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Abstract

We show that breakpoint searching and variable fixing methods for the continuous
quadratic knapsack problem fit a common bracketing framework. This allows us to
develop several more efficient versions. Extensive computational results are given.
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1 Introduction

The continuous quadratic knapsack problem is defined by

P: min f(z):= %xTDm —aTz st le=r, 1<z<u, (1.1)
where z is an n-vector of variables, a,b,l,u € R", r € R, D = diag(d} with d > 0, so that
the objective f is strictly convex. Assuming P is feasible, let z* denote its unique solution.

Problem P has applications in resource allocation [BiH81, BrS97, HoH95}, hierarchical
production planning [BiH81], network flows [Ven91], transportation problems [CoH94],
multicommodity network flows [HKL80, NiZ92, ShM90], constrained matrix problems
[CDZ86], integer quadratic knapsack problems [BSS95, BSS96], integer and continuous
quadratic optimization over submodular constraints [HoH95], Lagrangian relaxation via
subgradient optimization [HWC74], and quasi-Newton updates with bounds [CaM87].

Specialized algorithms for P employ either breakpoint searching or variable fixing.
Breakpoint searching methods solve the dual of P by finding a Lagrange multiplier ¢, that
solves the equation g(t) = r, where ¢ is a monotone piecewise linear function with 2n
breakpoints (cf. §2). The earliest O(nlogn) methods [HWC74, HKL80] sort the break-
points initially, whereas the O(n} algorithms [Bru84, CaM87, MdP89, PaK90, CoH9%4,
HoH95, MMP97, MSMJ03] use medians of breakpoint subsets. A general framework for
such methods was recently given in [Kiw08a], together with various modifications.
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The variable fixing methods of [BiH81, Ven91, RJL92, BSS96] determine at each itera-
tion the optimal value of at least one variable; such variables are fixed and hence effectively
removed for the next iteration. Our recent paper [Kiw08b] clarified some convergence is-
sues of these methods and gave more efficient versions. Although these methods have
worst-case performance of O(n?), they may be competitive in practice [Ven91, RJL92],
since they don’t need sorting or median calculations.

This paper shows that both classes of methods fit a unified bracketing framework, in
which the optimal multiplier is localized by a shrinking interval {1, ty] that is updated by
evaluating g at a trial multiplier £ € (¢, tyy). Specific methods differ in two aspects: (1) the
updates of auxiliary quantities used for evaluating g(£), and (2) the selection of the next
multiplier £. As for the first aspect, extending the earlier work of [Bru84, CaM87, Kiw08a),
we identify three updates which seem to be most efficient with respect to the numbers of
arithmetic operations and comparisons, as well as their simplified variants that access
memory in more efficient ways at the price of making more comparisons. Concerning the
second aspect, we discuss several efficient multiplier selections in addition to those given
in [Kiw08a]. First, we may choose { as the median of a certain superset of the set T of
breakpoints in (tr,ty) (which may be easier to handle than T itself; cf. §4.1), or as the
median of a small randomly chosen subset of T, or simply as the average of T (this choice
is quite competitive; cf. §7). Second, we may select £ as in the variable fixing methods;
this leads to breakpoint versions of variable fixing methods that seem to be most efficient
in practice (cf. §7). We also give an initial problem transformation which reduces work per
iteration. Last but not least, we present extensive numerical comparisons of more than
forty versions of our methods on large-scale problems.

The paper is organized as follows. In §2 we review some properties of P and introduce
a general bracketing method. Efficient g-evaluations are described in §3. Multiplier se-
lections inspired by breakpoint searching and variable fixing are discussed in §§4 and 5,
respectively. Initial problem transformations are the subject of §6. Finally, our computa-
tional results are reported in §7.

2 The bracketing method

Viewing t € R as a multiplier for the equality constraint of P in (1.1), consider the
Lagrangian primal solution (the minimizer of f(z)+ t(bTz —r) s.t. I < z < )

z(t) := min{ max[l, D"Y(a ~ tb)],u} (2.1)
(where the min and max are taken componentwise) and its constraint value
g(t) == bTz(t). (2.2)
Solving P amounts to solving ¢(t) = r for a multiplier lying in the optimal dual set
T.:.={t:g(t)=r}. (2.3)

Indeed, invoking the Karush-Kuhn-Tucker conditions for P as in {CaM87, Thm. 2.1],
[HKL8O, §2], [NiZ92, §1.2], [PaK90, Thm. 2.1] gives the following result.
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Figure 2.1: (a) Hllustration of z;(t) := min{max(l;, (a; — t&;)/d;],v;}. (b) Illustration of
b,j.’E[(t) = min{max[bil,-, (aib,- — tb?)/d,], b,'u,'}.

Fact 2.1. z* = z(t) iff t € T.. Further, the set T, is nonempty.

As in {Brus4], we assume for simplicity that & > 0, because if &; = 0, z; may be
eliminated (z} = min{max[l;, a;/d;], u;}), whereas if b; < 0, we may replace {z:, a;, b;, s, u; }
by ~{zi, a;, bi,ui, i} (in fact, this transformation may be implicit).

By (2.1)-(2.2), the function g has the following breakpoints
tl = ((ll' — l1d,)/b1 and t:-‘ = (G.,‘ — uidi)/bi, 1= 1: , (24)

i

with ¢ < ¢ (from [; < u; and &; > 0), and each z;(¢) may be expressed as

u; if ¢ < ¥,
z(t) = { (@ —th)/di ift¥ <t <t (2.5)
I ifet <t

Thus g(t) is a continuous, piecewise linear and nonincreasing function of ¢ (cf. Fig. 2.1).
Let Tp := {t!}ien U {t!}ien denote the (multi)set of breakpoints, where N := {1:n}.

To locate an optimal ¢, in T,, the algorithm below generates a bracketing interval
{tz,ty] that contains 7, by evaluating g at trial multipliers tin [tz,ty] until Ty N (t, ty)
hecomes empty; then g is linear on [tr, #y], and ¢, is found by interpolation.

Algorithm 2.2.

Step 0 ([nitiation). Set Ty := {t'}ien U {ti'}ien, tr := —o0, ty = co.
Step 1 (Trial multiplier selection). Choose t in [tz ty] N IR.

Step 2 (Computing g(f)). Caleulate g(f).

Step 3 (Optimality check). If g(f) = r, stop with ¢, :={.

Step 4 (Lower bracket updating). If g(£) > r, set t;, := 1.

Step 5 (Upper bracket updating). If g(f) <, set ty := 1.



Step 6 (Stopping criterion). If T := Ty N (¢, ty) # @, go to Step 1; otherwise, stop with
ly -1
t, =t —[g(ty) —1)|——"——. (2.6)
lotts) =Ty = o)

At each iteration in Step 2 we have t; < ty (since g is nonincreasing). Upon termina-
tion, * = z(¢,) (cf. Fact 2.1) is recovered via (2.1) in order n operations. Several choices
of  in Step 1 are given later. We first show how to compute g(f) efficiently.

3 Updates for evaluating g

3.1 Partitions of the index set

For the current bracket [tz,ty], we may partition the set N into the following sets

Li={ith<ty}, M:={i:tp,ty cftr,t]}, U:={i ty <t} (3.1a)
I:= {1t €ty ty) or t¥ € (tr,tv) }, (3.1b)

which are disjoint because ¢, <ty and t¥ < # for all i. Further, we have
=NLUIL, with L= {i:ti e @rty)}, Lo={i:t€ (tr,tv)}, (3.2)

and the bracketed breakpoint set T .= Ty N (1, ty) may be represented as T = {t!};c;, U
{t*}ier.. Thus |I] < |T; in particular, at Step 6 we have T = Q iff [ = §.
Frequently it is convenient to partition the set I (cf. (3.2)) into the sets
Jni= {1ty <tf <t <iyl, (3-3a)
Jo={if <tp<ti<ty} and Joi={iit <t <ty <t} (3.3b)

with [ = J,UJLUJ, | =J, U0, I, = JoUJy. Thus J, = [ N1, Jy =1L\ I, and
Jo = L\ T, index the middle, lower and upper breakpoints of T = {t}ie 05 U {8 bicsur.-
To shorten notation, for any subsets M , L, Uof N , we let

p(M) =3 abi/di, (M) = 02/di, si(L):=3 bili, su(0):=3 b (3.4)
ieM ieM iel i€l
3.2 Classical updates
Using (2.2), (2.5), (3.1), (3.4) and the fact £ € [z, ), at Step 2 we have
g(f) = S bi(as ~ i0)/di + s, (L) + s, (0) + (p — ig) + 5, (3.5)
ieM
where
M:={iel:iety,#]}, Li={iel:t<i}, U={iel:i<t*}, (36)

p:=p(M), q:=q(M) and s:=s(L)+ s.(U). (3.7)
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Setting [ := N, p,¢,s := 0 at Step 0, at Step 6 we may update I, p, ¢ and s as follows:

fori e [ do
if et <ty,set [:=1\ {5}, s:= s+ bils;
if ty <t set Ii=1\ {1}, s:= s+ bu; (3:8)
if tr,ty € [t ¢}], set 1 = I\ {i}, p:= p+ a;ibi/d;, q := q + b}/d;.

This update may be improved as follows. Using the sets (cf. (3.6))
L={iel:d<iy=Lul, with I;:={iel:¢=%)}, (3.9a)
Ui={iel:i<t#}=Uul, with [,:={iel:t*=1), (3.9b)

we have s;(L) = s,(L) + si(1), su(lv{) = 5,(U) + su(/,). Denoting updated quantities with
superscript +, we have LY = LU L and U = U if tf = ¢, LY = Land Ut = U U U if
tf = ¢ (cf. (3.1)). Hence the two middle lines of (3.8) may be replaced by the update

sim s L)+s,f2 Ifg(§)>r
' +{ L0) + su(L) i g(d) <. (3.10)

Instead of evaluating s(f;), s.([,) directly, we may use the fact that by (2.4) and (3.4),
si(h) = p(h) = tg() and su(f) = p(L) — fg(L), (3.11)

where p(1)), q(1)), p(£.), g(f,) may be computed during the scan ofﬁM for (3.5).
When the set 7 becomes empty, we have [ = §} and hence M = L = U = {§ in (3.5) for
any t € [tr, ty]. Thus g(t) = p—tqg+ s Vt € [tz, tu}, so (2.6) may be replaced by

t.o=(p+s—-r)/q (3.12)

3.3 Partitioned incremental updates
By (3.4) and (3.5), at Step 2 we have
9(d) = p(M) = fg(M) + si(L) + su(0) + (p — fg) + 5. (3.13)
_ Together with the partition I = J, UJ; U J, (cf. (3.3)), we may use the partitions
M= M, UM UM, with
My ={i€J tr<i<t}, Mo={ieJ:i<t}, M ={iel, tf<i},
L=Ln,Ul with Lp={icJa:ti<i}), Li={ieJ ti<i},
U=UnUl, with Un:={i€Jn:t<t’}, U.:={icd:t<ts},
Li=JLudy with Jbo={ie€ Jn:ti=1), J‘,-:{ieJl~:‘,=£}
Lh=Jdeuld, with Jui={ien:tr=1}, Jo={ied, tr=1{}.
Then a single scan of J, Ji and J, suffices for computing the quantities p(N)

(M) + p(My) + p(IL), q(M) = q(d) + q(M) + q(M), si(L) = si(Lm) + si(Ly) and
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su(ﬁ) = sli(U )+ su( “1 required in (3.13), as well as the quantities p(f) = p(JL)+p( 1),
a(l) = g(JL) +q( 1), p(L.) = p(J2) +p(J.) and q(Z.) = ¢(J%) +¢(J..) needed for updating
s via (3.10)—(3.11).

Further, it is not difficult to see that M+~ \ M = M, if tf ={, M*\ M = M if tf = ¢

(cf. [K1w08a §4]). Hence we may update

p= p+p(1\:4u) and g:=g+ Q(A%u) if g(é) > r, (3.14)
pi=p+p(M) and q:=qg+qM) ifgf) <r

When Step 4 sets ¢z := £, a single scan of J;, J, and J,, suffices for updating
={i€ gty <t Iu{ieJn:td <tp <t}
JFf={ieJ, ity <t} and Jli={i€J.:tp<t}}
Similarly, when Step 5 sets ty := £, a single scan of J;, J, and J,, suffices for finding
Ji={icd tt <tyyU{i€ Ju ti <ty <t}
Jr={ieJ:tt<ty} and Ji={ieJ.:ti<tv}

3.4 Decremental updates
Using the partition J = M UL U U (cf. (3.6)), (3.4) and (3.7) in (3.13) yields
9@ =p((TUM\(LUD)) =g (TUMN(LUD)) +si(L) + 5u(T) + 5.

Hence, in terms of the following complement of LU U in N (cf. (3.1), (3.2))

K={i:ty<tandt! <ty}=IUM=LUILUM (3.15)
and the associated redefined quantities (employed instead of (3.7))
p=p(K), ¢:=q(K) and s:=s(L)+ s.(U), (3.16)
at Step 2 we have
9(&) = [p = p(L) = p(0)] ~ tq - a(L) — g(0)] + si(L) + 5u(0) + . (3.17)

For the partitions [ = L,, UL, and U = U U U, of §3.3, a single scan of Jn, UJU J,
suffices for computing the quantities p(AL (L) + p(L1), q(L) = q(L,) +q(Ly), (U) =
p(U ) +p(U ) and q(U) a(Un) + q(U) needed in (3.17), as well as the quantities p(/;),

(), p(1.) and q([,) required for updating s via (3.10)-(3.11).

Further, using (3.15), (3.1) and (3.9), we have the partitions K = KYulbuliftf =i,

K=K*UUUI, if t} =7 (cf. [Kiw08a, §5]). Hence we may update

p=p-p(L)—p(l) and q:=g—q(l)~qll) ifod)>r (3.18)
p=p—pU)~p(l) and g:=q-q(U)-q(l) ifg)<r '

We may still compute the final ¢, by (3.12) when T becomes empty, because for I = ¢
we have K = M in (3.15) and hence (3.16) coincides with (3.7).
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3.5 Alternative decremental updates

Adding and subtracting (3.11) from (3.17) and using (3.9) yields
g(8) = 1p = p(L) = p(0)] = tla = a(L) ~ g(U)} + si(L) + su(D) + . (3.19)
Further, in view of (3.9), the updates (3.10)~(3.11) and (3.18) are equivalent to

p::p—p([})7 q:=q—-q(L:) and s:=s+$z(:) if g(t) > r, (3.20)
p=p-plU), g:=q—qU) and s:=s+s,(U) if g(f) < )

For t € (ty,ty), since LN J, = U N J; = § by (3.3b), we may use the partitions
L=L,ul, with L,={iedn.:t¢<t}), Li={ieq:d<i)
U=0,00, with U, ={i€Jn:i<t’}, To={ied,:f<t*}

Then asmgle scan of Jn,UJiUJ, suffices for computing the quantities p(L) = p(L )+p(§[),

(L) = q(Lm) (L), sy(L) = si(Lm)+s0(Le), p(T) = p(Un) +p(0), (U) = q(Tn)+4(T),

s$o(U) = s,(U) + su(Uu) involved in (3.19). If ¢ = t1, {or § = ty), then g(f) is available
from the iteration that updated tr (or ty).

3.6 Implicitly partitioned updates

The updates of §§3.3-3.5 may be implemented by using [ alone instead of Jin, Ji and J,,.
In the context of §3.3, a single scan of J suffices for computing s;(L), su(U), p(My),
p(M.,), (M), p(h), etc.; for efficiency, we may exploit the fact that Il,[u c M=
IN(LUDY, Mi={ie Mt <t} My={i € M : ty <t'}, My = M\ (M, UM,).
Similarly, in a single scan of I we may compute the quantities involved in (3.11) and
(3.17), or those in (3.19) via (3.9) and (3.4); the logic is simpler in the latter case.
When Step 4 sets ¢, := ¢, we may update [ as follows:

forie I, set I=1I\{s}ift! <tp, ort¥ <ty and ty < ¢ (3.21)
Similarly, when Step 5 sets ty := £, we may update I as follows:
forie I, set /= I\ {i}ifty <t¥ orty < tland ¢ < tr. (3.22)

Relative to the updates of §83.3-3.5, their implicit versions using I as above make
the same numbers of arithmetic operations, but more comparisons in computing g(f) and
updating [ instead of J,,, J; and J,. On the other hand, when the index sets are maintained
as linked lists, the values in I and J,, are increasing, whereas the values in J; and J,, may
have any order. Thus the implicit versions access memory in more regular ways, and this
may make them faster in practice (see §7).



4 Selecting trial multipliers

4.1 Exact medians

In the framework of [Kiw08a], the trial multiplier { is chosen in the bracketed breakpoint
set T =Ty N (tr, ty). Setting T := {t!}ien U {t¥}ien at Step 0, we may update

[ {teT:i<t} ifg(d)>r, (4.1)
'_{{teT:t<f} if g(f) < .

alternatively we may recover T = {t!}ier, U {t?}ies,. Since each iteration reduces T, the
algorithm is finite. Computing g(f) as in §3 takes order |I{ < |T| operations. Thus, for an
arbitrary choice of ¢ in T, Algorithm 2.2 requires order n? operations in the worst case.

The complexity can be improved to order n by selecting { as the median of 7", which
requires order |T'| operations; see, e.g., [Knu98, §5.3.3]. Thus the complexity of each
iteration is O(JT'{). Since |T| is originally 2n and is approximately halved at each iteration,
the algorithm makes O(logn) iterations in time O(n).

For the median finding routine of [Kiw05], which permutes T to place elements < £
first, then elements = £, and finally elements > £, the update of (4.1) requires only a change
of one pointer. For less smart routines, the effort in maintaining T' may be mitigated by
using a slightly larger set 7" as follows. Setting 7" := Ty at Step 0 and ¢ := median(T) at
Step 1, set

Foo ] LteTE<tp\{i} ifg@) >, 2)
{teT t<i}\{t} ifg(d) <r,

without removing from T all t = £ as in (4.1). If the median-finding routine permutes T
to place elements < { before ¢ and elements > ¢ after £, the update (4.2) of T requires only
a change of one pointer. Since |T*| < 3|TY, linear-time complexity is retained.

4.2 Random median estimates

As suggested by [PaK90], to avoid the effort of finding { := median(7’), in practice it
may be preferable to choose t in T' at random, with an expected number of iterations of
Oflogn) in an expected time O(n). When the set I is maintained as a linked list, locating

t requires an additional scan of I (half of I on average).

4.3 Random sample median estimates

An obvious extension of the choice of §4.2 is to use { := median(T"), where T is a randomly
chosen subset of T In practice the average performance improves even for fairly small T
(e.g., |T] = 20), for which the cost of median finding is negligible. However, locating T
needs an additional scan of /.




4.4 Average median estimates

Yet another estimate of median(T’) is provided by the average  := ﬁ 2iert. The cost of
finding £ is small, since ¥yer t is easily computed while updating I or Jy., J; and J,. Since
t € {tuiny tmax), Where i i= Miner t and tmey := maxer £, we have |T%| < |T| and hence
the algorithm is finite. However, in practice cycling may occur when { € [tuin, tmax) due
to rounding errors. Hence if our implementation discovers that |TF| = |T, then ¢, and
tmax are computed and the next £ is projected onto [fmin, tmax]. This safeguard is cheap,
because usually it activates only once, when [T} is small.

5 Variable fixing methods

5.1 A symmetric variable fixing algorithm

We first give a slightly unusual description of the algorithm of [Kiw08b, §3], using the
notation of (3.15)-(3.16) and £(t) := D~'(a — tb), so that z(t) = min{max[{, £(t)], u}.
Algorithm 5.1.

Step O (Inttiation). Set K := N, p:=p(N), ¢:=q(N), s:=0, t; := —o0, ty := 0.
Step 1 (Trial multiplier selection). Set { := (p + s — r)/q.

Step 2 (Computing g(t)). Set g(f) :=r + V — A, where

V= S b{li—&f)] with K= {i€ K :2() <4}, (5.1a)
i€l

A= 50 b[E() —w] with Ku={i€ K :5(0) > u} (5.1b)
i€l

Step 3 (Optimality check). If g(f) = r, stop with t, := {.

Step 4 (Lower bracket updating). If g(f) > r, set t; =& K = K\ K, p:= p— p(K}),
q:=gq—q(K)), s := s+ s(K;).

Step 5 (Upper bracket updating). If g(f) < r, set ty := i, K := K\ Ky, p:= p — p(I(.),
¢:=gq—g{l{.), s := s + su{Iy).

Step 6 (Loop). Go to Step L.

5.2 Convergence of the variable fixing algorithm

Algorithm 5.1 may be validated inductively in the following way, which extends the analysis
of [I{(iw08D, §4] by exposing additional properties of the method.

Suppose (3.15)-(3.16) hold at Step 1 with K # 0, g(tr) > r if t > —oo, glty) < rif
ty < oo. Then §(t) := Tiex biZ:i(t) + s is a decreasing function of ¢ (b > 0), expressible as
§(t) = p—tg+s thanks to (3.16), with §{(£) = r by the choice of {. If t;, > ~o0, then, using
(2.2), (2.5), the partition N = KULUU (cf. (3.1), (3.15)) and the fact s = s;(L) + s.(U)
(cf. (3.16)), we get g(tr) = Tiex biwi(tr) + s with z:(tr) = min{u;, Z:(t0)} < &(tg) if



i ¢ L. Thus §(ty) > g(tr) > r and hence t, < f because §(£) = r and § is decreasing. If
ty < oo, a symmetric argument yields £ < ty.

Consequently, f € (tr,ty). Hence again (2.5) gives g(f) = Yicx b:i7:(f) + s, whereas
(5.1) yields z;(f) = & Vi € K, @:() = w; Vi € K, w:(f) = &:(t (f) Vi € K\ (KGUK,), so
using §() = r gives g(f) — r = Tiex bifwi(f) ~ #:,(8)} = V — A, as required in Step 2.

Next, note that (2.4), (5.1) and the fact that #;(f) = (a; — £b;)/d; imply

={i€K:t'<i{} and K,={ieK:{<t}. (5.2)

Hence, by (3.1), the updates of Steps 4 and 5 maintain (3.15)—(3.16). If Step 4 produced
K =0, (2.5) and (3.1) with £ = M = 0 would give g(t) = g(t,) > r ¥t € [tr,ty], but for
t € T, we would have g(t) = r, a contradiction. Similarly, Step 5 produces K # §.

Finally, we observe that Steps 4 and 5 reduce K (e.g., g(f) > r at Step 2 implies V > A
and hence K, # 0). It follows that Algorithm 5.1 is finite.

5.3 Standard implementation

A straightforward implementation of Algorithm 5.1 doesn’t use the breakpoints. At Step
2 a single scan of I suffices for computing V, := ek, bifi(f), Az 1= Siex, bidi(f), si(K1)
and s, (K,); then V = §(K;) — V, and A = A, — 5,(/) by (5.1) and (3.4). Another
scan of K is needed for updating K, as well as computing p(K;) and ¢(XK}) at Step 4, or
p(K.) and q(K,) at Step 5. Both scans compute &;(#) for i € K.

5.4 Breakpoint interpretation and implementation

A breakpoint-based implementation of Algorithm 5.1 is derived as follows. Since t €
(tr,tv) implies ¢t} < t < & Vi € M (cf. (3.1a)), we may replace X := ITUM by I in (5.2),
so K; = L and K, = U by (3.9). Hence Algorithm 5.1 is a special case of Algorithm 2.2
which uses  := (p+s—r)/q, computes g(£} via (3.17) (or (3.19)) and employs the updates
of §3.4 (or §3.5), except that when Algorithm 2.2 terminates at Step 6 with t. given by
(3.12), Algerithm 5.1 makes an additional iteration with £ = ¢,.

6 Initial problem transformations

6.1 A general breakpoint-preserving transformation

To reduce work per iteration, changing the variables via z = HZ+ D~ 'a with H := diag(h)
and h > 0, we may initially transform P into the equivalent problem

P: min f(z):= %i Di—aT3—cy st. b z= <z <a, (6.1)

il

i

where D = dlag(d) th d:=Hd,a:=0,c = 2"™D7a, b:= Hb, 7:=r—bTDlq,
l:= H*(1-D7a), @ := H™*(u—D~*a). Then Z(t ):— mm{max[l —tD19], @} (cf. (2.1)),
and §(t) := bT (t) has the breakpoints f} := —ld;/b; = t}, t¥ 1= —@di /b = t¥, 1 € N (cf.
(2.4)), i.e., the breakpoints are preserved by this transformation.
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Figure 6.1: (a) lllustration of Z;(¢) produced by the transformation of §6.1. (b) Illustration
of b;Z;(t) produced by the transformation of §6.1.

More insight into this transformation stems from the facts that b,Z,(t) = buzi(t) —
a;bi/d;, i € N, and §(t) — 7 = g(t) —r with ¥ = r — p(N) (cf. (3.4)); thus g(¢) = r is
transformed naturally into g(t) = 7 (cf. Figs. 2.1 and 6.1). Further, (3.4) becomes: 5(-) = 0,
() =Ty bl /di = q(-), 51(-) := Ty bili = s1() = p(), 5u() 1= Tie. bils = 5u(-) ~ p().

These properties imply that each multiplier selection from §§4-5 produces the same
sequence of multipliers for both P and P. This is clear for the breakpoint-based selections
of §4, whereas for f := (p(K) + 8;(L) + 5,(U) — 7)/g(I) as in §5 we have p(N) = p(X) +
p(L) + p(U) from the partition N = KU LUU, so t = (p(I) + &(L) + 5,(U) — 7)/q(X).

We consider two choices of H below. Let e := (1,...,1) € R™

6.2 The Robinson—Jiang—Lerme transformation

The choice H = D~Y? of [RJLY2, BSS96] yields d = e and b = D~Y/2b in (6.1). Thus,
regarding P as an instance of P with d = ¢, a = 0, we have p(-) = 0 and g(-) = Tc. 07 in
(3.4), so p disappears and ¢ in (3.7) and (3.16) is updated with less effort. Further, the
form of &(t) = —#b needs less work in the variable fixing implementation of §5.3.

6.3 A more refined transformation

The choice of H = D™'B with B := diag(b) (hi = b:i/d;) yields d; = b; = b%/d;, I; = -,
iy = —tY, = -1, f* = —1;, 1 € N. Note that 7 = r — p(N), whereas the cost of forming
d = b is comparable to that of finding ¢(N) (cf. (3.4)). In terms of Fig. 6.1, the offsets
a;b;/d; are removed and the slopes —b; = —b2/d; are computed “once for all”.

Now, we may regard P as an instance of P with d = # > 0 and @ = 0. In this case
p(-) = 0 and q(-) = Y. b; in (3.4), so p disappears and ¢ in (3.7) and (3.16) is updated
with less effort. Further, the breakpoints ¢! = —I; and t¥ = —u; needn’t be stored.

Compared to the first choice of §6.2, this transformation saves work in updating ¢ and
computing £(t) = —te, and avoids the square root computations of the first one.

The updates of §5.3 for the variable fixing method simplify as follows. A single scan
of K suffices for computing ¢(I<;), ¢(I,), si(G), su(K) with I = {i € I : —f < 1;},
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Table 7.1: Numbers of free variables in test problems.

uncorrelated weakly correl. strongly correl.
n avg max min avg max min avg max min

50000 15340 21157 1749 19302 23717 5685 17684 24924 2781
100000 34021 42831 7031 40320 47331 9920 42068 49847 34653
500000 152760 211930 44415 183117 237225 74184 217206 248494 121387
1000000 315116 422942 58172 359898 474184 76174 406475 494977 208761
1500000 474849 635823 93226 529721 710771 156708 536501 746876 78995
2000000 649078 848731 127835 735040 944503 67341 771609 995125 116545

Table 7.2: Run times of kivfo (standard variable fixing, original P).

uncorrelated wenkly correl. strongly correl. overall

n avg -max min avg max min avg max min avg max min
50000 0.02 002 0.01 002 002 001 002 0.02 001 002 002 001
100000 005 005 0.04 005 005 004 005 005 004 0.05 0.05 004
500000 0.25 0.28 0.22 024 027 022 023 025 020 024 028 020
1000000 0.50 0.55 045 048 0.55 044 048 050 044 049 055 044
1500000 0.72 083 059 072 081 066 071 075 058 072 083 058
2000000 097 1.08 088 094 104 078 095 100 088 055 108 0.78

Table 7.3: Run times of k1vfr (standard variable fixing, RJL transformation of P).

uncorrelated weakly correl. strongly correl. overall
n avg max min avg max min avg max min avg max min
50000 0.01 0.02 0.01 001 002 001 0.01 002 0.01 001 0.02 001
100000 0.03 0.0¢ 0.03 0.03 004 0.03 003 004 0.03 0.03 0.04 0.03
500000 0.20 022 0.18 0.19 021 018 019 021 017 019 022 017
1000000 0.40 042 037 039 042 036 038 040 036 039 042 036
1500000 0.58 0.63 055 0.58 063 054 058 060 050 058 063 0.50
2000000 0.79 084 0.73 076 081 067 077 080 073 077 084 067

Table 7.4: Run times of klvft (standard variable fixing, transformed P).

uncorrelated weakly correl. strongly correl. overall
n Avg max mir Avg max min avg max min avg max min
50000 0.01 0.01 001 001 001 001 001 0.03 000 001 0.03 0.00
100000 0.03 0.03 002 002 G603 002 002 003 002 002 003 002
500000 0.16 0.16 015 015 017 014 015 0.16 013 015 017 013
1000000 031 0.33 029 030 033 028 030 031 028 031 033 028
1500000 0.46 0.50 043 046 049 043 045 047 039 045 0.50 0.39
2000000 0.62 0.66 0.57 060 0.63 0.52 060 063 057 060 066 052
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Table 7.5: Run times of k1bfoe (breakpoint variable fixing, original P).

uncorrelated weakly correl. strongly correl. overall
n avg max min avg max min avg max min avg max min
50000 0.01 0.03 001 001 004 001 002 005 001 002 0.05 001
100000 G.03 0.04 002 003 003 002 003 003 002 003 004 0.02
500000 0.15 0.18 0.14 015 0.17 013 014 016 014 015 0.18 0.13
1000000 0.31 0.36 028 030 034 028 0.29 032 028 030 036 0.28
1500000 0.46 054 041 045 050 041 045 0.53 039 045 0.54 039
2000000 0.62 0.71 0.57 060 069 053 059 071 054 060 071 053

Table 7.6: Run times of k1bfte (breakpoint variable fixing,

transformed P).

n

uncorrelated

avg

max

min

weakly correl.

avg

max

min

strongly correl.

avg

max

min

avg

overall
max

min

50000
100000
500000

1000000
1500000
2000000

0.01
0.02
0.12
0.24
0.35
0.47

0.01
0.03
0.14
0.27
0.40
0.53

0.00
0.02
0.11
0.22
0.31
0.43

0.01
0.02
0.12
0.23
0.34
0.45

0.01
0.02
0.13
0.26
0.38
0.52

0.00
0.02
0.10
0.22
0.32
0.41

0.01
0.02
0.11
0.23
0.34
0.45

0.02
0.03
0.12
0.24
0.41
0.54

0.00
0.02
0.11
0.21
0.30
0.41

0.01
0.02
0.12
0.23
0.35
0.46

0.02
0.03
0.14
0.27
041
0.54

0.00
0.02
0.10
0.21
0.30
0.41

problem P. Tables 7.5 and 7.6 give the run times for the breakpoint implementations of

§5.4 with the updates of §3.4 implemented implicitly as in §3.6.

In view of Tables 7.2-7.6 and the discussion of §6, in what follows we ignore the
first transformation and illustrate only the influence of the second one for exact median

selections in Tables 7.7-7.8 and for random median selections in Tables 7.9-7.10.

Tables 7.11-7.12 report the run times for sample and average selections. As can be seen
from Tables 7.10-7.11, increasing the sample size from 1 to 20 is beneficial; cf. [Gri99}.
However, further increases needn’t bring much improvement. For instance, the run times
decreased by just 2% for a variation of the strategy of [Pis97, §2] in which the sample size

was set to min{}T|'/2, 1000} if |T| > 100, or to 3 otherwise.

Table 7.7: Run times of klbmoe {exact medians, original P).

n

uncorrelated

avg

max

min

weakly correl.

avg

max

min

strongly correl.

avg

max

min

avg

overall
max

min

50000
100000
500000

1000000
1500000
2000000

0.02
0.05
0.24
0.48
0.72
0.96

0.03
0.05
0.25
0.48
0.72
0.97

0.02
0.05
0.23
0.47
0.71
0.95

0.02
0.05
0.24
0.48
0.72
0.96

0.05
0.05
0.24
0.49
0.72
0.96

0.02
0.04
0.24
0.47
0.71
0.95

0.02
0.05
0.24
0.48
0.72
0.96

0.04
0.05
0.24
0.48
0.72
0.96

0.02
0.04
0.24
0.47
0.71
0.95

0.02
0.05
0.24
0.48
0.72
0.96

0.05
0.05
0.25
0.49
0.72
0.97

0.02
0.04
0.23
0.47
0.71
0.95

14



Table 7.8: Run times of kibmte (exact medians, transformed P).

uncorrelated weakly correl. strongly correl. overall

n avg max min avg max min avg max min  avg max min
50000 0.02 0.04 001 002 006 001 003 004 001 002 0.06 0.01
100000 0.04 004 0.03 0.04 0.04 003 004 004 003 004 0.04 0.03
500000 0.20 0.20 019 020 020 019 020 020 019 020 0.20 019
1000000 G40 040 039 046G 040 039 040 040 039 040 040 0.39
1500000 0.59 060 059 060 061 059 059 060 0.59 059 0.61 0.59
2000000 079 080 078 079 079 078 079 079 078 079 080 078

Table 7.9: Run times of klbroe (random medians, original P).

uncorrelated weakly correl. strongly correl. overall
n avg max min avg max min avg max min avg max min
50000 0.02 0.04 002 003 0.06 001 004 006 0.02 003 006 001
100000 0.05 0.07 003 006 009 004 005 007 003 005 009 003
500000 0.28 035 017 028 039 017 028 046 0.16 028 046 016
1000000 0.60 0.89 035 056 071 032 056 087 026 057 089 026
1500000 0.85 1.24 053 081 1.13 054 089 130 040 085 130 040
2000000 1.12 1.65 081 128 191 073 122 195 066 121 195 066

Table 7.13 reports the final iteration numbers for various methods; here klbfte behaved
like kivfo, k1lvfr, klvft and klbfoe, klbmoe like klbmte, and klbroe like klbrte.

Tables 7.5-7.13 give details only for klbxye, i.e., the decremental updates of §3.4 im-
plemented implicitly, because they tended to be fastest as illustrated in Table 7.14 for
large problems, although klbxyd or klbxyf were sometimes marginally faster. To achieve
comparable performance of all updates, most programming effort went into reducing the
average number of comparisons while computing g(ﬂ and updating J,,, Ji, Ju, or I (our
first, less sophisticated implementations had been much slower). We add that the improved
classical updates of §3.2 were slower than klbxye by up to 10%.

Of course, our limited experiments do not warrant firm conclusions, but it seems safe
to make the following comments.

The average run times of all methods grew linearly with the problem size.

The updates of §§3.3-3.5 (in klbxya, klbxyb, klbxyc) were comparable in speed, but
slower than their implicit versions of §3.6 (in klbxyd, klbxye, k1lbxyf).

The advantages of our more refined problem transformation were clear both for the
variable fixing methods (cf. Tabs. 7.2-7.4 and Tabs. 7.5-7.6) and for the slower versions
of breakpoint searching methods (cf. Tabs. 7.7-7.8 and Tabs. 7.9-7.10).

The breakpoint implementations of the variable fixing method (klbfoz and klbftz in
Tab. 7.14) were faster than the standard implementations (cf. Tabs. 7.2-7.4).

The relatively good performance of the exact median versions was due to the high
efficiency of the median finding routine of [Kiw05]. In particular, for problem P in its
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Table 7.10: Run times of k1brte (random medians, transformed P).

uncorrelated weakly correl. strongly correl. overall

n avg maX min avg max min avg max min avg max min
50000 0.03 0.04 0.01 003 0.04 001 004 006 001 0.03 0.06 0.01
100000 0.03 0.05 002 0.03 0.05 0.02 003 0.04 002 003 005 002
500000 0.21 026 0.14 022 029 014 021 033 014 021 033 014
1000000 0.44 064 029 042 052 025 041 062 022 042 064 0.22
1500000 062 0.87 041 060 081 043 066 093 033 062 093 033
2000000 0.82 1.17 061 093 132 059 088 1.37 051 088 137 051

Table 7.11: Run times of klbste (median samples of size 20, transformed P).

uncorrelated weakly correl. strongly correl. overall
n avg maXx min avg max min avg max min avg max min
50000 0.02 0.04 001 002 004 001 003 0.06 0.01 003 006 0.01
100000 0.03 004 002 0.03 0.04 0.03 0.03 0.03 0.02 003 004 002
500000 0.18 021 0.15 018 021 016 017 020 015 0.18 0.21 0.15
1000000 0.37 043 029 036 041 030 036 041 030 036 043 0.29
1500000 054 0.59 050 054 064 043 052 059 045 053 064 043
2000000 0.72 086 059 071 078 059 0.71 0.82 063 071 0.86 059

original form, klbmoe was as fast as klvfo (cf. Tabs. 7.2 and 7.7). This contradicts the
popular belief that variable fixing methods are much faster than median based methods.
For instance, [RJL92] reported the median-based method of {Bru84] to be about 8 times
slower than its variable fixing implementation. We add that the median-based methods of
[Brug4, CaM87] were slower than klbmoe by about 36%; see [Kiw08a].

Relative to the exact medians, single random selections performed quite well on average,
but exhibited much larger variations in run times. Moderately sized random samples gave
smaller averages and variations in run times (cf. Tabs. 7.10-7.11). Yet the average median
estimates were even better; in fact they performed similarly to standard implementations
of variable fixing methods (cf. Tabs. 7.4 and 7.12).

Table 7.12: Run times of klbate (average selections, transformed P).

uncorrelated weakly correl. strongly correl. overall
n avg maX min avg max min AVE maXx min avg max min
50000 002 004 0.01 002 004 001 002 004 000 0.02 0.04 0.00
100000 0.02 0.03 002 0.02 003 002 0.03 003 002 002 003 002
500000 0.15 0.16 0.14 016 016 0.15 0.15 015 015 015 0.16 0.14
1000000 0.31 0.32 028 @31 032 030 031 031 030 031 032 028
1500000 047 048 042 047 047 046 047 047 046 047 048 0.42
2000000 0.62 0.64 056 062 063 058 062 063 060 062 064 056
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Table 7.13: Iteration numbers for various multiplier selections.

uncorrelated weakly correl. strongly correl.
routine n avg max min avg max min avg max min
k1lbate 1000000 21 23 21 21 22 21 21 23 21
2000000 22 24 21 22 24 21 22 25 22
k1bfte 1000000 7 10 7 7 9 6 7 8 6
2000000 7 10 7 7 10 6 7 10 7
klbmoe 1000000 20 21 20 21 21 21 20 21 20
2000000 21 22 21 22 22 22 21 22 21
klbroe 1000000 30 43 19 29 37 20 27 39 16
2000000 29 40 20 31 41 24 30 43 19
klbste 1000000 21 25 19 21 25 19 22 26 19
2000000 22 26 18 22 25 19 22 24 19
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