os, 02, 04} P3: 2 4 5 3 

P4: {02, 01, 03, 04, Os} P4: 2 3 4 5 

Ps: {Os, 02, 03, 04, Oi} Ps: 5 2 3 4 

p6: {03, Os, 02, 01, 04} P6: 4 3 5 2 (36) 

P1: {03, 01, Os, 04, 02} P1: 2 5 4 3 

Ps: {Os, 03, 04, 01, 02} Ps: 4 5 2 3 

P9: {Os , 02, 03, 04, Oi} p9: 5 2 3 4 

plO: {03, Os, 01, 04, 02} plO: 3 5 4 2 

pil : {02, Os, 01, 03, 04} pll; 3 4 5 2 

The Barda scores are as follows: 

alternative 01 02 03 04 Os (37) 

WB; 19 19 31 10 31 

The preference order obtained with respect to the Barda score is: {(03, 0 5), (01, 0 2), 0 4 }. 

The solution of problem (35) is: 

(38) 



Problem (35) was solved as a generalized linear assignment problem with the use of a so 

called table ofstructures [4, 5, 6]; CPLEX software was applied to perform the calculations. 

It is worth noting that the formulation of optimization problem (35) makes it possible to take 

into account same additional constraints imposed on the group judgement. This is not possible 

with the use of classic positional methods. 

4.2. The Kemeny median method 

One distance minimization method which deserves special attention is the Kemeny 

median. lt has desirable properties - it satisfies the Condorcet winner criterion and a weaker 

version of independence of irrelevant altematives. It can be interpreted as the preference order 

that is the closest one (in the sense of the di stance defined for a pairwise comparison matrix) 

to the set of the experts' opinions. 

The Kemeny median method is not a positional one. However, in the case of no ties the 

pairwise comparison matrix can easily be derived on the basis of the positions taken by the 

alternatives in the experts' orderings. 

Computing the Kemeny median is NP-hard. However, Davenport and Kalagnanam [9] 

and Conitzer et al. [8] showed that same greedy algorithms, as well as modified branch and 

bound algorithms, can be used to salve such problems. 

The problem (28) of determining the Kemeny median in the case ofties is presented in [6]. 

5. THE NUMBER OF PREFERENCE ORDERS OF n ALTERNATIVES 

Same problems of determining a group judgement subject to a given criterion can be 

solved by an exhaustive search over the whole set of preference orders. If same constraints 

are imposed on the structure of a group decision, then the number of preference orders to be 

analyzed may be significantly reduced. For example, it can be assumed that the first m 



alternatives from the n considered cannot be tied, or the last m alternatives are tied. However, 

the problem of generating all the possible structures of preference orders will be considered 

first. 

5.1. Structures ofpositions - determining subsets of elements 

Consider a preference order with n positions. Assume that the relation between two 

elements in this order may only be of the form >- or "". Then the number of possible 

structures of the positions taken by the alternatives that may be created with the use of these 

relations is equal to 2"-1. The number of positions taken by the relation symbols in this 

preference order is equal to (n-1). Only one form i.e. >- or "" of the relation considered can be 

placed in a given position. This is illustrated in Fig. 1. 

O;, ........, 
l"'position 

I ~,. : I O;, -2"" position 

I w.;, O;, I •1<1 •• • I ,;i. :, 
........, 

3rd position 

Fig. 1 

O; __ , 
'-v-' 

(n-1)• position 

I .,. : I O;. -n' position 

Hence, for a given n the numbers of the possible structures of positions Ln (in the classical 

sense) are as follows 

n=2 n=3 n=4 n=5 n=6 
(39) 

It should be noted that the numbers given in (39) do not determine all the preference orders 

for the n alternatives. They only indicate the number of structures derived under the 

assumption that alternatives O;,, •· ·,O,. can be placed in n positions. 

Example 7. 

Let us assume that n=5 and the structure of the preference order is as follows : 

(40) 



U sing class i cal notation, this can be written as 

(01,,01,), (01,,01.), 0 1,. (41) 

The number of preference orders corresponding to structure ( 40) is equal to 

G}G) = 10-3 = 30, because the first pair oftied altematives can be chosen in G) ways, 

the second one in (~) ways. Once these four alternatives have been chosen, the fifth one is 

fixed. 

In the authors' opinion, it is advantageous to describe preference orders by means of 

position numbers with tied alternatives being marked. Such an approach makes it easier to 

generate structures of preference orders. 

Hence, preference orders considered should be written as follows: 

(1, 2), (3, 4), 5, (42) 

where 1, 2, 3, 4, 5 denote the numbers of the positions and - according to (41)-the positions 

taken by tied alternatives are given in brackets. 

AJ! the position structures possible for n=3, 4, 5, as well as the numbers ofpreference orders 

related to each of these structures, are given in Table 1. For a given n the sum of the latter is 

equal to the number of all preference orders for n alternatives. 



Table I. Structures ofpositions and the numbers ofpreference orders for n=3, 4, 5 

n=3 n=5 

10 1, 2, 3 6=3! 10 1, 2, 3, 4, 5 120=5! 

60 (1, 2), (3, 4), 5 30=GJ{~J 

70 (1, 2), 3, (4, 5) 30 

n=4 go 1, (2, 3), (4, 5) 30 

go (1, 2, 3, 4) 16° (1, 2, 3, 4, 5) 

75 541 



Structures of a similar type are marked in the same colour (white or grey). The concept of 

similar type is understood in the sense of the subsets considered, e.g. structure no 0 1 O for n=5 

consists of one subset of three elements and two subsets of one element, just as structures no 0 

9 and 11. 

5.2. Structures of positions - determining partitions of a set of n elements into u non-empty 

subsets 

Let 5-:; denote the number of all possible preference orders for a set of n alternatives. It can be 

shown [ 16] that 

n 

9,; = L9.:u, where 9;;. = u!S(n,u), (43) 
u=l 

and S(n,u) denotes the Stirling number of the second kind. The number ofpreference orders 

.9;, to be considered is given by the approximation [2] .97,,, n! 
" 2(1og 2}"'1 

(44) 

Table 2. Number of preference orders with no ties or with ties allowed (determined using 

(44)) forn=3, ... , 10. 

Number of Number ofpreference 5-:; - total number of 

alternatives orders - no ties preference orders 

3 6 13 

4 24 75 

5 120 541 

6 720 4 683 

7 5 040 47 293 

8 40 320 545 835 

9 362 880 7 087 261 

10 3 628 800 102 247 563 



The numbers of all preference orders for n=3, 4 and 5 determined in Table 1 are equal to 

those given in Table 2. 

The problem of determining the set of possible preference orders for n altematives can 

also be solved by generating partitions of a set of n elements into u nonempty subsets, u=l, 

... , n. The number of such partitions is called the n-th Bell number, denoted Bn. 

n 

It can be defined as [15] B" = LS(n,u). (45) 
u=O 

The Bell numbers for n=l, .. . , 7 are as follows: 

n 2 3 4 5 6 7 

2 5 15 52 203 877 

Partitions ofa set ofn elements into u subsets, u=l, ... ,n, are presented in Table 3. 

Table 3. Types ofpreference orders (partitions ofa set) and numbers ofpossible preference 

orders (shaded columns) for each partition for n=3, 4 and 5 

n=3 n=4 n=5 

u u u 

1 o 1, 2, 3 3 1 o 1, 2, 3, 4 4 1 o 1, 2, 3, 4, 5 5 

20 (1,5),2,3,4 4 

30 1,(2,5),3,4 4 

40 1,2,(3,5),4 4 

50 1,2,3,( 4,5) 4 

20 (1,3),2 2 20 (1,4),2,3 3 60 (1,4),2,3,5 4 

70 (1,4,5),2,3 3 

go (1,4),(2,5),3 3 

90 (1,4),2,(3,5) 3 

30 1,(2,3) 2 30 1,(2,4),3 3 100 1,(2,4),3,5 4 

110 (1,5),(2,4),3 3 



continued n=3 n=4 n=5 

12° 1,(2,4,5),3 3 

130 1,(2,4),(3,5) 3 

40 (1,2),3 40 1,2,(3,4) 3 14° 1,2,(3,4),5 4 

15° (1,5),2,(3,4) 3 

16° 1,(2,5),(3,4) 3 

17° 1,2,(3,4,5) 3 

50 (1,3),2,4 3 18° (1,3),2,4,5 

19° (1,3,5),2,4 3 

20° (1,3),(2,5),4 3 

21° (1,3),2,(4,5) 3 

60 1,(2,3),4 3 22° (1,3,4),2,5 3 

23° (1,3,4,5),2 2 

24° (1,3,4),(2,5) 2 

25° (1,3),(2,4),5 3 

70 (1,2),3,4 3 (1,3,5),(2,4) 2 

(1,3),(2,4,5) 2 

1,(2,3),4,5 4 

(1,5),(2,3),4 3 

2 1,(2,3,5),4 3 

1,(2,3),(4,5) 3 

(1,4),(2,3),5 3 

90 (1,4),(2,3) 2 (1,4,5),(2,3) 2 

(1,4),(2,3,5) 2 

1,(2,3,4),5 3 

100 (1,2),(3,4) 2 (1,5),(2,3,4) 2 

1,(2,3,4,5) 2 

(1,2),3,4,5 4 

110 (1,3,4),2 2 (1,2,5),3,4 3 

(1,2),(3,5),4 3 

(1,2),3,( 4,5) 3 



continued 

n=3 n=4 n=5 

u u u 

12° 1,(2,3,4) 2 42° (1,2,4),3,5 3 

43° (1,2,4,5),3 2 

44° (1,2,4),(3,5) 2 

130 (1,2,4),3 2 45° (1,2),(3,4),5 3 

46° (1,2,5),(3,4) 2 

47° (1,2),(3,4,5) 2 

14° (1,2,3),4 2 4go (1,2,3),4,5 3 

49° (1,2,3,5),4 2 

50° (1,2,3),(4,5) 2 

51° (1,2,3,4),5 2 

50 (1,2,3) 15° (1,2,3,4) 52° (1,2,3,4,5) 

B3=5 51=13 B4=15 .9.;=75 Bs=52 .51=541 

The number of preference orders of a given type (i.e. for a given partition into u subsets) is 

equal to the number of permutations of the subsets. The sum of the number of all the 

permutations (given in the last row of Table 3), for a given n, determines the number of all 

possible preference orders and is the same as obtained using formula (43). Simplified notation 

has been applied, i.e. (I, 2), 3 denotes the ordering {(!, 2), 3}, where the positions of tied 

altematives are given in brackets. 

6. CONCLUDING REMARKS 

The paper has considered the problem of the occurrence of tied altematives in the 

preference order presented by an expert, as well as in group judgement. It makes it possible to 

extend the area of applying positional methods and to generate new classes of solutions. The 

Borda method and its modification in the case of ties are discussed. Although it is considered 



to be a classical method, due to its desirable properties it is stili in use, especially in non­

political contexts. Some other methods of determining group decisions on the basis of 

distance minimization, where distance is defined by the use of the positions of altematives in 

preference orders, have also been presented. Group judgement is significantly influenced by 

the so called "curse of dimensionality" (Saari [24)). Saari [25] has shown that the Arrow and 

Sen theorems result directly from these circumstances. Group judgement is simple in the case 

of 3 or 4 altematives, having a direct geometrie interpretation, but it becomes complex and 

numerically difficult for larger n. This problem is especially difficult in the case of ties. 

Therefore, any approach that reduces the number of preference orders to be taken into account 

is of interest. Generating the possible structures of preference orders enables one to select the 

preference orders of interest. Some rules regarding how to manage this problem are 

considered. 
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