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Abstract Determination of the compaction of the carbonate sediments presents
the basic difficulty at evaluation of their post-depositional thickness. Oedomet-
ric experiments were carried out for the samples prepared fromn fine-detrital,
intra-bichermal facies of the Upper Jurassic from the Krakow-Czestochowa .
Upland. The relationships between the burden of samples, of which grain
composition simulated sediments from a natural outcrop, and changes in the
sample heights were subjected to the mathematical modelling. A parametric
model was proposed. The power function turned out to be the one providing
the best fit. To fit the model to the data given, the regression analysis was
used. The model was linearized and the parameters were estimated, using the
least squares method. The model proposed reflects the impact of the mechani-
cal compaction on the present thickness of the carbonate sediments, assuming
lack of early-diagenetical cementation of the sediments discussed.

Keywords mechanical compaction - carbonate rocks - model fitting -
parametric estimation

1 Introduction

Compaction is one of the main processes leading to a reduction of carbonate
deposits in thickness ([3],[10], and [29]). There are two types of compaction:
mechanical (physical) and chemical; in this paper the first one is considered.
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The mechanical compaction, closely following the deposition processes, contin-
uously affects the sediments deposited and buried until their total lithification,
however, with decreasing intensity strength ({13], [12], and [22]). The sediment
lithification is a conventional boundary between the early diagenesis and burial
diagenesis stages.

Mechanical compaction, above all, leads to an increase of the grain density
in the sediment, (see [5]), which, in turn, results in its dehydration as well as
and a reduction in porosity and permeability ([2], [3], [23], [1], [12], and [22]).
Aparl from densification of the skeletal grains, the mechanical compaction
may also bring about breaking and small displacement of the sediment grains
(12], 18], and [22)).

The chemical compaction takes place in a lithified sediments, at the pres-
sures exerted by a sediment pile of a thickness reaching at least 200 — 250 m
({27],[11}, and [7]). This type of compaction also causes a reduction in thick-
ness of the carbonate rocks, connected with pressure dissolution processes,
occurring in the lithified rock.

Depending on the deposition conditions and the burial depth, the sedi-
ments are subjected to differential compaction - an essential element in the
reconstruction of the facies architecture of sedimentary basins, filled with sed-
iments of varying susceptibility to the mechanical compaction, as well as some
unsusceptible to it ({13}, [26], and [25]).

While determination of the impact of the mechanical compaction on the
sediment is documented with easily readable textures, quantitative charac-
teristics of this process is quite complicated, because of complexity of the
geological processes. Quantitative determination of the thickness reduction of
the carbonate deposits due to the mechanical compaction has been attempted
on the basis of the results of laboratory tests or computational algorithms,
taking into account several factors, such as presumable chemical composition
of the sediment, chemical composition of the rock formed by the sediment
compaction, primary and presents porosity, as well as probable thickness of
the overlying sediments ([28], {23}, [24], [8], [12], [30], [14], and {15]).

This paper presents a mathematical approach to the results of the model
tests on the mechanical compaction of the fine-detrital carbonate sediments,
deposited in the sedimentary basin covering the Krakow-Czestochowa Upland
in the Late Jurassic period (see [16]).

2 Geological setting

In the Cracow-Czestochowa Upland the Upper Jurassic carbonate rocks are
represented by three main types of facies: (i) massive limestones, (ii) bedded
limestones, and (iii) gravity flow deposits ([9], and {19]). Their diverse lithol-
ogy points out diverse susceptibility to the mechanical compaction. Massive
limestones, representing the Upper Jurassic carbonate buildups, were not sub-
jected to the mechanical compaction, because of their rigid framework, mostly
built by microbolites, as well as early diagenetic cementation processes. On
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the other hand, the mechanical compaction affected the bedded limestones
and gravity flow deposits, in which the early cementalion processes occurred
more slowly, due to lack of the rigid framework and high content of clays. The
increased clay content prevented early cementation, leading to slowing of the
scdiment lithification ([4]). Differential compaction, is considered as one of the
reasons for the present local inclination of the limestone layers surrounding
carbonate buildups, and also for significant differences in thickness between
the massive facies and bedded limestones, deposited in the same time interval
(see [20]).

3 Methodology

Mechanical compaction of the Upper Jurassic bedded limestones was inves-
tigated on samples taken from the outcrop in Zary near Krzeszowice. This
outcrop exhibits bedded limestones, formed between the carbonate buildups,
unsusceptible to the mechanical compaction ([17], and [21]).

The research method used was the oedometric analysis of compressibility,
aimed at determination of the relationships between the load imposed on a
sample during the oedometric tests and variations in its height. The decrease
in the sample height can be interpreted, with some restrictions, as a compactive
reduction in the sediment thickness. The samples subjected to the laboratory
tests have been prepared in such a way that their grain composition corre-
sponded to the Upper Jurassic bedded limestones, observed in the outcrop in
Zary. For the purpose of the experiment, a special model of the oedometric
tests was developed, in which each of the following samples was subjected to
a load simulating various burial depths (see [16] for details).

sample 6

sample 5

sample 4 sample 6
sample 5
sample 4

Fig. 1. Model profile (with positions of the subsequently analysed samples), for which the
oedometric tests were carried out (assumed sjtuation before and after compaction).
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It was assumed that 6 samples would create a model profile (Fig. 1), in
which the sample 1 corresponded to the lowermost layer, affected by the burden
of the samples 2 — 6. Sample 2 was deformed under the load of the samples 3
- 6, sample 3 - under the load of the samples 4 — 6, etc. The burden applied to
the sample 6, representing the top layer, was supposed to simulate the pressure
exerted by the overburden of the Upper Jurassic sediments.

In order to simulate the continuity of the mechanical compaction, the load
was gradually being changed. The results obtained from the oedometric studies
are presented in Tables 1 ~ 6.

load height
[kPa] [mm]
0 33.64
2.78 27.74
41.57 25.64
41.57 25.64
83.87 23.895
83.87 23.89
168.45 23.35
168.45 23.34
336.35 22.835
336.35 22,815

Table 1. Height of the sample 1, depending on the load applied.

load height
[kPa] [mm]
0 32.08
2.55 26.92
33.73 24.16
33.73 24.14
76.03 23.72
76.03 23.705
155.55 23.19
155.55 23.165
323.45 22.665
323.45 22,63

Table 2. Height of the sample 2, depending on the load applied.

load height
[kPa] {mm)]
0 45.15
2.78 38.64
21.15 32.965
21.15 32.955
63.45 31.97
63.45 31.965
147.15 31.255
147.15 31.25
315.05 30.69
315.05 30.64

Table 3. Height of the sample 3, depending on the load applied.
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load height

[kPa] [mm]
li] 35.22
2.55 29.64
42.30 24.21
42.30 24.20
126.00 23.45
126.00 23.425
293.90 22.61
293.90 22.56

Table 4. Height of the sample 4, depending on the load applied.

load height
[kPa] [mm]
8] 41.42
2.78 34.90
83.70 29.75
83.70 29.71
251.90 29.16
251.90 29.15

Table 5. Height of the sample 5, depending on the load applied.

load height
[kPa] [mm]
Q 41.37
2.55 34.69
167.90 29.94
167.90 29.93

Table 6. Height of the sample 6, depending on the load applied.

The data from tables 1 ~ § were used for a mathematical model, showing
the relationship between the load and the sample height. Sample 6, due to too
small size, has been omitted. Figure 2 presents the data from the samples 1 -
5 in the graphical form.

height
35 40

30

25

T T T T T T 1
0 50 100 150 200 250 300

load

Fig. 2. Graphical illustration of the samples 1 - 5.
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4 Model-fitting with regression

Regression analysis is used for explaining or modelling the relationship between
a single variable Y, called the dependent variable, and one or more independent
variables X1, Xo,...,X,. Given a set of observations, it is based on finding
the function f, which describes the relationship

Y= f(X)+e,

where X = (X1, X2,...,X,) and € is a random error. This can be done using
a parametric estimation, based on the assumption of a model (i.e. assumption
of the form of the estimated function) and then fit it to the data through the
estimation of parameters, or using non-parametric regression methods (such
as cross-validation methods, etc.) Due to the small sample size, we will focus
on regression-based parametric estimation.

Most commonly used is a linear model, given by

y=Xfg+e,
with parameters 5;,7 =0, ..., k, where
1 X11 . Xl'n.
1 Xo1 ... Xon
y=(y1,92,---,yn)T, 6=(€1,€2,---,€n)T, X = s ?
1 X1 - Xien
Estimates of parameters 3 = (8o, A1, - . -, B&)7, can be obtained from the least-

squares method, as the ones minimizing e”e = (y — X3)T (y ~ X0), i.e.
B=(X"X)"'X"y,

if the errors e are normally distributed, uncorrelated and have equal variance.
Then we obtain

-~

? = X/B 3 E: Y-y

The data presented in Figure 2 indicate, however, that a nonlinear model

should be applied. Let us therefore consider the simplest nonlinear models -

one that can be linearized. Examples of such models, for the data from sample
1 are depicted in Figures 3(a) - (d).

The analysis carried out for some of the most popular models and compari-

son of their goodness of fit {the coefficients R? are respectively 60%, 94%, 53%,
and 54%), show that the model provides the best fit for the power function.

y=aX’ (1)
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heignt
height

(a) Y = eatdX (b) Y = aX?®

height
haight

250

T  RARRANAREEREARY]
u W e e e men D 50 100 1S 200 250 300

@Y=ty QY=o+

Fig. 3. (a), (b}, (c), and {d). Examples of noulinear modcls fitted Lo the sample 1.

After log-transforming, model (1) becomes
In(y) = In(a) + bIn(X),
where a > 0, so we obtain a linear model
y1 = a1 +bXy, ()

with parameters a; and b. This means that we are looking for the regression
line y3 = a; + bz
For the model chosen, it is necessary to satisfy the condition X; > 0 and

vi > 0, therefore, in samples 1 - § (Tables 1 - 5) we have to skip the first pair
of observations.

2}
350
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The analysis of the data from sample 1, with the use of R, version 2.7.2,
gives the following result.

Coefficients:

Estimate Std. Error t value Pr(>ltl()
(Intercept) 3.380205 0.018600 181.73 4.03e-14 *xx
log(obcl)  -0.043519 0.004066 -10.70 1.36e-05 #*x*
Signif. codes: O ?x*%’ 0.001 ’%x’ 0.01 ’x? 0.05 7.7 0.1 7 * 1
Residual standard error: 0.01695 on 7 degrees of freedom
Multiple R-squared: 0.9424, Adjusted R-squared: 0.9342
F-statistic: 114.6 on 1 and 7 DF, p-value: 1.365e-05

The estimates for parameters in (2) are equal @; = 3.380205, and b = —0.043519,
with standard errors 0.018600 and 0.004066. Hence, we obtain the regression
line

71 = 3.38 — 0.044z;.

Now, we check the fit of the model. The R? is equal 94%, which indicates
a good fit 1o the data. Tests ol significance of coeflicients a; and b, give very
small p-values, so in both cases, we reject a hypothesis that they are statisti-
cally insignificant. Similarly, F-test, shows a linear dependence of the variables
tested, by rejecting the hypothesis (since p — value = 1.365 - 1075), that their
relationship cannot be described by a linear model.

To confirm the results obtained, it is still necessary to test the normality
of residuals in the model fitted.
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Fig. 4. Scatter plot of residuals. Histogram of residuals, the sample 1.
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The Shapiro-Wilk normality test of the residuals (presented in Fig. 4),
gives p — value = 0.0598 so, there is no reason to reject the hypothesis, that
the distribution of residuals is normal.

Finally, we get the power function (1) of the form § = 29.38X ~0-044 where
a = exp (@) = 29.38. The result obtained is presented in Fig. 5.

30.

height

25.

22..

0 50 100 150 200 250 300 350
load

Fig. 5. Sample 1 with the fitted power function 5 = 29.38X ~0-044,

95%-confidence intervals for coefficients @ and b, respectively, are of the
form (28.11274, 30.69768), and (—0.05313356, —0.03390444).

The analysis of samples 2 — 5, we perform similarly. The results obtained
are shown in Figures 6 — 9.
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Fig. 6. Sample 2 with the fitted power function § = 27.55825X —0-034654
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30.(
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Fig. 7. Sample 3 with the fitted power function ¥ == 38.82716X —0:044083
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Fig. 8. Sample 4 with the fitted power function § = 30.60685X ~0-055764,
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Fig. 9. Sample 5 with the fitted power function § = 36.12904.X —0.040766

Figure 10, below, shows all the power functions obtained. For the conve-
nience of reader, the colour of each function corresponds to that from Figures
7-9.

3
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Fig.10. Power functions fitted Lo samples 1 — 5.
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5 Conclusions

Based on a mathematical model, the mechanical compaction may be quanti-
tatively evaluated, according to the equation

K= (1 - me) - 100,

min
where

K denotes mechanical compaction, expressed in [%],
Ymex = aX0 . (present thickness),
Yomin = a X2, (initial thickness),

for a € (27.09;41.16), b € (—0.068; —0.027).

Minimal and maximal load may be expressed through the overburden thick-
ness of a layer, which, in turn, may be approximately evaluated, e.g. on the
basis of the sedimentation or accumulation rate (see [18] and [6]). At the be-
ginning, the sediment deposited would be subjected only to the minimal load
Xmin = 0.01, where the condition X, > 0 fulfilled the requirement of the
mathematical model, and X,.x corresponded to the maximal load bringing
about the mechanical compaction, until the sediment lithification.

The above formula does not take into account the chemical compaction.
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