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ABSTRACT. In the paper the shape optimization problem for the static, com-
pressible Navier—Stokes equations is analyzed. The drag minimizing of an
obstacle immersed in the gas stream is considered. The continuous gradi-
ent of the drag is obtained by application of the sensitivity formulas derived
in the works of one of the co-authors. The numerical approximation scheme
uses mixed Finite Volume — Finite Element formulation. The novelty of our
numerical method is a particular choice of the regularizing term for the non-
homogeneous Stokes boundary value problem, which may be tuned to obtain
the best accuracy. The convergence of the discrete solutions for the model
under considerations is proved. The non-linearity of the model is treated by
means of the fixed point procedure. The numerical example of an optimal
shape is given.

1. Introduction. One of the main applications of the theory of compressible vis-
cous flows [27] is the optimal shape design in aerodynamics. The classical example
is the minimization problem of the drag of an airfoil travelling in the atmosphere
with uniform speed.

In the paper we present numerical computations for a simple geometry in the
plane. The theory leading to the formulas for the shape derivatives is based on a
series of papers by P.I. Plotnikov and J. Sokolowski [23]-[2(], while computational
scheme is based on [28]. For the approximation of solutions the method of Finite
Volumes is used, what required supplementing the results of [10],[7] with some
additional analysis. This analysis constitutes the main novelty of the paper.
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Key words and phrases. shape optimization, compressible Navier-Stokes, drag minimization,
Finite Volume Method, Finite Element Method .
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The optimal control of compressible flows is still poorly investigated, in contrast
to incompressible flows. We can cite here see e.g. [6], [29] or a more recent work [5]
where the dynamic version of the problem was considered.

2. Mathematical model. Let B C R? be a doubly connected, bounded hold all
domain with a smooth boundary ¥ = 0B. We denote two connected components
of B by ¥, and Yoy, ¥ = Xin U Xoue. Suppose that B contains an obstacle S,
which is a compact set with a sufficiently smooth boundary I'. Suppose also that
the volume of S is given and small with respect to the volume of B and the obstacle
is far from the boundary of B. We define the computational domain as @ = B\ S.
Thus the boundary of © consists of three parts: 9Q = ¥;, U Xy UT. We assume
that a viscous, compressible fluid is flowing across 2. Fluid enters €2 through ¥;,
and leaves through ¥,,;. The computational domain is presented in Fig. 1.

Figure 1. Computational domain Q = B\ S

We restrict our consideration to stationary flows in the framework of the existence
theory established in [27], Theorem 11.2.6 on page 311. In fact we need the existence
of unique strong solutions to the model under considerations in order to assure the
weak differentiability of solutions with respect to small parameter.

The dynamics of the fluid is determined by three functions: the velocity field u,
the density ¢ and the pressure p(p), where p = p(p) is a smooth, strictly monotone
function of the density with p(0) = 0. In computational experiments we set p =
po(ﬁ)”, with py = 1 and # = 2. The quantities: Ma, Re and A are physical
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constants, denoting respectively the Mach number (defined as a proportion of the
speed of a fluid to the speed of sound), the Reynolds number (which is a proportion
of fluid’s inertial forces to its friction forces), and the viscosity coefficient. The
quantity gp, present in the boundary condition for o, is a constant, in computations
we set oo = 1.2. Finally, U : R? — R? is a given smooth vector field, satisfying
certain compatibility conditions, see Section 9.2.

2.1. General theory in three spatial dimensions. The stationary boundary

value problem for compressible Navier-Stokes equations in three spatial dimensions
can be formulated as follows.

Problem. Assume thal a gas occupies the flow domain Q = B\ S, where B C R",
n = 3 in general case, is a bounded hold-all domain, with an obstacle S in its

interior.
Find a couple (u, o) such that

Au+ A\Vdivu = Repu-Vu + %Vp(g) in Q, (1a)
a

div(ou) =0 in Q, (1b)

u=U onY%E, u=0 onds, (1c)

0=00 on . (1d)

where U is a given vector field and ¥ = 0B. The inlet i, and the outlet py, are
defined by

Yn={2€X:U-n<0}, Zot={zeX:U-n>0},
respectively. Here n stands for the outward normal to (B \ S) = ¥ UOS. For
the sake of simplicity we assume that the mass force equals zero, and oo is a given
positive constant.

2.2. Change of variables in Navier-Stokes equations. We consider the general
case, the results apply as well in two space dimensions. In order to perform the shape
sensitivity analysis in three space dimensions we choose a vector field T € C?(R?3)?
vanishing in a neighborhood of ¥, and introduce the mapping ®.(z) = z + ¢T(z),
which defines the perturbation S. = ®.(S) of the obstacle S. For small e, the
mapping ®. takes diffecomorphically the flow region Q@ = B\ S onto Q. = B\ S..
In the perturbed domain Problem 2.1 reads

Problem. Find a solution (Qe, g), to the following boundary value problem posed
in the variable domain Q. = B\ Se, for the shape parameter € € (—6,0) with § > 0:

R
Al + AV div i, = Re 5.1, - Vii. + M—eQVp(EE) in B\ S, (2a)
a
div(ges) =0 in B\ S., (2b)
a.=U on%, w.=0 ondS., (2¢)
Oc =00 0N Zin. (2d)

Now, we perform a change of variables in equations (2) in order to reduce Problem
2.2 in the variable domain €., depending on a small parameter ¢, to a problem in
the fixed domain €2, named the reference domain. Denote by M the Jacobi matrix
of the mapping ®. and by g the determinant of M, i.e.,

M(z) =1+eDT(z), g(z)=det(I+eDT(x)). (3)



4 ANNA KAZMIERCZAK, JAN SOKOLOWSKI AND ANTONI ZOCHOWSKI

Further the notation N stands for the adjugate matrix
N = (det M) M * with det N = g*. (4)
Definition 2.1.

e In shape sensitivity analysis the material derivatives of solutions to stationary
Navier-Stokes equations are obtained by the differentiation of the mapping

e = (Ue(z +eT(x)), 0-(x +eT(x))), =€

e The shape derivatives of solutions to stationary Navier-Stokes equations are
defined by derivatives of the mapping

e = (Ue(y), 0:(¥), € Qe

e The shape gradient of the drag functional for stationary Navier-Stokes equa-
tions is given by the derivative of the function

e J(Qg).
Introduce the functions
u.(z) = N(z) 0c(z + T(2)), 0c(z) = 0c(z +eT(2)), z€Q. (5)
The function u, is called the Piola transformation of ..
Lemma 2.2. Let (Gc(y),0:(y)) be a solution to Problem 2.2. Then the couple
(ue(z), 0e(z)) defined by (5) satisfies

R
Au, + V()\g_l divu, — —:zp(gs)>

— ,Z}(ug) + Re B(pc,uc,u.) in Q, (6a)
div(oeue) =0 in Q, (6b)
u=U onX, u.=0 onds, (6¢)
0: =00 o0n Tip. (6d)

Here, the linear operator & and the trilinear form 2 are defined by
o(u) = Au—N""div(g'NN'V(N"'u)), -
Bo,u,w) = QN*T(u V(N~lw)).

Thus we come to the following problem:

Problem. Find (ue, o) such that

R
Au, + V()\g_l divu, — M—ezp(ge)> — o/ (u.) + Re B(oe,usyue) in €, (8a)
a

div(geue) =0 in Q, (8b)
u=U onX%, u.=0 onds, (8c)
0e =00 on Yiy. (8d)

Here the operators &/ and % are defined by (7).

Observe that equations (8) depend only on the matrix N and do not depend on
e directly. In this framework, the fact that N is the adjugate matrix to the Jacobi
matrix I 4+ eD T is not so important. Hence our task is to show that Problem
2.2 is well-posed and its solution is differentiable with respect to N. We begin by
analysing the well-posedness.
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2.3. Solution scheme for stationary problem in reference domain. In [27]
we use the simple algebraic scheme proposed in [22]. The basic idea is to introduce
the effective viscous pressure q. and a large parameter oy,

Re Re

g = WP(QE) - g tdivU,, op= V2’ (9)
and write equations (8) in the form
AU, — Vg, = #(U.) + Re #(0.,U.,U.) inQ, (10a)
div U, = goop(es) — L in @ (10b)
U. - Vo + goop(oe)o: = %Qs in Q, (10c)
U.=Ui onY¥, U.=0 ondSs, (10d)
0e = 00 ON iy, (10e)

System (10) consists of perturbed Stokes equations (10a)—(10b) for (u.,q.) and a
perturbed transport equation (10¢) for p.. It is easy to see that equations (10b) and
(10c) are equivalent to (9) and the mass balance equation div(pc.u.) = 0. Therefore,
equations (10) are equivalent to (8). It was shown in [22] and [23] that problem
(10) has a strong solution if the parameters satisfy the conditions

A>1, Rek 1, op>1,

which are more restrictive than the standard conditions Re < 1, Ma? < 1 adopted
in [2], [16], and [24].

Perturbations. We will look for a local solution to problem (8) which is close to
an approximate solution (u,, g4, 0+). In order to define such a solution notice that
for small Mach and Reynolds numbers equations (10a)—(10b) are close to Stokes
equations and the density o. is close to go. Thus we take

Ox = 00 (11)

and choose (uy, g«) as the solution to the following boundary problem for the Stokes

equation:
Au, — Vg, =0, divu, =0 1in €,

u,=U on¥, u.=0 ondS, Ilg =q, (12)

where g
Ilg:=q— dx. 13
1:=4 meas 2 /Qq v (13)

The solution to problem (8) is decomposed into the approximate solution (uy, g, 0x)
and small perturbations (v.,7e, @e, me),

Ue = Uy + Ve, 0:= 0 +@e, G = qx+ Aoop(0x) + e + A, (14)

with some unknown functions ¥ = (v, 7, ) and an unknown constant m..

We point out that our decomposition (14) holds exclusively in the reference
domain ©Q = B\ S. The unknown functions ¥ and the unknown constant m,. contain
the necessary and sufficient information on the shape dependence of solutions to the
equations (3) upon the shape parameter e — 0. This information is used in order to
determine the material derivatives of the solutions to the model (2) with respect to
the shape perturbation. However, the Stokes boundary value problem (1) defined
in the reference domain 2 is meaningless for the model (2) defined in the variable
domain ..
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Substituting decomposition (14) into (10) we obtain the following boundary value
problem for ¥ = (vg, 7z, @e):

Av, — V7, = o/ (u.) + Re #(0c,ue,u:) in Q, (15a)
divv, = g(gigoe — U] — m5> in Q, (15b)
ue - Voo + ope = U1[9] + megoe  in Q, (15c)
ve=0 ondQ, ¢.=0 ony, Il =, (15d)
where
qx + e o ( o 2)
o =2 _ 7 H(e), 09 =g(ec¥] - L) +ow.(1—g),
[ } A p,(Q*)Q* ((P) 1[ ] g\ 2 [ ] g*(pe ()06( g)
(15€)
o =oop'(ex)ox, H(pe) = plos + ¢e) — plox) — 0’ (04) e, (15f)

and the vector field u, and the function g are given by (14).

2.4. Function spaces. To establish existence results for problem (15), we begin
with the definition of an admissible class of solutions to this problem.

Notice that we are looking for strong solutions, which means that in equations
(15) the unknown functions and their derivatives are integrable, i.c., these equations
are satisfied a.e. in Q. To this end it suffices to assume that v € W22(Q) and
(m,p,0) € WhH2(Q). Next, we are looking for solutions such that (m,¢,¢) are
continuous and v is continuously differentiable in . In order to satisfy this demand
it suffices to take v .€ Wetb7(Q) and (m,p,¢) € W*T(Q2) with sr > 3. To address

both issues we introduce the Banach spaces
X7 = W (@) nWHA(9), (16
YT =W Q) N WA2(Q), 0<s<1<r< oo, )

equipped with the norms

[ullxer = lullwer@) + lullwiz@),  lullyer = lullwsrrr@) + lullwe2@)-
Throughout of the rest of this chapter we intensively exploit the fact that the spaces
X*T and Y7 are reflexive. The proof of this fact is nontrivial and follows the line

given below..
It is well known (see [1, Thm. 3.5]) that for any bounded domain Q with C'

boundary, any integer m > 0 and 1 < 7 < oo, the Sobolev space W™"(Q) is
reflexive. The space W, " () is obviously reflexive as a closed subspace of a reflexive
Banach space (see [1, Thm. 1.21]).

Lemma 2.3. Let Q be a bounded domain with C* boundary and 0 < s <1 < r < oo.
Then the spaces WS (Q) and WTL(Q) are reflezive.

Lemma 2.4. For any functional f € (X*7)" there are continuous functionals g €
(Wer(Q)) and h € (WH2(2)) such that

(£:0) = (g,0) +(h,p) for all p € X*".
Lemma 2.5. Let Q be a bounded domain with C' boundary and0 < s <1 < r < oo.
Then the spaces X7 and YT are reflexive.

While W#T(Q) and W12(Q) are separable, we cannot conclude from this that
X*®7 is separable. However, the dual spaces (X*")" and (Y*") are separable:
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Lemma 2.6. Let Q C R? be a bounded domain with C* boundary and 0 < s < 1 <
r < oo. Then (X*7) and (Y*")" are separable.

Existence theory. Define the Banach space
E = (Ys,'r)s X (Xs,r)Z’ (17)
and denote by B, C F the closed ball of radius 7 centered at 0. Next, note that for
sr > 3, elements of the ball B; satisfy the inequality
Ivller@) + Imlle@ + lellcw@) < ce(ry s, DNYE < ceT, (18)
where the norm in E is defined by
191z = IVilyer +lImlixer + llollxer-

Further, ¢ denotes generic constants, which are different in different places and
depend only on Q, U, o and r,s. We assume that the flow domain and the given
data satisfy the following conditions.

Condition 1.
e 00 is a closed surface of class C% and the set T =cl&;, NS \ Zin is a closed
C® one-dimensional manifold such that ¥ = £, UL U Eoyt.
e The vector field U € C%(9Q) satisfies

U nd¥=0.
Joa
Moreover, we can assume that it is extended to R? in such a way that the
extension U € C*(R?) vanishes in a neighborhood of S.
e There is a positive constant ¢ such that
Ui-V(Ui-n)>c>0 onl.

Since the vector field Ui is tangent to 9Q on I', the left hand side is well
defined.

Let us consider the augmented problem of the following form:

Problem. Given (U, qx, 0x), find (Ve, e, pe) and a constant me, depending on e,
such that

Av, — V7, = &/ (u.) + Re B(0s, uc,u:)  in Q,

o
divv, = gl —p: — VY[I] —m in €,
[ G(Q*Saa [¥] E) (19a)

Ue - VLPE + ope = v,y [79] + mego: in Q,

ve=0 ondQ, =0 on%, IHr =mr..
The constant me is determined from the following relations:

-1

me = [ (e Wl0) G~ do, e~ ([ 01— G- o ey do) T, (190)
Q Ja

where the auxiliary function (¢ is a solution to the adjoint boundary value problem
—div(uele)+ol=0g nQ, =0 on . (19¢)

The following existence theorem is the main result of this section.
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Theorem 2.7. Assume that the surface ¥ and the given vector field U satisfy
Condition 1. Furthermore, let numbers r and s satisfy

D<s<l, l<r<oo, 2s—3r t<l1, sr>3. (20)

Then there exists o* > 1, depending only on U, Q and s, r, with the following
property. For every o > o* there are positive 7 and ¢, depending only on U, Q, 7,
s, and o, such that whenever

7€ (0,77, A ', Ree (0,7%, |[N—T|c2q) <72, (21)

Problem 2.4 has a solution ¢ € B;, (. € X*", me € R. The auziliary function (.
and the constants ., m. admit the estimates

[Cellxer + 12l <, |me| <er <L (22)

Let On C B xWT(Q) xR be the set of all solutions (¥, Ce,me) = (Ve, e, Pey Cey Me)
corresponding to a matriz-valued function N. Then for every N in the ball B(7%) =
{N: |l = N||czq) < 7%} there is a nonempty subset Oy C On such that
UNeB(TQ) O} is relatively compact in WL (Q) x WeT ()% x R.

3. Minimization of the shape functional. Now we are going to adopt the gen-
eral theory to the specific problem in two spatial dimensions. Our goal is to propose
the numerical scheme for drag minimization and obtain numerical results. We re-
fer the reader to e.g., [13], [14], [30], [31], [32] for incompressible modeling and
numerical methods. The drag minimization is considered also in [12].

3.1. Shape functional. It is known that the theory of compressible fluids has
many essential applications in aerodynamics. For example, it is used in aircraft
construction. Thus the obstacle S can be identified with an airfoil. We work in the
reference [rame with the fixed obstacle S. (see Fig.1). Aerodynamical force, acting
on the obstacle S can be expressed as

Fo(T) = — [p(Vu+ (Vu)T + (A = 1) divul — £&pl) - ndS (23)

where n denotes the unit normal field defined on I', pointing outward from S,
and I stands for the unit matrix. Similarly as in the case of an airfoil moving
in the horizontal direction, the drag functional J can be defined as the horizontal
component of the aerodynamical force F,. For the horizontal unit vector e; = [1, 0],
it reads:

J(I') = ey - Fo (). (24)

Then, applying any smooth function 7 (in the program 7 is a solution to the Laplace
equation) satisfying suitable boundary conditions, the aerodynamical force can be
expressed as an integral over Q. For n =1 on I' and n = 0 on X, integrating (23)
by parts gives:

F.(Q) = 7/9 (Vu + Vu” — div(u)l — ¢l — Repu®u) - Vndz

- /Q nou - Vudz. (25)
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In consequence, the drag functional is:
J(Q) = —e; - / (Vu+ Vu” —div(u)l — gl — Repu ® u) - Vndz
Q

—e; / nou - Vudz. (26)
Q

3.2. Discretization of continuous shape gradient. The existence of shape gra-
dient of the drag functional is shown for compressible model in [27]. In the numerical
procedure we are going to use the material derivatives of the solutions to the gov-
erning equations. The obtained continuous shape gradient is discretized for the
purposes of numerical method. We point out that the shape derivatives of the con-
tinuous compressible model also lead to the shape gradient of the cost [26]. The
shape derivatives are obtained by the singular limit procedure in the boundary value
problem that is formulated for the material derivatives. Formally, the same result
can be derived by an application of the boundary variations technique to the strong
formulation of the stationary compressible Navier-Stokes equations. However, it is
important to remember that even the existence of the weak solutions to the station-
ary model with nonhomogenous boundary conditions is a difficult problem in the
physical range of parameters. Therefore, the formal considerations for compressible
model are not in general justified, and are performed in the framework of experimen-
tal mathematics. The results obtained here are proved for almost incompressible
model.

3.3. Deformations of I' and Q. We seek a deformation of I', such that the value of
the drag functional .J is minimal relatively to a certain family of admissible shapes.
We introduce the family of admissible shapes by defining the set of admissible
deformations of the initial shape I'. The set of admissible deformations of I" consists
of linear combinations of basic transformations of I', defined as bell-shaped smooth
hat functions (see (109)) depending on the discretization of I". It is assumed that
h = [hy, hs] is a smooth vector field normal to T, that is a deformation of T' in
the normal direction. It defines a transformation ®.(z) = = + ¢T(z) of Q into Q,
depending on the vector field T constituting the unique solution to the Laplace
equation:

AT=0 in Q, T=0 on ¥, T=h on TI. (27)

Observe that, for h = 0 and consequently T = 0, this transformation reduces to

identity. Since both boundaries of Q and boundary data for h; and hy are smooth,

such T is a vector field on Q of class C>(Q2), normal on I and vanishing on ¥.
The derivative of the functional J(€2) in the direction T is given by the limit

dJ(;T) = lim J(G) = J()
=0+ €
We use T instead of h in the definition of this derivative because such a formulation
could be used for arbitrary field T as well.
By applying the same substitutions as in Section 2.2, the shape functional, de-
fined previously as an integral over the domain ., can be written as an integral
over
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Je(Q) = —Reey / o“u V(N tu®)nde—
¢ (28)
- / [0~ (NTV(N"1uf) + V(N~1u)TN — div u®) — ¢ I[]NT Vndz
Q

4. Shape derivative. Differentiating formally the integrand in (28), we obtain the
formula for the derivative of J, which can be symbolically written as the sum:
d
de
where the linear forms L. and L, are given by the formulas [25]

Je(@)]—p = Le(T) + Lu(bu, 7, 6¢), (29)

e=0

Lo(T) =e; - / TrDT(Vu+ (Vu)T — div ul)Vydz—
Q

e - /Q [DTVU + (Vu)TID) — V(Du) — (V(Du))T] Vinde—

(30)
er- / [Vu+ (Vu)T — divu — ¢l]DTVnda+
Q
Reej - / ouV(Du)n - dz,
Q
L,(6u,dm,0p) = —eq - / [(Vou+ (Véu)T — divéu — 67)Vny (31)
Q
+Re ,C(bu, 5p)n|dz,
where
@j =TrDT =divT (32)
de —0 T = a1V

and (0v, 7, dp, 8¢, dm) denote the material derivatives d%(vf,we, e, Cé,m6)|6:0 for
the solution to the correction system. Since by definition (1) (us,gs, p+) do not
vary then, from (14), we have (du,dq, dp) = (dv,dm,d¢p). The material derivatives
(v, 6, dp, 8¢, 6m) can be derived by formal differentiation of the correction system
(10), which gives the following system for derivatives:

Adv — Vém = C(dp, 6v) +D(D), (33)

div dv = ba10¢ + baadm + bazdm + booTrDT, (34)

uVoy + o109 = —6vVp + b110¢p + bi2dm + bizdm + by TrDT, (35)

—div(6¢u) + 016¢ = div(¢év) + 0177 DT, (36)

om = X/ (b;glé(p + b:;géﬂ' -+ b;;45§b;;()TTDT)diL’, (37)
Q

with the boundary conditions:

ov=00n0Q, dp=0o0n Xy, 6(=0o0n Xy

T1(67) = or. (28}

where
D(D) = div [((TrDT)I-D-DT)Vu]+D” Au+A(Du)—Re oD” (uVu)—Re puV(Du),
C(dp,dv) = Redpu - Vu + Re pu - Vv + Re pdv - Vu,
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and the coefficients b;; equal:

20 o

0
bu=¥+m-——p— —
H Qn(p (.Qn) (g&)
biz = 5,
b1z = o,
g 2
m:dﬁﬂm—;¢—w,
0
o o
bot = — + ————H1(pp),
o0 pleo)eo ()
1
bzsz—x,
baz = —1,
bz():i(p—‘p—m
Q0
¢ 20
a1 = = ((¥ +m) — =) + ——(1 — 2)Hy
. Qo(( ) go(p) (QO)QO( Qo) ()
1,0
o = — (= — 1
e )\(.Q()C )’
1 o
bsg — — (o(® +m) — —?),
i Qn(( ) Qo(p)

4 op
bao = (2¢—1) (T +m) - 28
30 (gﬂ( ) (T +m) 2 »C

It is easy to see that the left hand sides of (19a) and (33)-(37) are identical, which
will simplify further computations.

5. Computational scheme. In order to make an optimization step, we need to
calculate the shape derivative, which is given by the formula (29). Thus we have
to find the unique solution of the system (19a) and also the material derivatives
(6v,8m,8¢p,8C,6m), that are the solution to the system (33)-(37). Both these sys-
tems can be written in the common form:

Azl — 0,22 = fL(9),

Azy — 8:2° = f(¥)

21 + B2y = f2(9),

ul'vzd 4+ 0128 = f3(9), (39)
—u"'Vet a2t = V),

z"’:/f"’(v)da:,

where ¥ = (z!, 22, 2%, 24,2%) € (H}(Q)? x L2(Q) x HY(Q) x H(Q2) x L*(Q2)) and
oy = 01 —divu, w1|h tho bmlndary conditions:
1—-0 on 09,
M(2%) =0,
22=0 on N,
22=0 on Bou.
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We rewrite the above system in the compact form:

L(u(d);¥) = R(9), (40)
where the coefficients of (39) depend on u that is computed in the previous step
(u, in turn, depends on ¥ and uy through (14)). Denote by

§ = S(u(¥);9)
the inverse of the linear operator £ — L(u(¥); €) such that L(u(¥); &) = R().

In order to find the approximate solution [9], in which an iteration step is defined
by the formula:

g1 1= anﬁ,H,% + (1 — o)V, (41)
where 9, is a value of solution from the previous step, and
Uppy = S(u(9,);Vn). (42)

We take ¥y = 0. Elements of the sequence o, (in the program we set: o, = ﬁ,
n =0,1,..) have to satisfy the following conditions:

oo
0<a, <1, lim oy =0, Zan:oo.
noe n=0

In every iteration of the fixed point method we find the solution (42) of the system
(40) with fixed right-hand sides f{, f4, f2, ..., f> € L*(Q). Let us notice that if we
substitute in the system (40) the null operator for R and consider only the first three
equations, we obtain the Stokes system (it has to be solved once in every iteration).
To solve (40) numerically in every iteration, we apply the modification of the Finite
Element (FE), used in [28], replacing it by the mixture of Finite Volume and Finite
Element (which we will denote shortly by FV). The latter one was used in [10] and
[7] for homogeneous systems of the type (1).

Similarly as FE, the FV method serves for solving systems of differential equations
in the weak form. Let us then multiply the first 5 equations of (40) by the test
functions t € C§°(Q) and integrate them over Q. Next, applying integration by

parts, we get:
/ ViVzl dz — / (Ont)2% da = / fitde,
Q Q Q

/wvz; dm4/(6zl,)zzdm:/f21tdm,
Q Q Q
/t81211 da:+/ tazz% dx = ftdz,

Q Q Q

/uTVzL‘tder/alzatda::/f3tdm,
Q Q Ja

—/uTVz4L+/(rzz4L:/ I
Q Q Q

2= [ fida.
Q
The first three equations of (43) constitute a system which is hardest to solve (the
last three equations are independent and can be solved separately). The boundary
conditions will be discussed later on (cf. (60)).

(43)
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6. Approximation method. Assume that there is a given triangulation of the
domain Q, so Q ~ Z T. Denote by h the diameter of the biggest triangle in that
TCcT

mesh (that is the diameter of the circumscribed circle). We will denote the set of
all triangle edges from 7 by E, and the sets of all inner edges and outer edges by
Eint and Eeyy, respectively. We will approximate the functions appearing in the
system (39) by functions from certain finitely dimensional spaces (the same spaces
as in [10] and [7]). The approximations of the functions 2}, 21, 2%, 2 and ¢, except
from the test functions from (43/3), are the elements of the space V}, :

Vi =
(e 2@): ¥ bl € Prlt)s, o [ Bl a5 = [ Falae as), (49)
e=t;|t;

where #; | £; denotes the common edge of triangles t; and t;, P (1;) - the space of first
order polynomials defined on a triangle ¢;, and I;‘h.lcl(t,-) is a continuous extension
of kpls, on the closure of ;. Let n. be the number of triangle edges in a mesh 7.
The elements of the space V},, which are linear functions on interiors of triangles,
are uniquely determined by their values in the centres of edges. Thus this space is
of dimension n. and its basis consists of the functions:

b = 1 on the i-th edge, (45)
* )0 at the centres of other edges of triangles adjacent to e;,

i = 1...ne. On the other hand, 22, the right-hand sides f}, f1, f2, ..., f° and the test
functions for the equation (43/3) are approximated by piecewise constant functions
I, over the triangles,

L = {lp € L*(Q) : I, |, is a constant for t€ T}, (46)
with the basis of characteristic functions over the triangles from 7:
e, k=1,...,m, (47)

where n; denotes the number of triangles in the mesh. Thus, approximations of
functions from (43) in the above bases will have the form:

Ne Ne
zll ~ Z Zii(ﬁi? Zé ~ Z Z%j‘ﬁiw
i=1 =1
Nk Ne Ne
zzzZz,ﬁxh z“zsz@, z4zzzf¢i7
k=1 =1 g=1
Ne Nk
taY kg or tm Y L in (43/3), (48)
i=1 k=1
ne ne Nye
1 [ 1 Y 1 2 o 2
A=Y flaxe B=Y o 7= fixe
k=1 k=1 k=1

ne ne ne
P fixe R fixe PR fixe
k=1 k=1 k=1

with real coefficients z{ ;, 23 ;, 23, 27, 2, ki, le and f1 ., f3 1, 2, fi» fii- Substituting
above sums to the system (43), we obtain a system of algebraic equations in the
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matrix form:
Sz — W12 = F}
Szy — Wy2? = Fy
Wzt + wlzl = F?
(D+o1M)2* = F? (49)
(=D + oo M)2z* = F*

Ty

25 = E fi:)Xk dx.
k=1"tx
where 03 = 01 —divuy, € Ly (in turn, u, € (V4)? is a discretization of u) and G¥,
G% are vectors such that
ko1 o1 1T _ 1 k. ,2 .2 21T _ 2
Gl ! [uelvue27ue3] = O1u |f«A-7 GZ ) [uelvue%ue"j] = Oau 'tk'

Here [ul,ul,,ul,] and [u2;,u2,,u2,] are the values of the first and the second ve-
locity component on the edges of a given triangle ;. The matrices used above are
defined in the following way:

ne
S= [Z/V¢iv¢j dr]i=1..n,xj=1..n.
k=17

Wy = [/(Xk31¢i) de)i—1..nexk=1.m, Wo= [/(Xk52¢z‘) dz)i=1..no xk=1...n,
tk ti (50)

Ny
D = [Z ¢i¢j(G1[u}zl’u;2=ui3]1 + Gz[u'ﬁl,ugz-,uzzlr) dx)iz1..n.xj=1..n.»
k=1"tx

ny
M= [Z/ ¢id; dx]iz1..n. xj=1..n.
k=1"Ytk

while the right-hand side vectors are:

Ny nt
Fl =" | flixxdidalizrm,, F3= [Z/ foxxrdidzlizi. n.
k=1"1tk k=1"1tk

F? = [Z \ fixxdi dzli=1..n, = [Z/t fi?Xk¢i dzli=1..n,, (51)
k=1"tk k=1"tk

ny
F=> / et delics..m,
k=1 23

The elements of the matrices, as well as the components of the right-hand side
vectors can be computed using elementary calculations, like the formula for the
gradient of linear function. In order to improve numerical properties of the system
(49), we add to its third equation the stabilizing terms Tsrap.1 and Tsrap.2. The
term Tsrap,s is added to the next two equations. These terms are defined as
follows.
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Let 8> 0, v > 0, then

[t/ 0 . . . 0
0 Jtaf . . . O
Tsrapa =h? o E (52)
0 R [
where |tx| denotes the area of k — th triangle. Next,
TsraB,2 = R [bijlio1..nixj=1..n. (53)
with
leig|gig, + -+ leigalgijn for tjp,..t;, € N(t:),if i=
b,jj = —Ieij[g,-j if i#j and lj € N(fl) (54)

0 in other cases,
Here e;; = t;|t; (ti|t; is a common edge of triangles t; and t;), N (¢;) denotes the
set of neighbours of ¢;, and g;; = (s;hi + s;h;), where h;, h; are heights from ¢; and
t; which are falling on e;;.
Let tr, € T. Then:
if ¢ has 1 neighbour,
if tx has 2 neighbours, (55)
if ¢, has 3 neighbours,

Sk —

= = 8=

6
The factor s;h; | e;; | corresponds to the 1, %, or % part of the area of triangle
t;. Thus the penalty for discontinuity between neighbouring triangles ¢; and t; is
proportional to their areas. The last term is
TsTap;3 = KS, (56)
and the value of small x > 0 different places of the program; for the definition of S
see formulas (50). Owing to the first term, the system (49) becomes invertible (it
corresponds to the condition II(7) = 7 in (19). Ts7ap 2 is a regularizing term and
Tsrap,s is a term that stabilizes the discretized transport equations, equivalent to
adding on the left-hand side the Laplace operator multiplied by x. Thus the final
form of the discretized scheme is the following:
Sz — Wy2* = F}
S z% — We2? = F}
Wiz + W3z + (Tsrapa + Tsrap2)z® = F*

(D + o1 M + TS'TAB,S)Z3 = F3 (57)
(=D + 02 M + TS']‘AB:3)Z4 =

Ny
2= z fox d.

k=1"tk

7. Correctness of the approximation method. For the convergence of numer-
ical method we are going to establish:
1. The existence of solutions to the discrete scheme (57) by a fixed point argu-
ment.
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2. The convergence of the sequence of discrete solutions to the solution (43)
of the model, taking into account appropriate a priori estimates for discrete
solutions.

First of all, the linear Stokes system (1) with the nonhomogeneous Dirichlet
boundary conditions is transformed by translation to the equivalent system with
homogeneous Dirichlet boundary conditions. Recall that the Stokes system under
considerations takes the form:

Auy — Vo =flin Q
div(up) = f? in Q
up=Uon Z,up=0o0nT, M(q)=0,

Let u’ satisfy the system:

Au' =01in Q
w=Uond u=00nl (58)

Substituting w = u — u’, we get:
Aw —Vqg="flinQ
divw = fZ+divu’ in Q (59)
w =0 on 02

Of course, the second equation satisfies the compatibility condition if and only if

/U-ndS:O,
b

this condition is imposed in the subsection 8.2.

It means that we can apply the scheme (40) with homogeneous Dirichlet bound-
ary conditions to the whole systems which we solve, including (1) . Thus, we replace
the approximation space Vj, (defined in (44)) by the space V}:

0 _ . I _
V’ = {kh € Vh : eegﬂl‘fe kh ds = 0}, (60)

corresponding to zero boundary conditions.

Denote by 7p, a triangulation 7 of the diameter h, and by (z}, 2?) - the sequence
of solutions for (G1) in the space (V;?)? x Lj corresponding to the triangulation 7p,.
The last three equations of the system (57) are solved, after regularization, in a
standard way. Therefore we will concentrate only on its first three equations hav-
ing the form (59). We rewrite them in the slightly different, but analogical form:

Vk;, € (V}?)z ’ Vi € 77l

22 divkpdr = /Q i £} - kpdx
’ (61)

(sihi + s5h3) (23 n — 2, 1) =l ts | £2 1o

Vz}, - Vkydr — /
Q.b Q,b

Z Ve,n + hPti| 22, + A7 Z

e=t;|t; e=t;|t;

e

where v, = ]e|z;’hnti, n;, is a normal vector to the edge e, pointing outwards the

triangle ¢; and [, , denotes the following sum of integrals: Z / .
teTy U ti
By the symbol || - ||, we will denote the norm of the space (V}0)?, given by the

formula: || 2 [|7= [, , Vzj, : Vz;dz.
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7.1. Existence of a solution to the discrete scheme. By an application of
the Leray-Schauder Fixed Point Theorem (cf. [11]) we can show that the discrete
scheme (G1) admits a solution. We recall the theorem.

Theorem(Leray-Schauder) 1. Let B be a Banach space, T’ - compact mapping
from B x [0,1] to B, such that 7°(X,0) = 0 for all X € B. Assume that there exists

a constant M such that:
I zlls< M (62)

for all (xz,\) € B x [0, 1] satisfying © = T'(xz, A). Then the mapping T} : B — B of
the form 77X = 7'(X, 1) has a fixed point.

Set B = (V}!)? x Ly, and denote X = (A, B) € B. Take T': B x [0,1] — B such that
T(X,)\) =z € B:z = (2}, 22) satisfies the following system:

Vky, € (V)% VYt €Ty

Vz}, - Vkpdr — \ [ Bdivkyde =\ [ f} -kpdz

Qb Qb Qb
(63)
A Z A+ 1P | ti | 23 p+
e=t;|t;
AR N (skh+siha) e | (fn—2tm) = A bl fEn
e=tilt;

where A, j, is defined in the same manner as v ;. We need to show that the mapping
T satisfies all the assumptions. For A = 0 it has the form:
Vky, € (Vi)? / Vz}, - Vkpdz =0
Qb (64)
Vti € 7;1 hﬂ f t; | thuh‘ =
Obviously, the only solution to the above system is the trivial one. Thus 7" satisfies
the condition: T'((A, B),0) = 0V(A, B) € B. The zero solution obviously meets the
estimate (62) too. Furthermore, T - as a linear operator, acting in finite dimensional
space - is compact. In order to prove the estimate (62) for the solution to the system:
th- (S (V}?)Z: Vti € 7;L

Vzj, - Vkydz — )\/ 22 divkyds = A £l kpdz
Qb

Qb Qb
A Z Ve + P |t | zi’h+ (65)
e=t;|t;
MY N (skhw +sih) e | (28 n = 280) = A ti | S0
e=t;|t;

we can use estimates derived for the scheme (G1) (which is equal to (65) for A = 1),
that are presented further in this paper (see 7.2.1). Since, employing the analogical
technique as for (61), we get the following inequality:

24 lls<

(66)

1 1 i
—\//\0201 I £ lze@zll f7 llzay + A | £ llzzqyz += 1| fi 22,
Co C
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(symbols ¢z, ¢1 denote certain positive constants, described later - see 7.2.1).In turn,
estimates for 27 can be derived from the equation (65/2). Let us multiply it by 27
and sum over all triangles from 7j:

)\/ zidivz,lldac—i—hﬁ/ (2 ) dz+
Qb Qb

(67)
TS el (siti + shg) (22 4 — 22 )2 = /\/ 2. 2da.
eeE b
After substituting for X [, , 27 divz;, the identity from (65/1) (with kj = z},), we
get (from definition of norm || - ||, in the space (V}?)?):
1 2h 108 [ (e S el(sihi k) (o — 2" -
Qb el (68)

A £ - zpdr + A fE2idz
b 2,0

Since the first and the third term on the left are non-negative, the following in-
equality must hold:

hﬁ/ (zt h) dz < A fh Z/zdz+)‘ fh zh. (69)
Q.b

and after applying definition of the norm in L?(Q) and Holder s inequality, we have:
W\ 2 2y < en B el 2h ls + 1| £2 2@l 27 llze ), (70)

then:
I 2 Nz2y (B2 1 20 lzey =M I i lzeey) < den | B llzepell 2 sy (71)

and 1n consequence:
A
VR || 2 |2 @) 7 I 72 llz2@)? < Aex || £ 22 |l 24 o, (72)

if only
A
I 2% 2y =55 Il i llz2ge)> O
hB
Otherwise it holds: 5
I 22 2@ < w5 | /7 2y
hB

which already gives an estimate for || 27 ||12(q). From (72) results:

Ve 8 sl 24 N

Il 25 lz2@y < W/ t35 I 77 2 (73)

In the presence of inequalities (66), (73) and the fact that A € (0,1), we have:

1 1
Il 2, o< E\/Czcl £ lz2@yell f7 lzaey +co ll £ llzaqy2 + |l fi lz2ceys (74)

and

1 1
I 27 llp2) < ﬁ\/el £ [lz22ll 24 lls + 7 I f7 g (75)

The right-hand sides of the above inequalities are given and independent of A, so
also the assumption ((2) is satisfied. That ensures the existence of a solution to the

system (61).
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7.2. Convergence of discrete solutions to the solution of the model. We
will show that the sequence (z}, 22) has an estimate in V()2 x L?(2) independent
of the diameter A of the mesh. This makes possible to select a weakly convergent
subsequence. Furthermore, we have to know that this subsequence converges to the
model’s solution when the mesh diameter A — 0.

7.2.1. Estimates for discrete solutions. Multiplying the second equation of the scheme
(57) by 2} and summing it over all triangles from Ty, we get:

22divzlds + hP 22 )dz + kY el(sihi + sih; ) (22 —zz._ )2 =
h h ti.h i)\ 26 n = 245
Q.b Qb B (76)

b

Next, substituting for [, , 27 divz; dz the identity (61/1) with k, = z}, we get

from definition of the norm || - ||, in the space V,:
b I +02 [ 3ot b0 Y el + s3hs) e = 52, 0)° =
Q2.b ecE (77)

£} -z} d ,|,/ fi - 2ide.
Qb Qb
Removing the last two terms on the left-hand side ,we obtain:
lah i< [ i-shdos [ J i (78)
Qb Qb

Employing Holder’s inequality to the right-hand side gives:
I 25 <1 £8 llL22ll 24 22 + I fr 2@l 27 2@ < (19)
cu |l i ezl 2 lls + 11 £ llze@yll 25 llz2c0)s

wherein the last inequality results from Friedrichs-Poincare inequality for the space
(V2)?%, having a form:

/n fA(x)dz < ¢ Z t IVf(z)]?dz Vo2, Vh >0, (80)
LET "™

where the constant ¢; depends only on © and the regularity of the mesh. In conse-
quence:
25 lls (Il Z4 llo —ca || £3 llz2()2)

5 ; (81)

I fi Nlzee)

assuming that || fZ [|z2()> O (otherwise the inequality (78) simplifies). Now we
can use the inf-sup stability of the pair of spaces ((V})2, Ly,) (see [10],[7]):
fQ b z,ZL div(kp)dz

l 24 lL2 (>

sup > ez || 2 = M(27) llz2 @), (82)

Ky e(V9)2 | kn [
where the constant ¢; > 0 is independent of the size of triangulation. Substituting
for [, , z7 div(ky)dz the expression (61/1), we obtain:

Jau V2 - Vkpdz — [, - kpdz
- b >cz || 2 — M(2}) 2y - (83)

sup
kne(V0)2 | kn [ln
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But, since M (z) = 0, we have || 27 —M (2}) || 2=l 27 [|22(0)- Next, the following
sequence of estimates holds:

Vz}, - Vkpda — / £} kpdr

Qb Q.b

<| / VZ},V -Vkpdz | + | / f,i ckpde |< (84)
Jab Jab

Iz lsll e llo + [ £ 12202 | Kn llz2 )<

Iz ol e lls +ex [l £ llz2cayzl kn llo -
Then, substituting the estimate from (84) to inequality (83), we get:

Il 2h lls +e 1 £ llz22> ez || 27 2oy - (85)
Employing (81), we obtain the following relation leading directly to the the estimate
for z},:

Z1 b Z] b —C1 f] 2 2
L2 o en 168 o e Ll (2 Do e I lzr)
|| fh “L2(§2)
Above inequality gives:
e I 6 N2l S ey = -
Il 25 lls(c2 Il 25 lIs —c21 | £ 2y — || fi llz2e))-

Of course, the right-hand side of that inequality can be estimated from below by
the expression:

1
ea(ll 2y o —c1 || £ llz2cay2 - Fi le2@)®s (88)
if only it is non-negative; otherwise we arrive in the estimate of the form:
1
I zh 1< c1 |l 4 llz2()e + I fi 2oy - (89)
Thus:
\/Czcl IE5 eyl fi lzay > c2 Nl 2 llo —cacn [ 5 lzeqaye = | /2 llzegy, (90)

so finally we have:

1 1
Il 23, llo< 'C—\/Czcl I £ Nzzcpzll £2 ey +er | 4 llz2yz +— 1| f2 llzeg) - (91)
2 C2

Simultaneously, in the presence of (85) and (91), we easily obtain a bound for
I 2 llz2y:
1 C1
i ez < — Iz llo +— 1| £ llz2ae - (92)
2 C2

For further computations it will be also necessary to estimate the expression |22|7, ,
defined in the space Ly, in the following way:

T = D (it hylel(z 5 — =5, )% (93)
ecE;nt
JFrom the equality (77) follows that:

hY Z le|(sihi + sjhj)(ztzhh - ztzj’h)2 < / f} - zpdr +/ 17 - pda. (94)
B Qb Qb



DRAG MINIMIZATION FOR THE OBSTACLE 21
Furthermore, as s; > %, then 6(ssh; + sjh;) > (hi + h;) and:

R lel(hi + hy)(2f = 27,4)% S 6R7 ) lel(sihi + s5h;) (2, n — 27, 0)% (95)
ecE ecE
Thus, an estimate for |27|7, can be obtained on the basis of the estimate of the
right-hand side of (94).

By Theorem 3.3 in [10] it follows that the estimates for discrete solutions (z},, 27)
in V}(Q)? x L?(Q) which are independent of the mesh size imply the strong con-
vergence of the sequence z} in L%(2)? to the limit z! from H}(2)? and the weak
convergence of 27 in L?(§2) (these convergences hold for subsequences only).

7.2.2. Convergence of discrete schemes to the model. We want to show that the
scheme: the(vh)z Vt; € Th

Vz,l1 - Vkydzx —/ z,zl divkpdz = / f,i -kpdr
Q.b Q,b Qb (96)

z Ve,h . hﬂltilz‘tz,',h +hY Z |el(81h1 + sjhj)(ztzi,h - ztzj,h) :| t; | ftlzi,h

e=t;|t; e=t;|t;

converges to the system of the form:

/Vz1~dem—/z2divk:/f1-kdm Vkecs @2
Q Q Q (97)

/le(Zl)ldIEZ/ledZ leCU°°(Q)
Q Q

Since the proof of convergence of the first equation in the scheme (96) to the first
one in (97) is considered in the paper [10], we can direct the reader to that source.
Regarding the convergence of the second one, we do not have a ready result but we
may apply some ideas from [10]. First, multiplying (96/2) by the approximation
lp, € L" of a smooth function [ € C§¢(2) and summing over all triangles from 7y,
we obtain:

T+T+T3= Z | ti | f2 pleho (98)

ti€Th

denoting:
Tr= > > venltin
ti€Th e=ti|t;

Ty = ) WPJtil=g wlean . (99)
LT

Z h? Z lel(sihi + s3h5) (25 — 23, )i b

t;€T E=ti|tj

Ty

where I;; 5, is the mean value of [ on the triangle ¢;. We will show that the first
term converges to j& , div z'ldz and the other two tend to zero when kA — 0. At the
beginning, one can notice that the following equalities hold:

T, = divz} lpdz = / divz}, (I, — l)dz +/ divz}ldz, (100)
Qb Qb Qb
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since: I, — [ in L?(Q) (according to Lemma 2.1(3) from [10]), and div z}, is bounded
in L?(2) on every triangle ¢;, as:

(div z},)?dx = /(
t; Jti

12 1 1 12
le’h leyhazzth Bzzth

b 5‘.1‘1 0.’1)1 811)2 0.’1?2

Bzi h 82%.1’1 2
e dx + e Vodx =

)dz < (101)

8zih2 c'?z%h2
2 o 2 Ve <2 [ Vzi:Vz =2z .
[ Gt + Fekviw <2 [ Vel e =202} ),

Next, integrating the second term by parts, we get,

divz,llldx:—/ z}Vide — —/ZIVld.'IJ,
h—0 O

Qb Q.b

because it was already demonstrated that z; — z' in L?(Q)? to a function from
h—0

H}(2)2. Applying integration by parts one more time, we obtain the needed result
for the first term. Obviously, the second term 75 tends to zero when h tends to
zero since, as it, was already shown, the expression || 27 || r2(q) is bounded. As for
the term 7%, from the boundedness of | 27 |7, we get T3 — 0, owing to:

T3 = Z hY Z le|(sih; + sjhj)(zi,yh - zijh)lti <
LET  e=t;lt; (102)
<Y TR Y Jel(hi+ ) (2E — 22 )l < BT | 27 50| In loge @, 2, 0
teT  e=ti|t;

Finally, again from Lemma 2.1(3) from [10], it is obvious that:

Soltl fnln=Y 1til FEplen—=0+ Y |ti| f2 4l
ti€Th ti€Th ti€Th (103)

= > |t | f2ul,

ti€Th

and from the weak convergence of fZ , in L?({2) we have:

Sltil fEal— / fAde. (104)
ti€Th Q

This, with convergence of the terms 74, 7> and 7% from the left hand side of (98),

gives the result.

The novelty of the analysis performed above consists in considering the system
with f2 # 0. The reasoning is based on [10], [7], where a nonlinear system was
considered, but had to be supplemented by the elements taking into account this
non-homogeneity.

8. Example of obstacle shape optimization.

8.1. Shape and size of the computational domain (2. We define the compu-
tational domain Q as an ellipse with two small circular holes inside(one of them is
the inlet, and the other one - the initial shape of the obstacle, see Fig.1), situated
symmetrically with respect to its centre. The radii of the considered ellipse are 30
and 16 units. The centres of the circles lie in the horizontal axis of the ellipse, each
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in the distance of 3,5 from its centre. The length of the radii of both circles equals
1.

8.2. Boundary conditions - vector field U. Vector field U, that appearsin the
boundary condition (2¢) is chosen in such a way, that it satisfies the compatibility
condition for the equation (1), which reads:

U-nds+/ U-nds=0.
Zin Sout

It corresponds to the physical condition that the same amount of the fluid enters
and leaves 2. We assume that the fluid passes through the boundary 9 in normal
direction. We take U = aﬁ;‘__—;‘o‘% (a € R), which is the velocity field in the solution
to the system (116) defined for xq, the source of the gas, taken as the coordinates
of the centre of ;.

8.3. Optimization step. Using the gradient method, we want to find a trans-
formation of Q acting in the direction of the steepest descent of J. For a fixed
discretization of I, the vector field T is a linear combination of basic fields T;
related to the boundary points i = 1..n;, namely:

T=t1T1+..+tp,Th,, (105)

where t = [t;], i € 1..n; are real coefficients. Thus the gradient of the functional J
contains the derivatives with respect to the basic fields
aJ [BJ oJ }

1. m,] _ =
Ot1” "7 Oty,

=[q',... = o 106
g=1g'...,9 = (106)

taken at t; = 0, i = L..np.

In order to construct these fields, we approximate the boundary I' by a closed
spline curve € of class C2, passing through all the points of the discretized boundary
(which are the vertices of triangles from 7 that touch I') and parametrized by the
arc length s:

E=¢(s), s€[0,L], &(sk)=pk, k=1l..ny, (107)
where L is the length of I'. Since we want to construct normal movements of the
boundary, for every point py we need a formula for the outer normal vector. It has

the form:
NEI(sg) [0 —1J
ng=——-—--, N= (108)
[l &(si) 10
Then we define the hat function around a given boundary discretization point of "
by the following formula:
(dist(s, sk))z]
wWo

, (109)

b(s) = e:l:p[ —

where dist(-, si) is a minimal distance of s from sg:
dist(s, sg) = min{|s — sg|, L — |s — sg|} (110)

and the constant wy determines the "width” of the function bg(s). To obtain a
normal shift of every boundary point p;, we multiply b(s;) by the normal vector
le:

hi(p;) = bi(s;)mj, j = L. (111)
Applying the formula (27), all vector fields Ty on Q can be evaluated.
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During our computations we impose two obvious constraints. The first is the
constancy of the volume, since otherwise the optimal obstacle would reduce to the
single point. If we agssume, that the boundary nodal points of Sj, move by the vector
> ket © khy, then the requirement of fixed volume reduces to

>t (/ dikadx) = Y Fd=0
k€El..nyp Qn k€l..ny
where dj, = fﬂh div Ty, dz.

The second constraint concerns the position of the mass centre of the boundary
of the obstacle. The speed of the flow decreases with the distance from the inlet,
therefore, in order to reduce the drag, the obstacle would move as far to the right
as it is possible, see Fig. 1. We want to prevent it, because we are interested in the

optimal shape at the specified position.
The condition for the mass center to be fixed at the origin reads

/ zjds =0, j=1,2. (112)
a8y

This may be transformed as follows:

23 23

/ zjds = Z lkxf =~y fo,
o5n k=1 k=1

Here we have assumed that the lengths of boundary edges I are approximately the
same and equal ly. This condition holds at the beginning of each optimization step,
see next paragraph. Therefore, in view of (112),

23
> #f=0, j=1,2 (113)
k=1

Now if we move each nodal point by > ", ¢*hy(pi), i = 1,...,mp, the above
condition takes on the form

ne . nep )
x;+Zc’“hi(pi)} =0, j=1,2.

Z k=1

=1

Because of (113), the condition for keeping mass centre of I'j, in place thus becomes

Sk [Zhi;(p»} =0, j=1,2. (114)
k=1 =1

Let us denote
d = [dl, see ,dnh]T,

Ny
b =[h,...,hn,|T, where hj = M(p:), j=1,2.
i=1
As a result we must project the gradient g on the intersection of three hyperplanes

ny ny .

> ¢kd =0, > ¢*Ri =0, j=1,2
k=1 k=1

It is easily done by taking

g1 =g — apd — a1h' — aph?
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and finding oy, a1, ao from equations
gld=0, gfh'=0, g{h®=0.

As it was mentioned above, after each optimization step we distribute s; approx-
imately uniformly along &(s), see (107). This simplifies the condition for keeping
the obstacle in place, but also prevents other undesirable behaviour. In places of
higher curvature the nodal points on I';, may get nearer and nearer in the process
of optimization. Keeping the distances between these points equal prevents them
from overlapping during the consecutive optimization steps. The results of the
computations are shown in Fig.2.
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2 |
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N |
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/ ~a
osf g
5951 b pd N\
o i
59 4 /é/
—05F “a. e R
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\\
5751 — N
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5.7 . . I : . L \ .
o 5 10 15 20 -1 05 o 0.5 1

Figure 2. On the left: the plot of J versus number of steps; on the right: the final
shape of the obstacle I' after minimization of the drag

8.4. Experimental computation of the rates of convergence of FE and
FV. To investigate the rates of convergence of both methods, we use the Stokes

system:
Au—Vp=0inQ
div(u) =0 in Q (115)
u = U on 0Q
with the field U generated by a fundamental solution (Stoklet) to the system:
AU; — 01 P = §(x — x) in R?,
AU, — 9, P = 0 in R?, (116)
div(U) = 0 in R?,
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where x¢ ¢ Q. Thus, the solution to (115) is given by the formula:

0
- 5 T —T1
ur = —~0.5log(ll x =0 ") + 1o
(z1 — 29)(z2 — 29)

_ (&1 —2)(z2 — a5) 117
U2 ” x — x0 ”2 ’ ( )
= Q(Il = $(]))

| x—x° 2

In order to compute the rates of convergence of u and p, we make 3 subsequent
mesh condensations (every time we take i := 1h). Regularity of the mesh is assured
by Matlab’s algorithm. Denote by wujerr, userr and perr errors of the velocity
components and the pressure, computed in the norm of L?(Q). We take the total

error of the velocity as:
uerr = \uyerr? 4+ ugerr?. (118)

In both methods the same scheme (57) and the same stabilizing terms (52), (53),
(56) have been employed. The values of 8 and v are chosen in such a way(8 = 1,2,
~v = 0,6) that they minimize the errors of the Stoklet solution. The same values were
used in the computations done during the optimization. The convergence rates of
the velocity and pressure obtained from comparison with exact solutions are 3.0714
and 0.9158 for FE compared to 2.5763 and 1.5480 for FV. One can remark that error
values themselves are not actually important, only the convergence rate - since for
the same triangulation the number of discrete variables for FV is approximately 3
times bigger than for FE. The obtained results are presented on the plot below:

log(err)

1 'fog(h) 4

Figure 3.

It can be concluded that FV approximates the pressure more accurately, whereas its
advantage in accuracy for the velocity decreases with subsequent mesh condensation
steps. However, the accuracy of the pressure is crucial in this case.
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