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704.

A MEMOIR ON THE SINGLE AND DOUBLE THETA-
FUNCTIONS.

[From the Philosophical Transactions of the Royal Society of London, vol. 171, Part IIrL,
(1880), pp. 897—1002. Received November 14,—Read November 28, 1879.]

THE Theta-Functions, although arising historically fromn the Elliptic Functions,
may be considered as in order of simplicity preceding these, and connecting themselves
directly with the exponential function (¢* or) exp. «; viz. they may be defined each
of them as a sum of a series of exponentials, singly infinite in the case of the
single functions, doubly infinite in the case of the double functions; and so on. The
number of the single functions is =4; and the quotients of these, or. say three of
them each divided by the fourth, are the elliptic functions sn, cn, dn; the number
of the double functions is (4*=) 16; and the quotients of these, or say fifteen of
them each divided by the sixteenth, are the hyper-elliptic functions of two arguments
depending on the square root of a sextic function. Generally, the number of the
p-tuple theta-functions is =4#; and the quotients of these, or say all but one of
them each divided by the remaining function, are the Abelian functions of p arguments
depending on the irrational function y defined by the equation F(z, y)=0 of a curve
of deficiency p. If, instead of connecting the ratios of the functions with a plane
curve, we consider the functions themselves as coordinates of a point in a space of
(47— 1) dimensions, then we have the single functions as the four coordinates of a
point on a quadri-quadric curve (one-fold locus) in ordinary space; and the double
functions as the sixteen coordinates of a point on a quadri-quadric two-fold locus in
15-dimensional space, the deficiency of this two-fold locus being of course = 2.

The investigations contained in the First Part of the present Memoir, although
for simplicity of notation exhibited only in regard to the double functions are, in
fact, applicable to the general case of the p-tuple functions; but in the main the

www.rcin.org.pl



464 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. (704

Memoir relates only to the single and double functions, and the title has been given
to it accordingly. The investigations just referred to extend to the single functions;
and there is, it seems to me, an advantage in carrying on the two theories simul-
taneously up to and inclusive of the establishment of what I call the Product-
theorem : this is a natural point of separation for the theories of the single and the
double functions respectively. The ulterior developments of the two theories are indeed
closely analogous to each other; but on the one hand the course of the single theory
would be only with difficulty perceptible in the greater complexity of the double
theory ; and on the other hand we need the single theory as a guide for the course
of the double theory.

I accordingly stop to point out in a general manner the course of the single
theory, and, in connexion with it but more briefly, that of the double theory; and
I then, in the Second and the Third Parts respectively, consider in detail the two
theories separately; first, that of the single functions, and then that of the double
functions. The paragraphs of the Memoir are numbered consecutively.

The definition adopted for the theta-functions differs somewhat from that which
is ordinarily used.
The earlier memoirs on the double theta-functions are the well-known ones :—

Rosenhain, “ Mémoire sur les fonctions de deux variables et a quatre périodes, qui
sont les inverses des intégrales ultra-elliptiques de la premiere classe.” [1846.] Paris:
Mém. Savans Etrang., t. X1 (1851), pp. 361—468.

Gopel, “Theorie transcendentium Abelianarum primi ordinis adumbratio levis,”
Crelle, t. XXXV. (1847), pp. 277—312.

My first paper—Cayley, “On the Double @-Functions in connexion with a 16-nodal
Surface,” Crelle-Borchardt, t. Lxxxin. (1877), pp. 210—219, [662]—was founded directly
upon these, and was immediately followed by Dr Dorchardt’s paper,

Borchardt, “Ueber die Darstellung der Kwummersche Fliche vierter Ordnung mit
sechzehn Knotenpunkten durch die Gdpelsche biquadratische Relation zwischen vier
Thetafunctionen mit zwei Variabeln,” Ditto, pp. 234—244.

My other later papers, [663, 664, 665, 697, 703], are contained in the same Journal.

FIRST PART.—INTRODUCTORY.

Definition of the theta-functions.

1. The p-tuple functions depend upon 4p(p—1) parameters which are the co-
efficients of a quadric function of p ultimately disappearing integers, upon p arguments,
and upon 2p characters, each =0 or 1, which form the characteristic of the 47 functions;
but it will be sufficient to write down the formule in the case p =2.

As already mentioned, the adopted definition differs somewhat from that which
is ordinarily used. I use, as will be seen, a quadric function }(a, A, bYm, n) with
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 465

even integer values of m, n, instead of (a, 2, bYm, n)* with even or odd values; and
I write the other term &7r¢(mu+ nv), instead of mu +mnv; this comes to affecting the
arguments w, v with a factor =7, so that the quarter-periods (instead of being )
are made to be =1.

2. We write
('m» '”) =1(a, h, bYm, n) + fmwi (mu + nv),

u, v
and in like manner

m+a, n+B8\ _ A : ;
<u+ I 8) =1(a, b, bIm+a, n+ B +Emwi {(m+a)(u+ )+ (n+ B) (v + 8)},
and prefixing to either of these the functional symbol exp. we have the exponential
of the function in question, that is, e with the function as an exponent.

We then write, as the definition of the double theta-functions,

o s m+a, n+ B
S<% 8)(-11., v) =3 exp. (u+% v+8>’
where the summation extends to all positive and negative even integer values (zero
included) of m and = respectively: a, B, v, & might denote any quantities whatever,
but for the theta-functions they are regarded as denoting positive or negative integers;
this being so, it will appear that the only effect of altering each or any of them by
an even integer is to reverse (it may be) the sign of the function; and the distinct
functions are consequently the (4*=) 16 functions obtained by giving to each of the
quantities a, 3, ¢, & the two values 0 and 1 successively.

3. We thus have the double theta-functions, depending on the parameters (a, h, b)
which determine the quadric function (@, h, bYm, n)* of the disappearing even integers

(m, n), and on the two arguments (u, »): in the symbol (;’ ? ), which is called

the characteristic, the characters a, B, y, 8 are each of them =0 or 1; and we thus
have the 16 functions.

The parameters (@, &, b) may be real or imaginary, but they must be such that
reducing each of them to its real part the resulting function (% §m, n)* is invariable
in its sign, and negative for all real values of m and n: this is, in fact, the condition
for the convergency of the series which give the values of the theta-functions.

a, B

4, The characteristic (7 5

) is said to be even or odd according as the sum
ay+ 36 is even or odd.
Allied functions.

5. As already remarked, the definition of
4 3
S (% 8) (u, v)
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466 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. (704

is not restricted to the case where the a, B, v, & represent integers, and there is
actually occasion to consider functions of this form where they are not integers: in
particular, @, B may be either or each of them of the form, integer +4%. But the
functions thus obtained are not regarded as theta-functions, and the expression theta-
function will consequently not extend to include them.

PROPERTIES OF THE THETA-FUNCTIONS: VARIOUS SUB-HEADINGS.
Fven-integer alteration of characters.

6. If 2, y be integers, then m, n having the several even integer values from
— o to + oo respectively, it is obvious that m + a+ 2z, n+ B+ 2y will have the same
series of values with m+ a, n + B respectively; and it thence follows that

s A 0w iy

Similarly if 2, w are integers, then in the function

N (; + 2z: §+ 210) o %

the argument of the exponential function contains the term
tmi{m+a.uty+22+n+B.v+ 8+ 2wi;
this differs from its original value by
tmi(m+a.2z+n+ . 2w),
=7t (mz + nw) + mi (az + Bw),

and then, m and n being even integers, mz+ mv is also an even integer, and the
term i (mz + nw) does not affect the value of the exponential: we thus introduce
into each term of the series the factor exp.wt(az+ Bw), which is, in fact, = (—)=+Bw;
and we consequently have

" (: +2, 8/3 + 2'w) (u, v)= (=)= (; ? ) (4, v);

or, uniting the two results,

a+2$, /3+2y g — (_\az+Bw aaB
Sr('Y+2z, 3 +2'w) N e S(% 8)(1" g

This sustains the before-mentioned conclusion that the only distinet functions are the

16 functions obtained by giving to the characters a, B, v, 6 the values 0 and 1
respectively.

Odd-integer alteration of characters.

7. The effect is obviously to interchange the different functions.
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 467

Even and odd functions.

8. It is clear that —m —a, —n—/B have precisely the same series of values
with m + a, n + B respectively: hence considering the function

a B i
¥ (% 8) (—u, —v)
the linear term in the argument of the exponential may be taken to be

mi{-m—a.—u+y+—n—pB.—v+3d},
which is
=dmilm+a.ut+y+n+B.v+8—miim+a.y+n+pB.8};

the second term is here
= — 7t (mey + n8) — mi (ary + B6),

where, my +n8 being an even integer, the part — i (my+ nd) does not alter the value
of the exponential: the effect of the remaining part —mi(ay+B8) is to affect each
term of the series with the factor exp. —#i(ay+ B8), or what is the same thing,
exp. mi (ay + B5), each of these being, in fact, = (—)r+#,

We have thus
g mmm=erea e o

viz. S(a’ 8 ) (u, v) is an even or odd function of the two arguments (u, v) conjointly,

Y, 8
. L fel @R
according as the characteristic (7 s ) s even or odd.

The quarter-periods unity.
9. Taking z and w integers, we have from the definition
a: B T a ’ B
s(% 5) @z, v+u)-§(7+z’ 8+w>(u, o),

viz. the effect of altering the arguments w, v into u + 2z, v+ w is simply to interchange
the functions as shown by this formula.

If z and w are each of them even, then replacing them by 2z 2w respectively,
we have

o ]

v+ 2z, 8+ 2w> (w, v),

&(:” ‘g)(u+2z, v+2w)=‘3r(

which by a preceding formula is

= (e (2 8) u, o),
99—2
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468 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704

or the function is altered at most in its sign. And again writing 2z, 2w for z, w,
we have
B

s(f;: f) (u+ 42, v+4w)=%<;’, 5) @ o).

In reference to the foregoing results we say that the theta-functions have the
quarter-periods (1, 1), the half-periods (2, 2), and the whole periods (4, 4).

The conjoint quarter quasi-periods.

10. Taking @, y integers, we consider the effect of the change of u, v into
AUl (g M 8 Eeho L
= y) T )
It is convenient to start from the function

5(;—00: g_ )(“J’%i(‘””*h?/)» ”+%(hw+by));

the argument of the exponential is here
1@ b, bYm+a—z, n+B—y)

+%m'{m+a—x.u+7+wli(aw+hy)+n+ﬁ—y.v+s+7-f—i(hx+by)},
which is
=1(a, h, bIm+a, n+ B+ imi(m+a.u+y+n+B.v+39)

+ other terms which are as follows: viz. they are
—4(a, h, bYm + a, n+ By, y) +3(m+a.az+hy+n+B.ha+ by)
+1(a, b, bYa, y)? —tmi(@.u+y+y.v+9)
—Y(z.ax+hy +y. ha +by),
where the terms of the right-hand column are, in fact,
=+3(a, b, bYm + a, n+ LYz, y)
—imi(z.ut+y+y.v+0)
—4(a, b, bYz, yy,
and the other terms in question thus reduce themselves to
—1(a, h, bQa, y) —fmi(z.u+y+y.v+09),

which are independent of m, n, and they thus affect each term of the series with
the same exponential factor. The result is

s}(;"”: ’g‘y) (u+ﬂl_i(am+hy), v+%.(hx+by))

=exp. {— 1 (a, A, bYx, y)2—%7ri(w.u+fy+y.v+8)}?r(;’ ?} (u, v);
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 469

or (what is the same thing) for a, B, writing a+a, B8 + y respectively, we have

(5 8)(ws Sewrin, v+ 2ter i)

=exp. {—}(a, b, bJa, yP—dmi(z.u+y+y.v+8)Y (;+w B+‘/>(u ).

Taking @, y even, or writing 2, 2y for @, y, then on the right-hand side we have

N <;+ 2.2:, ,3+2y) o),

=Y <:: ?) (u, v):

but there is still the exponential factor.

which is

11. The formule show that the effect of the change u, » into u+_”li(aw+hy),
1 : - : : p
v+;@.(hx+by), where z, y are integers, is to interchange the functions, affecting them

however with an exponential factor; and we hence say that %i(a, h), 7-1r—i(h, b) are

conjoint quarter quasi-periods.
The product-theorem.
12. We multiply two theta-functions

Y (:” g) (w+u, v+v), Y (::: f,l) (=, v=27");

it is found that the result is a sum of four products

1}(“+¢)+P,1}(/3+3)+q }(a— a)+P,%(I3 ,3')+’1
( b i i )(2u 2). @( o )(2u 2),

where p, ¢ have in the four products respectively the values (0, 0), (1, 0), (0, 1), and
(1, 1); © is written in place of % to denote that the parameters (a, h, b) are to
be changed into (2a, 2h, 2b). It is to be noticed that, if a, ' are both even or
both odd, then } (a+ '), 3 (a—a) are integers; and so, if B, B are both even or
both odd, then }(B+p8’), 3 (B—p) are integers; and these conditions being satisfied
(and in particular they are so if a=4a, 8=p') then the functions on the right-hand
side of the equation are theta-functions (with new parameters as already mentioned);
but if the conditions are not satisfied, then the functions on the right-hand side are
only allied functions. In the applications of the theorem the functions on the right-
hand side are eliminated between the different equations, as will appear.

13. The proof is immediate: in the first of the theta-functions, the argument
of the exponential is
/m + o , n+p
ku+u'+'y, v+v’+8)’
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470 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. (704

and in the second, writing m/, n’ instead of m, n, the argument is
<m’+a' , W+ B )
u—uw+y,v —v+8)’
hence in the product, the argument of the exponential is the sum of these two
functions, viz.
| =%(a, h, bYm +a, n +BY+3mi(m +a.u+v' +y+n +8.v+0 +3)
+4(a, b, bYm' +d, W'+ By +imi(m +d u—w+o +0 + B .v—v +7§)
Comparing herewith the sum of the two functions
pti(a+d) v+3(B+p)) W+i(a—d) V+i(B-F)
(2u+~/+'y' , 204+ 848 )’ (2u’+ry—ry’ , 200 +8—8 )’
—1(2a, 20, BYp+3 @+a), v+§B+A)
+imp+y(@a+d).2u+y+y+v+3(B+B).20+8+78
+1(2a, 20, YW +4 (a—a), v+ 3(B=B)Y
+imip +3(@—a). 2 +y—g ++3(B-8).20+8- &,
the two sums are identical if only
m+m' =2u, n+n =2y,
m—m'=2u, n—n'=2,
as may easily be verified by comparing the quadric and the linear terms separately.
The product of the two theta-functions is thus

m3 e (SO O VHIEEEN 5 (W hFE ), iR
2u+y+y , 2048+ i 2w -, W= )’
with the proper conditions as to the values of u, v and of u/, »' in the two sums
respectively. As to this, observe that m, m' are even integers; say for a moment
that they are similar when they are both =0 or both =2 (mod 4), but dissimilar
when they are one of them =0 and the other of them =2 (mod 4); and the like
as regards n, n'. Hence if m, m’ are similar, u, u’ are both of them even; but if
m, m’ are dissimilar, then u, u’ are both of them odd. And so if n, »’ are similar,
v, v/ are both of them even; but if n, #»' are dissimilar, then », »’ are both odd.
14. There are four cases:
m, m’ similar, n, n’ similar,
m, m’ dissimilar, n, n’ similar,
m, m' similar, n, n’ dissimilar,
m, m’ dissimilar, n, »’ dissimilar.
In the first of these, u, », u', v are all of them even, and the product is

—e(t@+a) §(8+5) Fa=a), B~ 8) 0 oy
k] oy 51y ) @ 2.0 el 380 (e, 20).
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In the second case, writing pw+1, w' +1 for w, p/, the new values of w, w' will
be both even, and we have the like expression with only the characters % (a+a),
L (a—o) each increased by 1; so in the third case we obtain the like expression
with only the characters 4 (8+8), 4 (8—B) each increased by 1; and in the fourth
case the like expression with the four upper characters each increased by 1. The
product of the two theta-functions is thus equal to the sum of the four products,
according to the theorem.

Résumé of the ulterior theory of the single functions.

15. For the single theta-functions the Product-theorem comprises 16 equations,
and for the double theta-functions, 256 equations: these systems will be given in
full in the sequel. But attending at present to the single functions, I write down
here the first four of the 16 equations, viz. these are

0.0 S(g)(u+u’).$}<g)(u—u’)= XX'+ YV,
1.0 o * g, = YX'+XY
. O ”» 0 » et + H

0.1 N (1’ ¢ s‘l’ L 3 NG
1 1 f "

3 O | Sl b %1 sy e | XGRS

where X, Y denote @(g) (2u), @((1)) (2u) respectively, and X’, ¥’ the same functions

of 2u’ respectively. In the other equations we have on the left-hand the product of
different theta-functions of w4+ ', u—u’ respectively, and on the right-hand expressions
involving other functions, X,, V;, X/, ¥, &c., of 2u and 2u’ respectively.

16. By writing @' =0, we have on the left-hand, squares or products of theta-
functions of u, and on the right-hand expressions containing functions of 2u: in
particular, the above equations show that the squares of the four theta-functions are
equal to linear functions of X, Y'; that is, there exist between the squared functions
two linear relations: or again, introducing a variable argument a, the four squared
functions may be taken to be proportional to linear functions

NAa—z), Bh-a), Clc—a), D(d-a),

where A, B, €, D, a, b, ¢, d, are constants. This suggests a new notation for the
four functions, viz. we write

SO s@Bw. Qo 3o

=Aw, Bu, Clu, Du;
and the result just mentioned then is
At EnReBlgs e G 2. DAy

=NAa—z): Bb—x): Cc—xz): D(d—uxz),

www.rcin.org.pl



472 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704

which expresses that the four functions are the coordinates of a point on a quadri-
quadric curve in ordinary space.

17. The remaining 12 of the 16 equations then contain on the left-hand products
such as

Aw+u).B(u—1u');

and by suitably combining them we obtain equations such as
utu u-w wtu u-w
B.A-A.B

m = functlon (w ),

where for brevity the arguments are written above; viz. the numerator of the
fraction is

Bu+u)A (u—u')—A@w+u)Bu—u),
and its denominator is

C(u+u')D (2; —u)+ D u+u)Cu—u)

Admitting the form of the equation, the value of the function of «' is at once found
by writing in the equation w=0; it is, as it ought to be, a function vanishing for
=i

18. Take in this equation «' indefinitely small; each side divides by «/, and
the resulting equation is
AuB'v — Bud'u
T const.,
where A’u, B'u are the derived functions, or differential coefficients in regard to u.
It thus appears that the combination AuBu— Bud'uw is a constant multiple of
CuDu: or, what is the same thing, that the differential coefficient of the quotient-

function g—g is a ‘constant multiple of the product of the two quotient-functions %%
Du )

and A"
19. And then substituting for the several quotient-functions their values in terms

of #, we obtain a differential relation between z, u; viz. the form hereof is

du— JMd.Z' o
No—x.b—z.c—z.d—a’

and it thus appears that the quotient-functions are in fact elliptic-functions: the
actual values as obtained in the sequel are

snKu=——‘\/1—]_cDu+Cu,

cnKu=«/l%Bu+Cu,

dn Ku= W~k Au= Ou;
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and we thus of course identify the functions Aw, Bu, Cu, Du with the H and the ®
functions of Jacobi.

20. If in the above-mentioned four equations we write first » =0, and then %' =0,
and by means of the results eliminate from the original equations the quantities
X, Y, X', Y’ which occur therein, we obtain expressions for the four products such
as A (w+w') A (w—u). One of these equations is

C0.C0(u+u)C(u—u)=Culw — DuD> .

Taking herein ' indefinitely small, we obtain
CuC"u —(C'wy _C"0 _ D’O)’ Dy
C*u RI00 (00 ] Cu’

2

where the left-hand side is in fact él%ﬁ log Cu, or this second derived function of the

theta-function Cu is given in terms of the quotient-function ‘CD,—Z: hence, integrating
twice and taking the exponential of each side, we obtain Cu as an exponential the
argument of which contains the double integral f f gz (du), of a squared quotient-

function. This, in fact, corresponds to Jacobi’s equation
Oy o «/%k_l eW(l—f—()—kﬁfodufodusn“u .
m
21. From the same equation
C0.C(u+u)C(u—u')=CuCy — DuD*/,

differentiating logarithmically in regard to ' and integrating in regard to u, we obtain

an equation containing on the left-hand side a term log g%z:—z,;, and on the right-
hand an integral in regard to w; this, in fact, corresponds to Jacobi’s equation

®a ®wu—a)
“@a T8 gt

=TI (u, a)

ksnacnadnasn®udu
0 1—/%*sn*asn®u

22. It may further be noticed that if, in the equation in question and in the
three other equations of the system, we introduce into the integral the variable «
in place of w, and the corresponding quantity £ in place of «/, then the integral is
that of an expression such as

dx TELEEHER
TWa-z.b—z.c—z.d—a’
where 7' is =z —§, or is = any one of three forms such as
1, ¢+ & «af|.
1, a+b, abi
|1, e+d, cd
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Résumé of the ulterior theory of the double functions.

23. The ulterior theory of the double functions is intended to be carried out
on the like plan. As regards these, it is to be observed here that we have not only
the 16 equations leading to linear relations between the squared functions, but that
the remaining 240 equations lead also to linear relations between binary products of
different functions. We have thus between the 16 functions a system of quadric
relations, which in fact determine the ratios of the 16 functions in terms of two
variable parameters @, 7. (The 16 functions are thus the coordinates of a point on
a quadri-quadric two-fold locus in 15-dimensional space.) The forms depend upon six
constants, a, b, ¢, d, e, f: writing for shortness

Va= Va—a.a-y,

«/Elb=5_—1——§{\/a—w.b—w.f—w.c—y.'d—y.e—y+'\/a—y.b—y.f—y.c—a:.d—w.e—w},

(cbserve that in the symbols ¥ab it is always f that accompanies the two expressed
letters @, b—or, what is the same thing, the duad ab is really an abbreviation for
the double triad abf.cde): then the 16 functions are proportional to properly determined
constant multiples of

Va, Vb, Ve, Vd, Ne, Nf, Nab, Vac, Vad, Vae, Vbe, Vbd, Vbe, Vcd, Vee, Vde:

and this suggests that the functions should be represented by the single and double
letter notation A (u, v),..., AB(u, v),...; viz. if for shortness the arguments are omitted,
then we have

A, B0, D, R T A B A G AN AR s RO S B D B G G s D i

proportional to determinate constant multiples of the before-mentioned functions
va,..., ¥ab, ..., of  and y.

24, It is interesting to notice why in the expressions for Vab, &c., the sign
connecting the two radicals is +; the effect of the interchange of @, y is, in fact, to
change (u, v) into (—u, —v); consequently to change the sign of the odd functions,
and to leave unaltered those of the even functions: the interchange does in fact leave
Va, &ec., unaltered, while it changes Vab, &e., into — Vab, &c.; and thus, since only
the ratios are attended to, there is a change of sign as there should be.

25. The equations of the product-theorem lead to expressions for

utu u-u utw w-u

A.B-B.A,

where the arguments, written above, are used to denote the fwo arguments, viz. w+ '
to denote (w+u/, v+v) and w—u to denote (u—u, v—1v); and where the letters
A, B denote each or either of them a single or double letter. These ‘expressions
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are found in terms of the functions of (u, ) and of (@, ¢): in any such expression
taking «/, " each of them indefinitely small, but with their ratio arbitrary, we obtain
the value of
A.90B—-B.0A,
(viz. u here stands for the two arguments (u, v), and 0 denotes total differentiation
04 = du—A(u, v)+dv A(u 1;))

as a quadric function of the functions of (w, v): or dividing by A% the form is @ 2 equal

A
to a function of the quotient-functions g, &ec., that is, we have the differentials of

the quotient-functions in terms of the quotient-functions themselves. Substituting for
the quotient-functions their values in terms of «, y, we should obtain the differential
relations between da, dy, du, dv, viz. putting for shortness

\ X=a-2.b—z.c—v.d-zv.e—2.f-ua
and

Y=a-y.b-y.c—y.d—y.e—y.f—y,
de dy ade ydy

TNy VX ONT

these are of the form

each of them equal to a linear function of du and dv: so that the quotient-functions

are in fact the 15 hyperelliptic functions belonging to the integrals wdx

[ I3
and there is thus an addition-theorem for them, in accordance with the theory of
these integrals.

26. The first 16 equations of the product-theorem, putting therein first =0,
v=0, and then ' =0, v"=0, and using the results to eliminate the functions on the

right-hand side, give expressions for
wtw u-u

B, &ec.,

that is, they give 4 (u+«', v+v).B(u—u, v—7'), &c, in terms of the functions of (u, v)
and («, ¥): and we have thus an addition-with-subtraction theorem for the double
theta-functions. And we have thence also consequences analogous to those which present
themselves in the theory of the single functions,

Remark as to notation.
27. I remark, as regards the single theta-functions, that the characteristics

() () @) G-

might for shortness be represented by a series of current numbers
0’ 1, 2, 3 -
60—2
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and the functions be accordingly called Sgu, Sw, Su, Yu; but that, instead of this,
I prefer to use throughout the before-mentioned functional symbols

A, B, C, 51
As regards the double functions, I do, however, denote the characteristics

00., 10,01 .; 11142 004510 =015 L1 OO0 FRLOSEOTSEIE S 00 S108 201 Sl
00002 .00".00¢ | TOSEL0? 10210 ¥ FOITHOLEE OSSO IS RIS ST 1 1

by a series of current numbers
0, il 2, 6 43; G LT 8y #0954 10, Al 2 185 - Ao,

and write the functions as %, ..., %, accordingly; and I use also, as and when it
is convenient, the foregoing single and double letter notation 4, AB,..., which
correspond to them in the order

BD, CE, OD, BE, AC;\C;-4B; B,-%BO: DE} Fiva,vAD, "D " E AR,

Moreover, I write down for the most part a single argument only: thus, 4 (u+ )
stands for 4 (u +/, v +v), 4(0) for 4 (0, 0): and so in other cases.

SECOND PART.—THE SINGLE THETA-FUNCTIONS.
Notation, &e.
28. Writing exp. a =g, and converting the exponentials into ecircular functions,

we have, directly from the definition,

S g(u) =Yu = Au=1 + 2q cos mu + 2¢* cos 2mu + 2¢° cos 3mwu + ...,

o (1) (uw)=Nu=Bu = 29i cos ymu + Qq% cos §mu + 2q2¥6' cos §mu +...,

£ (1) (u) =Vu = Cu =1 — 2q cos wu + 2¢* cos 2w, — 2¢° cos 3mu + ... (= O (Ku), Jacobi),

> i (u)=Su=Du= —2¢*sin }mru+ 2q¥ sin §7ru — 2g21£ cos §mu + ... (= — H (Ku), Jacobi),

where @ is of the form a=-—a+ @7, a being non-evanescent and positive: hence
g=-exp. (—a+Bi)=e¢*(cos B+ ¢sinB), where e~ the modulus of ¢, is positive and
less than 1; cos8 may be either positive or negative, and ¢* is written to denote
exp. $ (—a+B), viz. this is =e**{cos}B+isin}B}. But usually B=0, viz. ¢ is a
real positive quantity less than 1, and ¢* denotes the real fourth root of ¢.

I have given above the three notations but, as already mentioned, I propose to
employ for the four functions the notation Au, Bu, Cu, Du: it will be observed that
Du is an odd function, but that Au, Bu, Cu are even functions, of w.
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The constants of the theory.

29. We have
A0=1+2q +2¢* +2¢° +...,

B0 = 2q}+2q¥+2qa‘£+...,

C0=1-29 +2¢*—-2¢" +...,

D0 =0,

D0= —'n'{q*—3q*+ 5qﬂ‘ﬁ— =il
If, as definitions of &, &, K, we assume

B0 e 40 Do
k=20 ¥=200 K=—35 o>
then we have

RPN RS S ol . ALTE G~ O
k —4-N/q{1+2q+2q‘+m} , =4Vq(1—4g+14¢2+ ...),

{1_2q+2q‘—...}’
& . =l 189+ 820— 963 +...,
. Us2g+2g+... i e

1+2¢+2¢+...) (1 —8¢* +5¢° — ...
K="é(1—gq+g‘q‘—..).§(l+qq’+qsqi...))’ =3m(1+49+4¢" +0¢° +...),

where I have added the first few terms of the expansions of these quantities. We
have identically

B4+ k=1,
It will be convenient to write also, as the definition of
K(K-E)= @
we have then

1070 1 e s

moreover,
1_@_ 1 QLQ _2m q—4¢'+9¢—...
K K C0’ K* 1-2q+2¢+...°
giving
%: 1 —8q + 48¢* — 224¢° + ...,
and thence
E=3%7{1-4g9+20¢— 64¢°+...}.

30. Other formule are

ol gt
‘/q{1+q 1+q }
¥l {l—q 1—-g¢ }‘
i 1+g¢q l+q’
bt g l+q3 Gl =0 ’.l—q‘...}2
K= ’1’”{1_9 - ived+g.)"
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31. Jacobi’s definition of ¢ is from a different point of view altogether, viz. we
i .

have ¢ =exp.— xS where

K >
S ot i
o1 —k*sin? ¢
and K’ is the like function of %’; the equation gives logq=—wII§f, viz. we have
bun L
K'=- P log g,

and, regarding herein K as a given function of ¢, this equation gives K’ as a function
of q.

The product-theorem.

32. The product-theorem is
( )(u+u) S( )(u—u)

(%§“++7“))2 @(’1’(“ 7“))2a+®(’}(“7++“3+1)2 o(‘k(“y_f"i“)za.

’
Here giving to :, ;, their different values, and introducing unaccented and accented

capitals to denote the functions of 2u and 2u’ respectively, the 16 equations are

A4 Sgu+u Sou—u’= XX+ YY’, (square-set)
1 i / /
BB b ity o = YX' + XY,
0 0
0.0 . 535 99RO vy
il 1 , ’
D.D LERRSR. D i YX' + XY
0 0 ’ ’
c.4 §1u+u Sou— = XX+ 7YY/, (first product-set)
0 0 '
A.C S’O » S.]. » — YY./’
1 1 ’ ,
D.B ¥ » ¥ » = YX'+X7Y,,
1 1 ’ ,
B.D g S e AR R W
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B.A S (1) w+u ‘.}g u—uw'= PP+ QQ, (second product-set)
0 1 ’
4.B S, , %, » = . PQ+ QP
1 0 s ;
D.C Sl B Sl ah =9 8PP &5 400,
O 1 . U y /
5D Sl - Sl o = P =P
l ’ O ’ ’ ’ .
D.A o QU+ o oU—v = PP’ + QQ/ (third product-set)
0 1 . Py /
4.0 S, , 8] , = iPQ-iQP)
1 0 ‘DD 0N
B.C S’O ) S1 » =_7’P/P:+1’Q/QI’
0 1 ' /
C.B S 1 » S T PR+ QP

33. Here, and subsequently, we have

©0.84.0),01@) =X, 7, X7 e}, el e} elay-r 02,0,
ek R N T W s s, X R g I Y PN, P QL
v m w e (0)=a, B a,B, » »oo» »©0)=p q p,q;
viz. we use also a, B, a, B, and p, q, p,, q, to denote the zero-functions; B, is =0,

but we use B, to denote the zero-value of du X

34. In order to obtain the foregoing relations, it is necessary to observe that
a+2_ ®a;
Y g |
by which the upper character is always reduced to 0, 1, } or §; and that, for re-
ducing the lower character, we have
i iy Db s i iyl
y+2 ol w+2 v

®

of _wt et ._wt et -_el et i

L TR M R ¥i 0y AR Lt v
by means of which the lower character is always reduced to O or 1: in all these
formulee the argument is arbitrary, and it is thus =2u, or 2u’ as the case requires.
The formule are obtained without difficulty directly from the definition of the

functions ©.

+2
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ar o e

35. As an instance, taking /=1t 1

the product-equation is
1 ’ 0 Al % % ’ %‘ % ’
Sl(u+u).31(u—u)—®2(2u).®o (2u)+®2(2u).®0(2u),

—i@? 5 90y —i@ ¢ % 0w
—'L®O(2u).®0(2u)—-z@)o(2u).@ 0(2u )
=iP. P -iQ.¢,

which agrees with the before-given value.

36. The following values are not actually required: but I give them to fix the
ideas and to show the meaning of the quantities with which we work.

| =0
X =®8(2u)=1+2q2 cos 27ru + 2¢° cos 4mu + ..., a =1 +2¢°+2¢°+...,
g =®(1)(2u)= 2¢¥ cos 7u + 2¢* cos Bmwu + ..., B = 20 + 20 + ...,
X,=®(l)(2u)=1—2q2cos27ru+2q”cos4-7ru—..., a =1— 2¢®+2¢°—...,
Y,=®}(2u)= — 2¢% sin 7ru+2:q‘?sin31m—..., B/ =2m(—q*+3¢t—...)

e k!
=(EI’ for v =0.

P=6 ¥ (2u) q* (cos ymu + ¢ sin yru) + ¢ (cos §7ru — 4 sin §7ru)

qsg (cos §mru + 7 sin §7u) + ...,
Q=0 % (2u) = ¢* (cos ymu — i sin yoru) + q* (cos §mu + 4 sin $ru)

+ ¢ (cos §mu — 4 sin §mru) + ...,

P=0 § (2 ) = Ee, 0 {qi (cos 3 + i sin 7u) — ¢* (cos §mu — 4 sin §oru)
—q¥ (cos §mru + 1 sin §mu) + } g
Q=06 § (2u) =— {q* (cos mu — 1 sin §oru) — g¥ (cos mu + i sin §ru)

- ¢ (cos §mu — i sin §7ru) + },
and therefore also

p=q=q§+q%+q25’+ ...... s

Ll Slg sl A SRl } =_——1_i{D } =i
=" {q ¢t —g¥ +g¥+¢¥ -~ .., g == {Do.i; p, =1,
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The square set, w'=0; and z-formule.

37. We use the square-set, in the first instance by writing therein «' =0; the
equations become

Au=0aX +BY, =0 (a —2),

Bu=BX + a¥, =B (b —2),

Cu =aX —BY, =o€ (¢c —2),

Du=BX — aY, =w*®D (d —2),
viz. the equations without their last members show that there exist functions * and
zw?, linear functions of X and ¥, such that A, B, €, D, Aa, Bb, Gc, Dd, being
constants, the squared functions may be assumed equal to Ua.w*—A.w*», &c., that
is, 0 (@ — ), &ec., respectively: the squared functions are then proportional to the
values U (e — @), &c.

To show the meaning of the factor w? observe that, from any two of the equations,
for instance from the first and second, we have an equation without w,

A+ Bu=A(a—a)+B (b—a);
and using this to determine #, and then substituting in w®= 4% + 2 (¢ — &), we find

. BAu—ABu
= @=0)AB

where the numerator is a function not in anywise more important than any other
linear function of A% and B.

38. The function Du vanishes for u=0, and we may assume that the corresponding
value of # is =d. Writing in the other equations u =0, they become

A0 = (*+ B*) = 0 (a — d),

B0= 2d8 =oB(0-d),

00 = &= =w6 (c —d),
where @, is what @ becomes on writing therein #=d. It is convenient to omit
altogether these factors o* and og?; it being understood that, without them, the

equations denote not absolute equalities but only equalities of ratios: thus, without
the w the last-mentioned equations would denote )

A0 : B0 : C0=0a*+p: 2aB : &=, =A(a—d) : B(b—d) : €(c—d).

The quantities 2, B, 6, D only present themselves in the products e, &c., and
their absolute magnitudes are therefore essentially indeterminate: but regarding w? as
containing a constant factor of properly determined value, the absolute values of
A, B, 6, D may be regarded as determinate, and this is accordingly done in the
formule 2= —agh, &c., which follow,

C. X. 61
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Relations between the constants.

39. The formule contain the differences
these differences

of the quantities a, b, ¢, d; denoting

b—c¢, ¢c—a, a=b, a—d, b—d, c—d,
in the usual manner by
a, b, c f, g h,

so that

.—h +g —a=0,

h . —-f —b=0,

—g+f —c=0,

a+b +c . =0,
and also :

af + bg + ch =),

and then assuming the absolute value of one of the

the system of relations

quantities A, B, €, D, we have

A = — agh, BCa= ADS, Abef = —BED, ABED = abefgh,
B* = bhf, CAb=-BDg, Beag= CEAD,
G = ofy, ABe = — EDh, @Gabh = 2ABD,
2= —abe, Dfgh = — ABE,
2B + b2B2 — 2D =bef (af + bg +ch), =0,
- + a*@* — g*D*=cag ( ,, ) =0,
— b2U* + a°WB? —h*®2=abh ( 1 y, =0
— £290* 4 g*B? 4 h2@2 = fgh { o ), =

It is to be remarked that, taking ¢, a, b,

d in the order of decreasing magnitude,

we have —a, b, ¢, f, g, h all positive; hence 2% 8% €, D all real; and taking as
we may do, D negative, then A, B, € may be taken positive; that is, we have
—a, bc f, g h A B, 6 —D all of them positive.

40. We have

A0 = o2 + B2 = Uf,
B0 = 248 =9Bg,
C*0 = o2 — 32 = Gh.

The foregoing equations

B0 .
k="g%:  ¥= 4
give
. Bg ,_Gh
L—m, ]C —m.,
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and we thence have

=2, e
satisfying s
41. Observe further that, substituting for a, b, ¢, f, g, h their values, we have
W=c—-b.b-d.c—d, = c—-d.d=b.b—c¢
B=¢c—-a.c—d.a-d, = d—a.a—c.c—d,
G =ag-b.a—-d.b—-d, =-a-b.0-d.d—a,
D*=¢c—-b.c—a.a-b =-b-c.c—a.a—-0,

where in the first set of values all the differences are positive, but in the second set
of values, we take the triads of abed, in the cyclical order bed, cda, dab, abe. There
is in this last form an apparent want of symmetry as to the signs (viz. the order
which might have been expected is + — + —), but taking the order of the letters to
be G, A B, D and ¢, a, b, d, then the cyclical arrangement is

C=-b—-d.d-a.a-0,

MW=—d—-c.c —-b.b—-d,

B=—¢c—-a.a-d.d-c,

D=—a-b.b—-c.c —a,
where the four outside signs are all —. Observe that the triads of abed, and abde, are

bed, cda, dab, abe,

and

bde, dea, cab, abd,

where in the first and second columns the terms of the same column correspond to
each other with a reversal of sign, whereas in the third and fourth columns the lower
term of either column corresponds to the upper term of the other column, but without
a reversal of sign.

The product-sets, w + w': and w' indefinitely small, differential formulc.

42. Coming now to the product-sets, these may be written

J;fg ST C=XX/, ﬁé‘ - a=ry,
.{D.B+B.D}=TYX] ,{D.B-B.D}=X)Y/,
1{B.A+A.Bl= P+Q)FP +4q) |${B.Ad-4.Bl= (P- Q)P - Q)
,{D.C+C.D}= i(P- Q)P + @), | ,{D.C=C.D}= i(P+ Q)P - Q),
$3D.A+A.D}= (P,—iQ)(P/+iQ)), | $(D.4A—4A.D}= (P, +iQ)(P/ —iQ)),
,{B.C+C .Bj=—i(P,—iQ)(P/+1Q)), | »{B.C —C.B}=—i(P,—iQ) (P’ —iQ)).

61—2
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43. We can from each set form two fractions (each of them a function of w+ v’
and u —'), which are equal to one and the same function of «' only: for instance,

/

: % ; r 4
from the first set we have two fractions, each —X’,: putting in such equation % =0,

we obtain a new expression for the function of «' involving only the theta-functions
A/, &c., which new expression we may then substitute in the equations first obtained :
we thus arrive at the six equations

wtw u—u utw w-w utw w—o utw uw-u
C.A-A.C_D.B-B.D Du.B«
D.B¥B.D C.A+A4.0" Od-4u’
B.A-A.B D.C-C.D Du.Ow

" D.C+C.D B.A+A.B” Bu.Au’

B, 0-C. B D.A~4.D Do .44
D.A+A.D B.C+C.B Bu.Cu’

where observe that the expressions all vanish for « =0.

44. Taking herein «' indefinitely small, we obtain

Au. C”u—Cu.A’u_Bu.D’u—Du.B’u_D’O.BO_ KB20
Bu.Du e Cu.Au SO0AY T T A%
Au Bu ~ld Bu.Aw Cu.Du—Du.Cw_D0.CO _ K C20
Cu.Du o Aw . Bu TEAONBE T A0
Cu.Bu—Bu.C'w _Au.Du—Du.A'nw _D0.40 _ 2%
A Aw.Du T RNEAR Oy LR RO G0 R 4

where the last column is added in order to introduce K in place of D/0.

45. These formule in effect give the derivatives of the quotient-functions in terms
of quotient-functions: for instance, one of the equations is

4 Du__ g Bu Cu
du Au ™~ Au ' Aw’

substituting herein for the quotient-fractions their values in terms of », this becomes

d Jd-—a_ K«/ BC Vb—z.c—a __K\/f«/b xc—,
du’Va-z AD  a-=z

or the left-hand being
Lok SN
(a—azVd—=z du’
this is g
3 Vaf. de

oo IR A S
Y Na—z.b—z.c—z.d—z

where on the right-hand side it would be better to write ¥—af in the numerator
and # —d in place of d—2 in the denominator.
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Comparison with Jacobi’s formule.

46. The comparison of the formule with Jacobi’s formule gives
SHK“=——1=DU+CIL, =/\/§\/d_x(or better «/2’\/‘»’”_——%,
vk g - g c—w
CnKu=,\/£Bu+Cu, =,\/E bjﬁ,
k gV c—a

dn Ku= WK Au+Cu, =ﬁ\/u,
fVe—a

where it will be recollected that

__bg xlh btk
ks—:-a-f, ks—:—af'

485

It may be remarked that we seek to determine everything in terms of a, b, ¢, d.
The formula just written down, i*=bg +—af, gives & in terms of these quantities;
and k, K being each given in terms of ¢, we have virtually X as a function of %,
that is, of @, b, ¢, d: but it would not be easy from the expressions of k, K, each

in terms of ¢, to deduce the actual expression

g et
o V1—I2sin*ep’
of K as a function of k.

The square-set, u + /',
47. Reverting to the square-set

Au+u)A(u—-u)= XX +7YYV,
Bu+u)Bu—-v)= YX'+XY,
Cu+u)Cu-v)= XX -YY,
Du+uw)yDu—-v)=-YX +XY,

if we first write herein #'=0, and then w=0, using the results to determine

values of X, ¥, X’, ¥’ we find

aC*u — BD*u = (a*— %) X, aC®u' — BDW = (a*— 3% X',
BCu— aDu= ¥, B —iadMuli=5 o Y5
and thence
(* = B XX =02, CuCu' + 3. DPuD* — a3 (CoulPu’ + DuC),
- YY'=8'" ., +& , —af

» )

whence

(¢ = B (XX + YY) = (2 + B) (C2uC*' + D*ulru') — 203 (C*uDPu’ + D*uC*),

(@-p) XX -YY)= (C2uC — D2uDr),
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where observe that, in taking the difference, the right-hand side becomes divisible by
— B2, and therefore in the final result we have on the left-hand side the simple
factor a®— B3 instead of (a* — %)

Similarly
(a2 —B?) YX' = a3 (C2uC*/' + D*uD*') — a*D*uC*/' — B*C*uD*v/,

»» X aB » g Bz » —e ) )

and thence

—B2( YX'+ XY')=2aB (CuC*' + DuD>') — (a*+ B2 (C*uD*’ + DuC*'),

(@-B) (-YX'+XY')= DO’ — CuD
48. Hence recollecting that
A0 = a® + 37,
B0 = 2a8,
"0 =0’ — 182;

the original equations become
C0.4(u+u)A (u—u)= 4% (CuC*' + DuD*') — B0 (C*uD' + D*uC'),
C0.B (u+vu) B (u—u)= B0 (C*uC* + D*uD*') — 4°0 (C*uD*' + D*uC*u’),
0.0 (u+v)C (u—u)= CuC*' — DD/,
C0.D(uw+u)D(u—u)= DuC' — C*uD.

49. It will be observed that the four products A (u+u')A (u—u'), &c., are each
of them expressed in terms of C%u, D*u, C*/, D*/'. Since each of the squared functions
A*u, Bu, C*u, D*u is a linear function of any two of them, and the like as regards
A%/, B%/, C%/, D/, it is clear that in each equation we can on the right-hand
side introduce any two at pleasure of the squared functions of %, and any two at
pleasure of the squared functions of «'. But all the forms so obtained are of course
identical if, taking &' the same function of ' that # is of w, we introduce on the
right-hand side «, ' instead of wu, «'; and the values of A (u+u).4 (u—v), &ec.,
are found to be equal to multiples of V, V,, V,, V;, where

V=g-2, V1=‘ 1, o+, o |, V=|1, a+a, a ]|, Ve=|1l z+o, zz
’ 1, a+d, ad 1, b+d, bd ; 1, ¢c+d, cd
L, bt o, tthe 1, ¢+a, ca | 1, a+b ab

50. In fact, from the equations
Au=UA(@—-2), A% =U(a—2),

we have

V =5 (Bul' - CuBw), = Cudx — AuC), = —Q[% (A*uB — Bud™),

—@1(

AuD' — Dud), = 1 (B”qu — DuBx/), C*uD' — DuCy'),

f2[®( h@s)(
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where it will be recollected that
fAD =aB6, —gBD=DbCA, —hED=cAB.

Moreover
b-c¢)Vi==| b=2.b—2, c—a.c—a |, (a—-d)V,=|a-z.a-0, d—z.d-a |,
b-a.b—d; c—a.c—d a-b.a—c¢, d—b.d—c
(c—a)Vy=—| c—z.c—a/, a—a.a=a' |, (Gb-d)V,=|b-2.b-2, d—z.d-d |,
c—b.c—d, a-b.a-d b—c.b-a, d-c.d—a
(a=-b)Vy=—| a—z.a—a, b—a.b—2' |, (c=-d)V,=|c—z.c—0d, d—a.d-o |,
a-c.a—d, b—c.b—-d c—a.c—b d—a.d-0

or as these may be written

v1=_1{bh_b_a;,b—w'.+cg.c—w.c—w’}, =%{gh.a—w.a—w’.+bc.d—x.d—m’},
V,=-— il-){cf c—z.c—a . +ah.a—z.a—2a'}, =é{hf.b—w.b—w’.+ca.d—w.d—w’},
Ve=— %{ag a—z.a—a.+bf.b—2.b—2a, =%{fg.c—w.c—w’.+ab.d—w.d-—w’},
that is, b
C ’ 1 ’ C /
L AP {582 BB +@g,0= (Jzu} =?{gai A% + CDQD’“D”“}
’ ah , 1(h /
V=g {@ OO0 + arudnt}, =2 Bub + G, Dudra,
v ___{;‘fgnAﬁuA% +g; B’uB’u’}, =% {%‘- CuC/' +;D’uD’u}
or finally
Vim— L BuBvOuon), =% (4t + Dud)

% i big ( CouCw — Audw), @ (BuBu - DuD),
Vi=— X Audn + BuBw), = 6113 (CouC — DD,

51. Hence V, V,, V,, V, denoting these functions of @, ' or of u, «, we have

’ 4 2[
/ TR -
B(u+u)B(u—u)=—mV,

Out) Ou=u) =g Vs

Du+u)D(u—u)=DV.
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The square-set w + o', w' indefinitely small : differential formule of the second order.
52. I consider the original form
C20 C(u+u') O (uw—u)= CulC* — D*uD*/,
which is of course included in the last-mentioned equations.
Writing this in the form

Cu+u)Cw—u) = O — DuD

20 s i

and taking «' indefinitely small, whence
C(u+w)=Cu+wCu+ u*C"u, Cu =CO0,
Cw—vu)=Cu—u'Cu+$u*C"u, Du'=u'D0,
C(u+)C(u—u)=C%+u*{Cul’u— (Cuyl,
the equation becomes

00 (140 { o = (G ) = 00+ w2 {0000 - Doy .

that is,

C"u = <C"u> C”0 D’O>2 P_%_l,
Cu Cu K (CO Cw’

2
viz. we have ( d%) log Cu expressed in terms of the quotient-function 10)_:::, and conse-

quently Cu given as an exponential, the argument of which depends on the double
integral fd f d i
T, w ’L&‘CTu.

53. To complete the result, I write the equativn in the form

d c"0 1 D0 D0 D
s P8 G e (CO) (oo> (1 ko )
—,é,g) is = —VEK, and %) is = K (K —E); hence the equation isi
d? E | Du E
J’L—l,_zIOgCu K2(1_R k0—2u) =K2<1—I?—IC2SD2Ku)x

or integrating twice, and observing that %Iog Cu and log Cu, for =0, become =0

and log C0 respectively, we have
log Cu = log CO + } (1 o % Ko — e f du f du K* su* K,
o Jo
which is in fact

log © (Ku) = log €0+ } (1 - %) Koo — e fodu [0 du K sn? K,
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agreeing with Jacobi’s formula

log®u=16g®0+1}(1—%)u’—k’f du[dusn’u.
o Jo

Elliptic integrals of the third kind.
54. We may write

Au+u)d (u—=u)_ 1 v,
Audnw' Agha—z.a—2a”
Bu+w)Bu-v)_ 1 YV,
BuB' " Bhf b—xz.b—-a"’
Cu+u)Cu—-u)_ 1 Vs
CuC*’ - Gfg c—w.c—a"’
Du+u)D(u—-v)_ 1 x—a
DD T ® d-w.d-a"
We differentiate logarithmically in regard to . Observing that
g o A $Vaf da' Rl wafdz

Va—a . b—a.c—a.d—a  NX
suppose, the first equation gives
Au A'(u—u) A@u+v)_ EVX ilo v,

+ - = —
Au %A (u—u) “A (u+) Vaf da’ Doy
and if for a moment

V=1 o+a, 22|,
1, a+d, ad
: 1, b+e, be |
1s put
=P(a-a)+Qd-),

then

d Va9 d .. _Qd=-a) _ Qf

L g dzfl"g(P*Q )‘S “@-9HVy - @-a)V,

But, writing 2’ =a, we have

Qd—a), =-Qf=|1, a+2, az|, =(@a-d)(a—c)(d-a), ==bec(d-u2),
ll, a+d, ad |
that is,
Qf=—be (d - ),
or
d,log V, _be(d-a)

de " Ca—-a (a-z)V,’
Hence the equation is
A(u) A (u—u') A’(u+u) 2Kbch, d—az
A(u) A(w—-v) A@m+u) Vaf (a-a)V,’
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and similarly
B’(u’)+B(u—u) B (u+ ) 2Kca,~/X d—z
Bw) Bu-w) B(u+w) Waf b-a)V,’

C’(u) C(u—w) C'(u+w)_ 2Ka,b)\/X d—uz
C(u) Clu—uw) Cu+u) Vaf (c—a)V,

Dw), D@-u)_ D (utw)_ '\/X_' d—w
D) D(u—u) D(u+u) 's/af @d-2)(x—-2)
Vaf da :
55. Multiply each of these equations by du, =} -~ % & and integrate.
have equations such as
gy ANE) | a4 I i - » VX' (@-a) glw,
A (u) A (u+u) Vaf(a —a)) V VX

showing how the integrals of the third kind
(d—2)dz (d —z)dax (d —2)da (d—z)de

V.VX v,¥X ° V VX ' J(e-a)VX
depend on the theta-functions.
If, instead, we work with the original equation
CQOC(u+u)O'(u ) D D/
Cu. C/ IR T

we find in the same way

@), Cu—u) C'(utw)_ il _ DDA
CW) " Clu-v) Cl+v) d ( C’u(]*u/)’

2-

=— é%—, log (1 — &*sn® Ku sn® Ku'),

2k*K sn Ku'en Ko/ dn Ku'sn® Ku
1—ksn?Ku'sn?Ku

or, multiplying by }du and integrating, we have

C'(u)_i_% 7 C(u—u) _ [k*sn Ku' cn Ku'dn Ku'sn® Ku. Kdu
C (W) ECu+w)~ 1 — & sn* Ku/sn®* Ku ’

which is in fact Jacobi’s equation

O(u—a)_(snacnadnasn®udu
O(u+a) 1—/k*sn®*asn®u

©a
Ba

u +%10g ) =H(ll, a)‘

I do not effect the operation but consider the forms first obtained,
/ Py,
A(u+u)A(u—u)=§}—l V. &c.,

as the equivalent of Jacobi’s last-mentioned equation.
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Addition-formulce.

56. The addition-theorem for the quotient-functions is of course given by means
of the theorem for the elliptic functions: but more elegantly by the formul® relating
to the form de+Va—ax.b—2.c—ax.d—a obtained in my paper “On the Double

S-Functions” (Crelle, t. LXXXviL (1879), pp. 74—81, [697]); viz. for the differential
equation

dy dz
«/X+~/Y T

to obtain the particular integral which for y=d reduces itself to z=, we must,
in the formule of the paper just referred to, interchange a and d: and writing for

shortness a, b, ¢, d=a—-2, b—a, ¢—a, d—a and similarly a, b, ¢, d=a—y,
b—y, c—y, d—y, then when the interchange is made, the formule become
= iz
a—z a-2z
s Vabab, Veded
's/d —b.d—c{Vadbg, +~/adbc} e {(d =c)Vabab, + (b —a)Veded }
5 T L (be, ad) : i (be, ad) ’
'\/d R T d— {\/bdac-—'\/bdac]
“Vadbe, —Vadbe ’ T Wadbg, — Vad be
f d—1b
_ Va—b.d—c{vbdoa,+Vhdea} | _ N = b =
T (d—c)Vabab, — (b—a)Veded, ’ (d—c)Vabab, — (b —a)Veded,’
d—b L
‘\/d b d—c{x/cdab +‘\/abc,d,} ,\/ {(d @) Vbebe, + (b — ¢) ¥abab )
" (d—b)Vacag,—(c—a) vbdbd, ' | (d —b)Vacac,— (¢ —a) Vbdbd, '
ik g
a—z
\/d ~° ((d—b)Veaca, + (c —a)Vbdb d |
(B ad Ve sy :
d — {Vcdab Vabe d |
'\/a.db ¢, —~Nadbe
\/d {(d— @) Vboby, — (b — ¢) Vada d
(d —c)Vabab, — (b—a) ~/cdcd
,\/—— (ab, cd)
~(d—0b)Vacac, —(c—a)vbdbd,
62—2

www.rcin.org.pl



492 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. (704

57. In the foregoing formule, (be, ad), (ac, bd), and (ab, c¢d) denote respectively

|1, 2+y, ay |, 1, 24y, ayl|, |1, o+y ay|;
1, b+c¢ be 1, ¢c+a, ca 1, a+b, ab
1, a+d, ad 1, b+d, bd 1, ¢ +d, cd !

and substituting for A, B, € D their values, and for a, b, &c., writing again «—z,
b —x, &c., we have moreover

Au=Vec—-b.b—d.c—d (a-z), A=V 0 (@—y),
Bu=VN¢—a.c—d.a—d (b—=2), Bow=+ . b -y,
Cu=Na—-b.a—d.b—d (c—uz), =V i (c —v),
Du=N¢—b.c—a.a-b (d—a), D=+ i (d—1y),

A2 (u+v)=V » (a—2),

B (u+v)=V 3 b -2),

C*(u+v)=V % (c —2),

D:(u4v)=V I (d - 2),

the constant multipliers being of course the same in the three columns respectively.
According to what precedes, the radical of the fourth line should be taken with the
sign —. The functions (be, ad), &c., contained in the formule, require a transformation
such as
(b —c¢) (be, ad)=f b—z.b-y, c—x.c—y |,
'b—a.b—d, c—a.c—d |

in order to make them separately homogeneous in the differences a—=, b—2, ¢-«,
d—w, and a—vy, b-vy, ¢c—y, d—y, and therefore to make them expressible as linear
functions of the squared functions A%, &ec., and A%, &c., respectively: the formule then
give the quotient-functions 4 (u+ v) + D (u+v), &c., in terms of the quotient-functions of
w and v respectively.

Doubly wnfinite product-forms.

58. The functions Aw, Bu, Cu, Du may be expressed each as a doubly infinite
product. Writing for shortness

m + n.—a—.=(m, n),
T
Wil
m+1+ n.;l.=(m, n),

m +(n+1)7%.=(m, n),

m+1+(n+1)7%.=(171, n),
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then the formule are

Du=D0.IITI {1+_“_},

(m, n)
where in all the formul®, m and n denote even integers having all values whatever,

zero included, from —oo to +oo; only in the formula for Du, the term for which m
and n are simultaneously =0, is to be omitted.

59. But a further definition in regard to the limits is required: first, we assume
that m has the corresponding positive and negative values, and similarly that »n has
corresponding positive and negativé values*; or say, in the four formule respectively,
we consider m, n as extending

m from —p to pu+2, n from —» to v+2,

» » —_—H , M =+ 27 » » gl (N
”» » —K o, M ) ”» » . . W -+ 2,‘
» » —H . M 3 » ” ot WG S

where u and » are each of them ultimately infinite. But, secondly, it is necessary

that p should be indefinitely larger than », or say that ultimately £=O.

60. In fact, transforming the ¢-series into products as in the Fundamenta Nova,
and neglecting for the moment mere constant factors, we have

Au= (1 +2g cosmu+ ¢*) (1 4 2¢* cos mu + ¢f)...,
Bu = cos mu (1 + 2¢° cos wu + ¢*) (1 + 2¢* cos mu + ¢°)...,
Cu= (1 —2q cosmu+¢*) (1 — 2¢* cos wu + ¢°)...,

Du = sin mru (1 — 2¢* cos mu + ¢*) (1 — 2¢* cos wu + ¢°)...,

and writing for a moment a=1—¢:;: and therefore ¢+ ¢, = el 4 ¢~imei =2 cos §ma, &c.,

each of these expressions is readily converted into a singly infinite product of sines

or cosines
Au=1I.cos §m (u + nat),

Bu=1I.cos }m (u + na),
Cu=1II. sin 47 (u + 7a),
Du =11 sin ¥m (u + na),

* This is more than is necessary; it would be enough if the ultimate values of m were —pu, u', u and '
being in a ratio of equality; and the like as regards n. But it is convenient that the numbers should

be absolutely equal.
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where 7 is written to denote n»+1, and » has all positive or negative even values
(zero included) from —o to + oo, or more accurately from —w» to v, if » is ultimately
infinite.

61. The sines and cosines are converted into infinite products by the ordinary
formule, which neglecting constant factors may conveniently be written

sin 3mu=1II (u +m), cos mu = 1II (u +m),

where m is written to denote m + 1, and m has all positive or negative even values
(zero included) from — oo to + o, or more accurately from — u to w, if x be ultimately
infinite. But in applying these formule to the case of a function such as

sin 47 (v + na),

it is assumed that the limiting values u, —pu of m are indefinitely large in regard to
w+na; and therefore, since » may approach to its limiting value + v, it is necessary

that u should be indefinitely large in comparison with », or that :'—:, =0.

v

62. It is on account of this unsymmetry as to the limits M=O’ ':-f=oo, that

we have 1 as a quarter-period, 7%. only as a quarter-quasi-period of the single theta-

functions.

The transformation q to r, logqlogr =

63. In general, if we consider the ratio of two such infinite products, where for
the first the limits are (+u, +»), and for the second they are (+u/, +v), and
where for convenience we take w>u’, v >, then the quotient, say [u, v] =+ [w/, V] is

= exp. (Mu?), where
dm dn
e %ff(m, n)?

taken over the area included between the two rectangles. We have

(m, n)= m+ 2 =m+10n

suppose, where (¢ being negative) 0=—-% is positive: the integral is

ff(?j:rf:ié;)z’ _/d 10(m+u9n) v

zG_[dm < -—lzﬁu m -:i0v> f

——l m — 10y
26 m+i0u’
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or finally between the proper limits the value is
2 — 16 [ — 16y
e < i} O o .
L { log (p + i0v> log <y.' + i0v'>} i

log (u — i0v) = log ¥ p? + v* — i tan™ %V, &e.,

where the logarithms are

and the tan—* denotes always an arc between the limits —4{m, + 47 Hence, if

"—L=oo, 'li,=0, the value is
v v

’

2 2 ; Z w 27 27 a?
m(—0©—0t+1}7n+1}7”)=7, ___a" or K"i‘g'

Hence finally
71.2
[u+v, =0 ]+[p+r, =0]=exp. (}E u’).

64. We have a, =logg, negative; hence taking » such that logqlogr=m* we
have o =logr, also negative; and 7, like ¢, is positive and less than 1. We consider
the theta-functions which depend on » in the same manner that the original functions
did on ¢, say these are

A r)=4 0, r) nn{“‘ g a}

B(u, r)=B (0, ) nn{” iy

14k
C(w, r)=C (0, ») OII ar,

u
J PR LT
D =D I111 5
(u, ) 0, ") u { Ao a‘},

limits as before, and in particular 5 =o; it is at once seen that if in the original

functions, which I now call 4 (u, ¢), B(u, q), C(u, q), D(u, q), we write :r—:‘f for u, we

obtain the same infinite products which present themselves in the expressions of the
new functions A (u, r), &c., only with a different condition as to the limits; we have
for instance

au

| 1+ ma Bl eV B0 (14 +% X
m+n—;~i n—ma—. .n+m£—.

™ my
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which, interchanging m, n, and of course also u, v, is

=HH(1+ e a,),
m+n—
m

with the condition “=0 instead of “=c. Hence disregarding for the moment
v v

constant factors, and observing that a is replaced by @', we have
D (u, 7')-:—D(%, q)=[,u—:~v, =w]+[p+v, =0]

= exp. (\i- ,;le uﬁ) , =exp. (u*log q).

65. We have equations of this form for the four functions, but with a proper
constant multiplier in each equation: the equations, in fact, are

4w )=(4 0,7+ A (0, g} exp. (hurlogg) 4 (%5, q),
B, n={B 0, n+B©O ¢} . B(%, q),
¢ (u, M=1{C (0, »)+C (0, @)} ] ( . q),
’ ) au
D@ =D O N+DO )T D(—ﬁ., q).

It is to be observed that » is the same function of %' that ¢ is of & This
would at once follow from Jacobi’s equation logg=— II{{ , for then logqlogr=m*
and therefore log» = —E]%{ (only we are not at liberty to use the relation in question
log ¢ = —%{:«): assuming it to be true, we have

L B0 009 A0 )D0.9
4*(0, q)’ 4*(0, g)° B0, 9)C(0, 9)°
k C*(0, 7) frid B0, r) K - _4(0, DO, 7
A(0, r)’ Az(0, 7)’ B, »)C(0, r)’

1 K

10gq=—7rT, log'r=—7(7,

where, if the identity of the two values of k& or of the two values of %' were proved
independently (as might doubtless be done), the required theorem, viz. that » is the
same function of % that ¢ is of %, would follow conversely: and thence the other
equations of the system.
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66. We have, in the Fundamenta Nova, p. 175, [Jacobi's Ges. Werke, t. 1., p. 227),
the equation
Hiby_,, /b B )
OO, k) kK ® (0, &)

writing here K'u instead of u the equation becomes

H (iK'u, k) _ qu b H(K'u, k')
exp ’) ot
00, k) Ic’ e r)

or, what is the same thing,

auw
D( ) «/ 1 D (u, r)
0, 9 i P (C1tlog @) (o

which can be readily identified with the foregoing equation between D( : q) and

D(u, r). But the real meaning of the transformation is best seen by means of the
double-product formulz.

THIRD PART.—THE DOUBLE THETA-FUNCTIONS.
Notations, dc.

67. We have here 16 functions S( )(u, v): this notation by characteristics,

containing each of them four numbers, is too cumbrous for ordinary use, and I
therefore replace it by the current-number notation, in which the characteristics are
denoted by the series of numbers 0, 1, 2,..., 15: we cannot in place of this introduce
the single-and-double-letter notation 4, B,..., AB, &c., for there is not here any cor-
respondence of the two notations, nor is there anything in the definition of the
functions which in anywise suggests the single-and-double-letter notation: this first
presents itself in connexion with the relations between the functions given by the
product-theorem: and as the product-theorem is based upon the notation by charact-
eristics, it is proper to present the theorem in this notation, or in the equivalent
current-number notation: and then to show how by the relations thus obtained
between the functions we are led to the single-and-double-letter notation.

68. There are some other notations which may be referred to: and for showing
the correspondence between them I annex the following table:—
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THE DOUBLE THETA-FUNCTIONS.

[704

Asterisk
denotes the
odd functions.

b L. 2. 3. “ 4, 5. 6. i 8.
uptons | Character. d%iﬁgi%tﬁi, Gipel. | SOl | Rosenhain. | gy | Kummer
% sgg ; R 9 3, 12

|
; (1)3 oF I 8 o h 8
; 8(1) 2 @ ' @ " L 10
: bl ke i Ly g
R R
; }8 ¢ )2 o 5 16
BT [ WA U B
; - B ool s, . o
: 8(1) BC o " 5 9
: (1)(1) pE | B | R J v 5
i gi F | Wote ‘8 L 11
a (l)i 4 L A . ¥ 7
A (1)(1) 4D y ol (1 A : 1
o }(1) D iR | R b % 13
% (1)} Vi iQ | @ . ) 3
1 ﬂ AE bR e ‘ i 15
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69. These are the notations:—

1. By current-numbers. It may be remarked that the series was taken 0, 1,..., 15,
instead of 1, 2,..., 16, in order that 0 nﬁght correspond to the characteristic Og;
2. By characteristics;

3. By single-and-double letters;
4. Gopel’s, in his paper above referred to, and
5. The same as used in my paper above referred to;

6. Rosenhain’s, in his paper above referred to;

7. Weierstrass’, as quoted by. Konigsberger in his paper “Ueber die Transfor-
mation der Abelschen Functionen erster Ordnung,” Crelle-Borchardt, t. LX1v. (1865),
p. 17, and by Borchardt in his paper above referred to;

8. Not a theta-notation, but the series of current-numbers used in Kummer’s
Memoir “Ueber die algebraischen Strahlen-systeme,” Berl. Abh. 1866, for the nodes
of his 16-nodal quartic surface, and connected with the double theta-functions in my
paper above referred to.

But in the present memoir only the first three columns of the table need be
attended to.

70. It will be convenient to introduce here some other remarks as to notation, &ec.

The letter ¢ is used in connexion with the zero values w=0, v=0 of the

arguments, viz.:—
S'0: S’h Sﬁ! S’S) S'h SG: Sﬂ; Sﬂ: S‘m ,S'lb

are even functions, and the corresponding zero-functions are denoted by
Co, C1, Ca, C3, Cyy Cg, Csy Cy, Crgy Crst
there are thus 10 constants c.

When (u, v) are indefinitely small each of these functions is of course equal to
its zero-value plus a quadric term in (u, v), and we may write in general

S=c+% (¢ ¢, ¢"Ju, v):
there are thus 30 constants ¢, ¢, c".

The remaining functions
S’h S”h S'10) s111 S181 Su

"are odd functions vanishing for u=0, v=0; when these arguments are indefinitely
small, we may write in general
Y=(c, 'Yu, v):
there are thus 12 constants ¢/, ¢”.
63—2
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71. All these constants are in the first instance given as transcendental functions
of the parameters, or say rather of exp.a, exp.h, exp. b, which exponentials cor-
respond to the ¢ of the single theory: viz, in a notation which will be readily
understood, the constants ¢, ¢, ¢V, ¢’ of the even functions are

3 exp. (m:a’ n+;3>;

b
— 37 S (m + af, 2(m+a) (n+B), (n+B), exp. (m -,:,- a, n .; /3)

and the constants ¢/, ¢’ of the odd functions are

)

tmiS (m+a), (n+B), exp. (m :'- i ;B> :

72. It is convenient for the verification of results and otherwise, to have the
values of the functions, belonging fo small values of exp.(—a), exp.(—b); if to
avoid fractional exponents we regard these and exp. (—A) as fourth powers, and write

exp. (—a) =@, exp.(—h) = R, exp.(—b)=8
QR S= A, QR=2S=A’, and therefore AA = @*S?

also

then attending only to the lowest powers of @, S we find without difficulty

Syl and therefore also ¢, =1,

X = 2@ cos 37y, ol =20,

e = 28cos 3, ¢ =28,

Ly = 2Acosim (u+v)+ 27" cos i (u—v), c; =2A +2A/,
o =l e, =1,

Y =-—2Qsin {1y,

¥y = 28 cos {mv, eit=25

N =—2A sin {7 (v +v) — 2A" sin 7 (u — v),

oy —daicte b oge=1,

Y = 2Qcos}mu, ¢, =2Q,

Y =—28sin {7y,

N =—=2Asin $7 (w+v)+ 2\ sin 37 (u—v),

Y N Gy =1,

N =—2Qsin }7u,

S =—28sin §mv,

B =—2Acos 7 (u +v) +2A" cos 7 (u — ), e = — 2A + 2/,
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73. The expansions might be carried further; we have for instance

Y, (u)=1 + 2Q* cos mu + 2S¢ cos v, Co =1+20Q + 284,
e T [ 900 U PR D 1 SRR g e =1—2Q4+ 284
N T o=l QUGS oge < cs =1+2Q— 284
Bhia e =R 1 1 G G - f Ca=1—20Q¢— 28
Sy 2Q) cos ¥ mu + 2Q° cos §mu + 24 cos §r (u+ 2v) + 24" cos § 7 (u — 2v),
6 =20+ 2+ 24 +24’,
e = —2@Qsin §7u + 2Q° sin $7ru — 24 sin §ar (v + 20) — 24" sin §7 (u — 2v),
N 7 = 2Q cos Faru + 2@ cos §mu — 24 cos Fm (u+ 2v) — 24 cos r (u — 20),
c =20+ 20 —24 — 24/,
N = —2Qsin 7w + 2Q° sin §7ru + 24 sin 37 (u + 2v) + 24" sin 7 (v — 2v),
in which last formule
A=QR, = %& . A'= QRS = ‘lQ*SZ :

74. In the single-and-double-letter notation we have six letters 4, B, C, D, E, F;
and the duads 4B, AC, ..., DE are used as abbreviations for the double triads 4BF,
CDE, &c., the letter F always accompanying the expressed duad; there are thus in
all six single-letter symbols, and 10 double-letter symbols, in all 16 symbols, cor-
responding to the double-theta functions, as already mentioned in the order

Yo 1 2 3 7 AT TSI SR A QNN 100 (21 11317418 <a4 18
BD, OCE, OD, BE;'AC, O, AB B, BO, DE"F, A’ AD, D, E, AL,

where observe that the single letters C, B, ¥, A, D, E correspond to the odd functions
5, 7, 10, 11, 13, 14 respectively.

75. The ground of the notation is as follows:—

The algebraical relations between the double theta-functions are such that, intro-
ducing six constant quantities @, b, ¢, d, e, f and two variable quantities =, ¥, it
is allowable to express the 16 functions as proportional to given functions of these
quantities (a, b, ¢, d, e, f; ®, y); viz. there are six functions the notations of which
depend on the single letters a, b, ¢, d, e, f respectively, and 10 functions the notations
of which depend on the pairs ab, ac, ad, ae, be, bd, be, cd, ce, de respectively: each of
the 16 functions is, in fact, proportional to the product of two factors, viz. a constant
factor depending only on (a, b, ¢, d, ¢, f), and a variable factor containing also «
and y. Attending in the first instance to the variable factors, and writing for
shortness

a—z, b—a, c—z, d—u, e—a, f~z=a,b,c,d, e, f;z-y=0;

a—1, b—y» c—Yy, d"yr e—y’f_y=a'/’ b/’ C, d/’ €, f/;
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these are of the forms

Va=vaa, Nab= }_9 (Vabfede, + vabfede].

f At Y sl

I remark that to avoid ambiguity the squares of these expressions are throughout
written as (Va)* and (Vab) respectively.

76. There is, for the constant factors, a like single-and-double-letter notation which
will be mentioned presently; but in the first instance I use for the even functions
the before-mentioned 10 letters ¢, and for the odd ones six letters £ I assume
that the values @, y=, o (ratio not determined) correspond to the values u=0,
v=0 of the arguments; and that o is a function of (#, y) which, when (z, y) are
interchanged, changes only its sign, and which for indefinitely large values of (2, )

becomes =%)—g. This being so, we write (adding a second column which will be

afterwards explained)

0 R i mr3
1=0F =,0¢, \/(;, c,=,,i4/c:e,
2=0D=,¢c; \/c_d, c,=,,\4/;_t—l,
8=BE =, ¢, Vbe, ¢s =, Vbe,
4=A4AC=,¢, \/;c, G =,,\4/(;_&,
SO WKV ks =,V
6=AB =0 \/c_zi), Cs =,,\4/§,
7= B ke by g VA,
8=BC=,,¢ Ve, ¢ =» Vb,
9=DE =, ¢, Ve, 6 =, Vde,
10= F =,kV7, ko =aV7F
1= 4 =,k Va, by =,Va,
12=A4AD= ¢, \/Et_i, Cu=ne/;i:
13= D =k, V3, by =,V
4= E = k,Ve, ke =,Ve,
15 = AX =" 0,V e, e =, Vae;

viz. here, on writing @, y=c, o, each of the functions Vbd, &ec. becomes =2$y—?;;
and each of the functions Va, &c., becomes =\/.E/; hence by reason of the assumed
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form of o, the odd functions each vanish (their evanescent values being proportional
to ks, ky, ky, Ky, ks, ki respectively), while the even functions become equal to ¢, ¢,
Cay O35 Cy Css Csy Co, Ciay Cip TeSpectively.

Observe further that on interchanging @, y, the even functions remain unaltered,
while the odd functions change their sign; that is, the interchange of @, y corresponds
to the change u, v into —u, —w.

77. As to the values of the 10 ¢’s and the six %'s in terms of «, b, ¢, d, e, f,

these are proportional to fourth roots, v a, &ec. v, ab, &e.; in v @, @ is in the first
instance regarded as standing for the pentad bedef, and then this is used to denote
a product of differences be.bd.be.bf.cd.ce.cf.de.df.ef; similarly ab is in the first
instance regarded as standing for the double triad abf.cde, and then each of these
triads is used to denote a product of differences, ab.af.bf and cd.ce.de respectively.
The order of the letters is always the alphabetical one, viz. the single letters and
duads denote pentads and double triads, thus:

a = bedef, ab = abf . cde,
b = acdef, ac = acf . bde,
¢ = abdef, ad = adf . bee,
d = abcef, ae = aef . bed,
e = abedf, be = bef . ade,
S = abede, bd = bdf . ace,
be = bef . acd,
cd = cdf . abe,
ce = cef . abd,
de =def . abe.

There is no fear of ambiguity in writing (and we accordingly write) the squares of
va and Vab as Via and Vab respectively; the fourth powers are written (V)
and (Vaby; the double stroke of the radical symbol V'~ is in every case perfectly
distinctive.

This being so we have as above c,,=7\\‘/ Iﬁ, &e., k,=x\‘/§, &ec.: it is, however,
important to notice that the fourth roots in question do not denote positive values,
but they are fourth roots each taken with its proper sign (+, —, +14, —7, as the

case may be) so as to satisfy the identical relations which exist between the sixteen
constants; and it is not easy to determine the signs.

The variables z, y are connected with u, v by the differential relations

de  dy)
odu+rdy % &k
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where X =abcdef, Y=abedef; which equations contain the constants =, p, o, 7, the
values of which will be afterwards connected with the other constants.

78. The c’s are expressed as functions of four quantities a, B, v, 8, and connected
with each other, and with the constants a, b, ¢, d, ¢, f, by the formulz

¢ oy
6=a’+,8’+'y’+ 8= w2 V'bd,

1=2@B+v8) =, Ve

2=2(ay+88) =, Ved,
3=2(ad+By) =, Ve
d=a—B+y—-8=, Vg,
6=2(ay—-B88) =, Vab,
8=ar+ @ -y ==, Vi,
9=2(B-yd) =, Ve,

12=a’_Bﬁ_'y,—82= ”» ‘/azd)
15=2(d—By) =, Vae

It hence appears that we can form an arrangement

sy, &), |+l =|la, b, ¢ |,

&, —¢d, o a, ¥, ¢
” // 4

c?, =Gy —Cg a’, V', ¢

a system of coefficients in the transformation between two sets of rectangular
coordinates.

We have, between the squares of these coefficients of transformation, a system of

6 +9 equations
a® +b +¢ =1,

a? 4+ b2 +c? =1,

a”?+b"+c"?=1,

a® +a” +a"=1,

B +b?+02=1,

¢ +c?+c"=1,
P+ct=a?+a" b2+c2=ad"+a® b2+c"?=a+a?
E+a?=b24+0" c*+a?=b"2+0, ?+ad”?=b+0b"

A+ b=+, a?+b2=c¢"+c, a”?+b"2=¢c+c":
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that is,

12 + 1
9 + 4 + 3 -
2 +15 + 8 -

+
|

1. + 6 - - 2
6 +12 - - 15
12 +1 -3 - 8
+ 3 -2 =12
+ 9 =15 -
+ 4 -8 - 6
15 + 8 -12 -9
2 -1 - 4
+15 - 6 - 3

and we have, between their products, a system of 6 + 9 equations
aa’ + 0 + ¢’ =0,
a’'a +b0"b +c’c =0,
aad’ +bb +c¢c =0,
be +b¢ +b'c" =0,
ca +cad +c’a" =0,
ab +ab’ +a"b" =0,
a, b, ¢ =V"=b"¢, cda’"=c"d, oV’ —a"l,

a, v, ¢ be-b", ca—ca”, ab” —a"d,

a’, b, ¢ bd =be, cd —ca, ab —ab:

’
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that is,
g o* c”| o =0
R T WPORE WY | B e e
g g T R
S O MU, T U
15 LS e R
(S .00 GRPCU R P T
1 G A B W G G 5
S W R R g e
ST R T R PS8 e
L 0NG AR T L
~ 00 e T
+000 4 - 8 12 P L
RN ekl ¢ e
MR A R G e N e
IR 9 |"=8 18
+ 00 R AR S

each of the first set of 15 giving a homogeneous linear relation between four terms
¢t; and each of the second set giving a homogeneous linear relation between three
terms ¢*.¢? formed with the 10 constants c¢. Thus the first equation is

Gl Fetted —cf=0;
and so for the other lines of the two diagrams.

79. I form in the two notations the following tables:—

TABLE OF THE 16 KUMMER HEXADS.

4 4 4 4 4 B B B B c Cc C D D E | 4
B c D £ Ir C D E r D E v E i/ F | B
AB | AC | AD | AE | AB | BC | BD | BE | AB | CD | CE | AC | DE | AD | AE | C
CD | BD | BC | BC | AC | AD | AC | AC | BC | AB | AB | B€ | AB | BD | BE | D
CE | BE | BE | BD | AD | AE | AE | AD | BD | AE | AD {CD | AC |CD | CE | E
DE | DE|CE |CD | AE |DE |CE |CD | BE |\ BE | BD |CE | BC | DE | DE | F
£ ICEE 2 e b B 1 o | 11 7 7 g 7 5 5 L s s T L D b SR R 1
7 IO I 1 [ e R ) S I TR IO b e JOR L b 7 L 0 KOl G L R ) 7
6 4 |14 |12 6 8 0 3 6 2 1 4 et B ) £ 80 ) 5
2 0 8 8 4 |12 4 4 8 6 6 8 6 0 3 113
1 3 3 Tl 1A T B S b 0 {“kbl |12 2 4 2 1 |14
9 9 1 2 |15 9 1 2 3 3 0 1 8 9 10
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81. TABLE oF THE 60 GOPEL TETRADS.

A.B.AE.BE C.D.CE.DE E.F . AB.CD AC .BD .AD . BC ‘
A LB AD I BD C.E.CD.DE D.F.AB.CE AC .BE . AE .BC
CAAIB AT S BO C.F.AB.DE D.E.CD.CE AD .BE .AE .BD
A.C.AE.CE B.D.BE .DE BB AC  BD AB .CD .AD . BC
4,004D.CD B.E.BD .DE D.F:ACQ . BE AB.CE .AE .BC
A Cen A B BC B.F.AC .DE D.E.BD.BE AD.CE .AE.CD
A.D.AE.DF B.C.BE.CE E.F.AD.BC AB.CD .AC .BD
A4.D.AC.CD B.E.BC.CE C.F.4D.BE AB .DE .AE .BD
A D.AB . BD B.F.AD .CE C.E.CD.DE AC .DE .AE.CD
A.E.AD.DE B.C.BD.CD D.F.AE.BC AB .CE .AC .BE
A.E.AC.CE B D B0 . CD C.F.AE.BD AB .DE .AD.BE
A.E.AB.BE B.F.AE.CD C.DiBEC .BD AC .DE.AD .CE
A.F.BC.DE 1B R0 AR LA D.E.AD.AE BD .CE .BE .CD
A, F.BD.CE B, D, AB.AD C.E.AC.AE BC .DE.BE .CD
A.I'.BE.CD B.E.AB .AF Ci. D40 4D BC .DE.BD.CE

3 [t & ST gl 5 TR T R 145 104 5 619 02 450 il da el
b ey N L) 5 14 9 13510576 R R £
010 OO T ) 6 11O 6N 9 131734 59 B ] 2 ol SR B R
1 05t S gl TIN50 147100 v ey 6 28
1 R L g b s B 13 10 4 3 6 15408
L) a5 o e e o 181 T P 28 L i Bl 15D
1518416599 g Y 45 14 710 428 g2 0
14 134152 s@E AT | o 1012 1 5e8 (L len [ Bl s,
117 18, 6,50 il 0 R I | bl 148 19 4% 90 b9
11 14 12 9 ¥ (g sl e 13 110%: 16 388 Ot 4 3
b FR i RN g | (e 1 (AR T L K L (o) 6 12503
A b R o Tl 710 (] GRS b 13 EiRS R 497 O M2
VL0 4 8 iy v gk o 3 S R 13 14 12 15 ) SN 3 2
L7 =10 0~ 1 7 1362 5 14 4 15 8t 119 S
B0 3082 (i 7 SRR 1) e T 829 Lt
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The product-theorem, and its results.

82. The product-theorem was
a! B ’ al! B, ’
s(y’ 8>(u+u).3(’y,, 8,)(u—u)
_spi@+d)+p, F(B+B)+g gi@=a)+p, $(B-B)+q ..
=30 S S 545 (2u). 0 R ’ S_§ (2u),
where only one argument is exhibited, viz. u+w, uw—a, 2u, 20/ are written in place
of (w4, v+v), (u—u, v—20), (2u, 20), (20, 2') respectively. The expression on the
right-hand side is always a sum of four terms, corresponding to the values (0, 0),

(1, 0), (0, 1), and (1, 1) of (p, ¢). For the development of the results it was found
convenient to use the following auxiliary diagram.

Upper half of characteristic.

| \ i
} [ A= W — - =
i .2 }+ + i +:+/+\+ +
SR| T glse|s & vg|S g|V&( T §
i L [P TR 1l 2 LT | (S T o e T | 0 R I
=Q“=ns$sssss3a$3$‘\s35
da—m—mm;—mdu—m—m~m—m—m—m|—m~w—m-m
o e ey — e | | [ -
00000000!10100101!1111
1000}50501%0%0%1&1!%1%1
o1/oof0 3l o 3 |1 3l1 §1{og|0 g1 g1 3}
1 1(o 0% ¥ 3 3 |2 4/3 (2 8|% % |3 2 ¢
ool1 o303 ofso0ff O0fp1/g 1317} 1
10/10f20[0 of0oof1 0110 101]|1 1
0110%5%&;%éaé%%;%;%é;
11‘101505-0;1;1g0g‘0g1g
000 1’50% o 31 3|1 3 og|o 5!1;3, e
1 0(0 1% %| 3% % (23|22 2|2 32| %+ % |2 2|3 1}
01/01foaxflo o f11}1 o0floofo "1 }10]1 1
1101;150;%1;05051‘;30;1
| |
S T : L W
0 0 |1kl ¥ oid ik obpell bl di gt Fould 1R B F0 4
frofr 11 4]0 g f0oF| 1 g f13]0 §jJogi1 }
0111‘i%1305g15050g1;}o;1
oAl afiiiaq.of s fleddplrvorlin @) ol O 0 1y 1
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Lower half of characteristic.
PR RN 0 T e P R N T R R T
% + + | | + + | b ke ot [ e e | I
| =« ~% | ~cw vl i >~6c‘ >~ oo|?~co ~ oo\?wo >~ w
ioooooooooo'oo{oooo‘oooo
’1000101010.10'10101010
| . |
0 11 0. 0d0 v &l o idsn 1|°1°1i°101
IR T 1 OO B YER O e O OO T O W 2 oo I O B
'+ ‘ ‘ &
0 0f{1 01 0] -1 " ol1 0 et ot L a0
1 of170 2 ¢ o ofa o] o dolistel s uGEREEEEG Ty
o 1 pfr 3|21 wiTor et i
|1 vy edbera e v al o Pt e Al R
0.0 {0 1100 1p5 0w 14001450 0 co b {00 R 0 1|
1 oo tf 10| 1 e g a0 R R
001|0 140 2} 0 0o B 0 0Ot S L 0Lt OR8] 50 0
! |
Lo 1t 2l 1 eld gl A RER
0.0|1 111 |~1 40101 -l Tl aeE L i
10y 1l 1] oatle e el ol Bl SR
101/1 1)1 2/-1 ofo.2l_1  ofo sf—T',0f 3 a)-d 10
111122 0o ‘of23| o ql2g2] 0 O0f32f 0 0
| |

83. The upper characters of the ©’s have thus the values 0, 1, &, §; the lower
characters are originally 2, 1, 0, or —1, and these have when necessary to be, by
the addition or subtraction of 2, reduced to 0 or 1; the effect of this change is
either to leave the ® unaltered, or to multiply it by —1 or +4; as follows:

0 0 3 R Lk
ol ua if P

WL ®7+2 B, O ,=—i8,
B el gt R
yr g 00| (83 g BE By o 87,

where only the first column of characters is shown, but the same rule applies to the
second column; and where we must of course combine the multipliers corresponding
to the first and second columns respectively : for instance

. S

Loae beabios &t ¥
® 125 2=(-1.—i®] 1=)-81 %
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Thus taking the tenth line of the upper half, and the fifth line of the lower half,
we have

10{01(%%%% %%,%%%%'%%%%
| i |
0 |

00‘10 10-10]10-10

giving the value of

1 0-1 0 1 0-1

0 L 3! ’
b O(u-i-u).S1 O(u-—-u,):

O

viz. this is

= 0%1}(210)@ 1}%(2u)— 18%%(214) @)’} %(M)
+®7 ’*(,,)@ H(,,) zﬂf’}(n)(@% ’(,,)
+0‘5 3(,,)@ ’H(,,) +i(~)fg(,,).®“(,,)

seldhe ti,) il eti(,)

where the first column is the value given directly by the diagram: it is then reduced
to that given by the second column.

84. But instead of the ®’s, we introduce single letters (X, Y, Z, W), (E, F, G, H),
I, J, K, L), (M, N, P, Q), with the suffixes (0, 1, 2, 3), in all 64 symbols, thus

®00 10 01 11@y= X ¥ Z W
00 ] -
1

10
01|
11

0&(\9—'0

00(210) X, @ —Y &e.,

that is,

@10(2w)=X,,..

©30 }1 0 §1ey= E F ¢ H
00

10
01
11

that is, 0
@é (2u) = E, &,
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®0p 1} 0 14ewy= I J K L

00| 0
10 1
01 | 2
11| 3

The functions of (2u/) are denoted in like manner by accented letters
00
®OO (2u)= X', &e.,

O3 3 ¥ #@= M N P @

00 0
10 1
01 2
11 ‘ 3

85. To simplify the expression of the results, instead of in each case writing
down the suffixes, I have indicated them by means of the column headed “ Suff.”

Thus
Suff.

o 0 _Ww_XX +YV +2%7 +WW |2

| 8—0 | SOlu+u.SOO

means that the equation is to be read

=X.X,) + V.Y, + Z.Z,) + W,W,.

It is hardly necessary to mention that the | S —0| of the left-hand column shows
the current numbers of the theta-functions; viz. the left-hand side of the equation is

N (u+ ). N (u—u')

And by a preceding remark the single arguments u+u' and u—u' are written in
place of (u+w/, v+9) and (u—u/, v—v') respectively,
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The 256 equations now are

86. First set, 64 equations.

Suffixes.
Q-0 800u+u’.900u—u’ = |\ XX + ¥ +ZZ +WW 0
00 00
00 00 g ,
4-0 5 b - XX +YY +27 +WW 1
00 00 , , ,
8-0 o o = XX +YY +27 +WW 9
00 00 ’ Ly ’ V4 "’
12-0 11 00 = L XX o Y e B8 WHW 3
0-4 S B Gl LT LEre B ER LW 1
00 10
00 00 , ;
44 . A - XX -YY +Z7 -WW 0
00 00 ,
84 » - - XX —YY +Z7 -WW 3
12-4 9 % XX -YY +Z7 —WW 2
11 10
0-8 9%u+w. 3% _w = XX +YY —22 —WW 9
00 01
00 00 J :
4-8 o s - XX +YY -27 -WW 3
00 00
= iz Wi . ’ 0
B8, - XX +YY -Z7 —WW
00 00
5 _ 27 - WW
12-8 " o XX +YYV -27 W 1
0-12 3%u1+w.3%u-w = XX —YY -272 +WW 3
00 1 :
00 00 d
i . Yy - W
T A 4 XX -YY -27Z + 2
00 00 :
3 s 27 W
gig: LS s XX —YY LW 1
g 00 - XX -YY -Z7 +WW 0
11 11
0 X 65
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First set, 64 equations (continued).

Suffixes.
121 S otud S win, T rr. b i e S 0
00 00
54 }8 (l)g - YX +XY +WZ +ZW 1
9-1 (1)(1) (1)8 = YX +XY +WZ +2ZW 2
13-1 }‘1) (l)g = YX +XY +WZ +ZW 3
1-5 S(I)gu+u'..9}8u—u' - YX -XY +WZ —ZW 1
55 ;8 }g —¥YX + XY -WZ +ZW 5
9-5 (1)(1’ }g} - YX -XY +WZ —ZW 3
135 }‘1) }8 =YX +XY -WZ +2ZW 9
1-9 S(l)gu+u'..9(l)(l)u—u' - YX +XY -WZ —-ZW 2
59 ig (1)(1’ - YX' $AY -WZ —ZW 3
9-9 (1)(1’ (1)(1’ - YX +XY -WZ -ZW 0
13-9 }? (1)(1’ = IX XV -WZ -ZW 1
1-13 S(I)gu+u'..9}(l)u—u' - YX -XY -WZ +ZW 3
5-13 }8 }(1’ ——YX +XYV +WZ —ZW 2
9-13 (1)(1) }‘1) - YX -XY -WZ +ZW 1
13-13 1‘1) }(1’ - YX +XY +WZ -ZW 0

(704
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

First set, 64 equations (continued).

Suffixes.
R T L SR R TS R 0
00 Fop¥—¥ = + + +
01 01 r ’ ’
62 10 00 = ZX + WY +XZ7" + YW 1
01 01
J= 2 e "’ ryot B ’ " 4 2
10 o1 00 ZX + WY +XZ' +YW
01 01 : o , '
14—-2 1 00 = ZX + WY +XZ +YW 3
01 01
i ’ P o o0 ’ ’ .Y ’ 1
2—-6 .900u+u..910u w zX WY +XZ Yw
01 01 . ¥ , '
6—6 10 10 = VEX = WY .+ XZ YW 0
01 01
it = P ’ X ' YW 3
10—-6 o1 10 Z. WY .+ XZ Yw
01 01
Sy = ’ A, ’ ’ o, ’ 2
14 -6 11 10 zZX WY +XZ Yw
01 A 5 ’ , - ,
210 FiiuARLI - SZX NWE . =XZ ~YW 2
00 01
01 01 ’ , r ,
6—10 10 01 = ZX + WY -X7 -YW 3
01 01
gl o ’ o ’ ’ ’ 0
10 —-10 o1 o1 zZX WY +XZ' +YW
01 01 v "
o SUgX. - % W 1
14 -10 1 01 zZX WY +XZ +7Y
2-14 .901u+u’.801u—u' = ZX -WY -XZ7' +YW 3
00 11
01 01 " , y
Ly = " WY -XZ Yw 2
6—14 10 11 zZX w +
D T - ——ZX +WY +XZ —YW 1
01 11
14 -14 ol ol =-ZX +WY +XZ7' -YW 0
11 11
65—2
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

First set, 64

equations (concluded).

Suffixes.

.8 Bt ehig it ' = WX +ZY +YZ +XW 0
L 0¥t ¥ dpu—w = WX + + +

11 iG] | ; ; "
7-3 10 00 =1 WX £ ZY "+ YT L XW il
1]. 11 ' T’ ’ ’

| g i i = WX +ZY +YZ +XW 2
15— 3 1 i - WX +ZY +YZ +XW 3
b 11 00 o ¥ r
R R gt "= WX —-ZY' +YZ —XW
- 0% T¥ -dpu—v = &l + i 1

11 11 ; : i , _

71 10 10 =—WX' +2Y -YZ' +XW 0

11 11 i v , ’
11-7 5 o = WX -2ZY +YZ7 —-XW 3
11 11 ' ) , -

157 3 i WX +2Y —-YZ +XW 9
g..11 ‘gt O S TRIDIORBR | " MR SR 2
— OO’LG'l"Ul. Olu w = «

11 11 : : , X
P11 Wl ol - WX +2ZY -YZ' —XW 3
11 11 J ; y ,
-, TS 5 - WX —ZY +YZ +XW 0
11 11 ; 3 e T
-1 - SLWX LEY + YT i XW 1
11 gt (8 , : J , ,
3_15. §lnawigatylyy JAr iy L sl 3
00 11
11 11 : ] , /
-1, 34 —— WX +2Y +YZ —XW 2
11 11 , , ; d
11-—-16 01 1 =—WX' +2Y +YZ' —XW 1
15418 ﬁ H - WX' —ZY -YZ +XW 0

[704
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 517

87. Second set, 64 equations.

Suffixes.

B e , i ,

1-0 3 Jurw.8 u-o = EE + 66 +FF + HH 0
10 00 o , : :

5-0 10 00 = FKEF + GG@' + FF' + HH 1
10 OO ' ’ ' ’ 9

9-0 b o LB vee. PP 'y BH 2
10 00 , ; , :

13-0 - 5 - EE + G& + FF + HH 3

gl s(l)guw'.s(l’gu-u' —iEE +iQQ —iFF +iHH 1
10 00 O Y S T

54 o 34 = iEE —i@¢' +iFF' —iHH 0
10 00 Y R PR

951 N i S—iEE +iG@' —iFF +iHH 3
10 00 £, VTR T T Y

184 NS e — iEE —iG@ +iFF —iHH 2

148 el kb Vsuw ssw ved rr i 9
00 01
10 00 , A : ;

5.8 % 5 - EF + GG - FF — HE 3
10 00 e L O !

9_8 01 o1 = FE + GG - FF' - HH 0
10 00 : 5 ’

158 " o - EE +G& -FF - HH 1

1-12 3(1)3u+u’.3(1)(1)u-u' ——iEE +i6Q +iFF —iHH 3
10 00 i FAAT 1P T

b-12 10 11 = EE —-iGG@ —iFF +:HH 2

gLlis HidS ") ——iEE +iQQ" +iFF —iHH' 1
01 11

1312 }‘1) ‘1"1’ = iEE -iQ@ -iFF +iHH' 0
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

Second set, 64 equations (continued).

[704

Suffixes.

Dot g9 e roabl e el AR e 0

- 00%tT¥ YU = + + -
00 10 4 " ’ I’

i X ) - EG¢ +GE + FH' + HF 1
00 10 , , : ,

8~1 ol 00 =1 BE . +.GE  + .BH' + HEF 2
00 10 , : : :

12-1 7 g = EG¢ +GEF + FH' + HF 3

05 990 varis Wi e onpd s e SN R 1
00 10

T (1)8 }8 — iEQ' —iGE +iFH —iHF 0
00 10 Bk T Ll sl e

8—5 5 % SNEE AR iRR LIHF 3
00 10

2_ ot . ’ _- 7 . ’ _. ' 2

12-5 " 5 iBQ —iGE +iFH —iHF

0-9 P ety Swper ol pae e 9
00 01
00 10 R ) y

4-9 s o - E¢ 4+ gEl - FRB' - HF 3
00 10 , ! B

8-9 8 0 SR e T N e 0
00 10

9 it ’ i it SR ’ 1

12-9 i 2 E¢ + GF - FHI' - HF
gg. -+ -l i 2 LTS8 U R L

0-13 300u+u.911u—u = E@ —iGE —<FH'  +HF 3
00 10 h i o

& = GEG' —iQE —iFH' +ilF" 9

413 10 1 BG 1GE 1l + 1.

8 18, AP 10 = iEGQ —iGE —iFH +iHF 1
01 11

1213 (1’(1) }(1) — $EQ —iGE —iFH' +iHF 0

www.rcin.org.pl
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

Second set, 64 equations (continued).

Suffixes.
3-9 811 +u SOIu—u' = FE + H® + EF' + GH' 0
00 700 A
11 01 o i ; : !
7-2 10 00 FE + HG' + EF' + GH 1
11 01 e g : ;
11-2 01 00 = FE + H@ + EF + GH 2
N ! 01
-2 = 4 1 ’ '
15 1 00 FE + H@'. + EF! + GH 3
8-6 Susw.8Nu—w —-iFE +iHE —EFP +iGH 1
- 00t Fpu—v =-i +14 -1 +1
7-6 i(l) (l)(l) = FE —iHG +:EF' —iGH' 0
11-6 (l)} (1)(1) =—¢FE +iHG —EF" +iGH' 8
15— 6 i1 2 = FE' —<iHG' +iEF -«GH' 2
11 10
3-=10" "3 3 g .901 ! = FE + HG' - EF - GH' 2
" 0% ¥ - dou-v = )
i § 01 ’ > 4
7-10 10 o1 = FE + HZ - EF - GH 3
11 01
- L - 1" ' ’ 0
11-10 o1 ol IE H® + EF + GH
11 01
Al i B3 U ’ ) ’ 1
15-10 1 o1 FE HG + EF + GH
1 2l O . y e, < oy 7 by 2
3-14 300u+u..911u—-u =—iFE +iHG@ +iEF -iGH 3
11 01 Yk i _imw L 9
7-14 10 1 = FE 1HG 1EF' +i1GH 2
11-14 3 g = FE -iHG@ -iEF' +iGH' 1
01 11
15— 14 H (1)} ——iFE +iHG +iEF —iGH’ 0
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A MEMOIR ON

Second set, 64 equations (concluded).

THE SINGLE AND DOUBLE THETA-FUNCTIONS.

Suffixes.
2-3 o o1 A 811 fo =N PG HE' EH Gr 0
= 0% t¥W - Spou-—uw = + + +
01 11 ¢ ) :
6i=13 10 00 SR FG L HE G e G 1
01 11 s , , ;
10-3 01 00 = FG + HE + EH' + GF 2
01 1 2 : 3 i
14-3 11 00 = FG¢ + HE + EH' + GF 3
01 . 11 , kil e " 3
2-T7 S u+w. .3, w—uw = FGQ —<HE +<EH' —iGF 1
00 10
4 01 il A Sy o o
6—17 10 10 = FG -i1HE ++EH -iGF 0
01 1 S < 7r 7 sy .y
10-7 01 10 = FG —<HE +iEH' —iGF 3
01 31 Sl A b 3 ’ N
14-7 1 10 = FG@ —<HE +<EH' -iGF 2
211 il % 311 w—-u = F@ + HE' - EH' - GF' 9
— 00%+%W ¥y v =
01 11 i " ; v
6= 10 o1 = F@ + HF - EH - GF 3
01 A7l 7 A " ,
10-11 o1 o1 =— FQ - HE + EH' + GF 0
M4 =11 01 11 =- F¢ - HE + EH' + GF' 1
11 01
01 sk , e ey S hoas
2—15 300u+u.311u—u = F@ —iHE —iEH' +GF 3
01 11 L . ’ . y v
6—-15 10 11 = F@ -<HE —<EH +:GF 2
10 - 15 g1 i =—tF® +<:HE +iEH —iGF’ 1
01 11
T <18 (1)} E ——iFQ +iHE +iBH —iGF 0

[704
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

88. Third set, 64 equations.

Suffizes.
2.0 Sg(l)u+u'.'888u—u’ v 2P Tt R e 0
6-0 ;’(1) 88 = Il +J)' + KR + LI’ 1
10-0 8} gg N S D M 9
14-0 (1); gg = IP +JI + KB + LI 3
24 38(1)u+u’.8(1)gu—u' ELR, e > SRR 7 ) 1
64 (1’(1) ‘l’g B R S AT 0
10— 4 8} (1’8 Y s SN L) Y 3
14-4 ‘1’} (1)8 R T B O T 2
3-8 Sg(l)u+u'..93(l)u—u' SOLl' <l LARE . wALL 9
@4 s - s—iIl' —iJJ +ikKK’ +iLL 3
10-8 gi 3(1) = A + WP (LiEK - DL 0
Pup g 4 Sl L P R S 1
212 Sg(l)u+u'.8(l)(1)u—u’ ——ill' +iJ] +iKK' -iLL 3
612 (1’(1) ‘1)‘1’ weill' wiJJ' 4iKK iDL 9
10-18 0 9 r = I i) —iKK +ill’ 1
PR T, L i = iII' —iJJ —iKK’ +iLL 0

11 11 .

X 66
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

Third set, 64 equations (continued).

Suffixes.
3—-1 911 / 910 o = LA i LK’ KL' 0
- 0% +tW -dppu—u = + + e
11 10 . ] , .
7—-1 10 00 &= Ll s s DI e K 1
11 10 ; ; , i
=1 ol 00 SN 0 G ¢ G R ) RN 2
11 10 % ’ y ;
15 -1 1 00 RS W ) CURE R 19 SRRy ) G s 3
3=5 .911 ¢ .910 I = ALt Ve LK KL’
— 00u+u . lou-—-u = o + - 1
1 10 b : i ;
7-5 10 10 s T T T T s R U T, 0
11 10 . : ’ b
11-5 o1 10 = JI'" — IJ' ,+ LK '— KL 3
11 10 y x ; :
156-5 1 10 = bl A S DR il 2
i | " 10 ¥ ol A P e
3-9 S u+vw. 3 u—u =—=wJI' —ilJ' +:LK" +1iKL 9
00 01
11 10 ol 3 o s a7
7-9 10 01 ==eJI' —alJ' +:iLK' +iKL 3
11 10 A i e BB TR
-9 01 01 = WJI' +J LK KL 0
11 10 RSB ASES
15—0 1 ol = ‘2JI'" +¢lJ  —4LK <KL 1
3k 10 " g e . ’ . ’
S=l8 - +u .3 u—u =—2JI' +iJ +iLK' —iKL 3
00 1
1l 10 2 sairy L A . ’ e ol
7—-13 10 11 = JI' —lJ'" —<LK' +:iKL 2
kil 10 AL e e S
11-13 01 11 ='9JI" —ilJ' —+LK" +4KL 1
15— 13 ﬁ }‘1) AT 4 AP e RALE ~KL 0
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

Third set, 64 equations (continued).

Suffixes.

00 ’ 01 ’ ’ ’ ’

0-2 300u+u.300u—u = CIKS 4 JLE o KT LS 0
00 01 : r ’ ’

432 10 00 = TR e J B e L & BT .
00 01 ; ; v ,

8§-2 o1 00 =" TE"  JL o KT 4L 2
00 01 { ! ) ’

12-2 1 00 = IR o J L s KL el 3
00 ’ 01 ’ ’ ’ ’ '

0-6 800u+u..910u-u TR O N o s R e o (LRI 4 1
00 01 ’ ’ ’ '

46 10 10 L . ottty § I g AR o ¢ 0
00 01 : ; ; )

8-<6 o1 10 =" "IK" =°JL' 4 KI' <='LJ 8
OO 01 ’ ’ b 44 U

12—6 11 10 =" "IK" ~ JL' 4 KI' — L] 2

0-10 800u+u'..901u—u’ = ¢IK' +JL' —iKI' —iLJ' 2
00 01
00 01 AR SR i e

4-10 10 o1 = Ik’ +«WJL' - zK{ —sLJ 8
00 01 s . B 0% 5

8—-10 o1 o1 = WK’ +iJL' —iKI' —iLJ 0
00 01 : . ’ :

. = X S ) RPN & 1

12 =10 1 o1 WIK' +iJL WKT aLJ’

0-—-14 .9ggu+u’..9(l)}u—u' = IK' —iJL' —iKI' +:iLJ’ 3

PG PR b IR, —ATL C~AEF 28T 2

i 10 11

iy 20 o o ALK -— iJL"  _ART  +iLT ]
01 11

12-14 A ol = IK' —JL’ —iKI' +sLJ' 0
11 i 9

66—2
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A MEMOIR ON

Third set, 64 equations (concluded).

THE SINGLE AND DOUBLE THETA-FUNCTIONS.

[704

Suffixes.
1-3 310 "911 ! ik d K Ir LI b1 0
= 00u+u ¥ Oou—u = + + e 2

10 Jif : 4 ; ,

5~38 10 00 =i JK 4 TS e DL 4 KT 1
10 11 ) ; : ;

9-3 o1 00 = JE o B DI KT 2
10 11 , : L i

13-38 1 00 = K B T e 3

1o et o a7 ool L e G e 1

o go¥t¥ YU = = + =

10 11 X ’ ’ (d

5-7 10 10 == JK' + IL' - LI' + KJ 0
10 11 i , ; A

9-7 01 10 =i JEY =i lL S LI KT 3
10 11 , ’ ) T

13-17 1 10 =="JE & L= LI 4+ &F 2
10 p 11 ; s Jola Al LR

1-11 3 wu+w .Y [ u—-u = WK +olL —iLI' —iKJ 2
00 01
10 ;i WO R S S v

=11 10 o1 = »zJK b AN 5 SRRy § 8
].O 11 . ’ * ’ > ’ - ’

9-11 01 01 =URIK: & wll Ll — KT 0

; 10 11 e s e ikt Sl

13-11 1 01 SO ATK L el L L T e G 1
10 . 11 - ¢ s, $xay ey e o] :

1-15 900u+u.-911u—u = ‘@WK —ell' —iLl' +3KT o

e 11 W e i TR

5-15 10 1 =—wJK' +ILl +:iLI' —iKJ 2
10 11 e Hsd i i I g

9— 15. 01 1 = WK' —3lLl! —i:LI' +iKJ 1

13-15 i(l’ ﬂ B Py S5 i e T P 0
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-

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

89. Fourth set, 64 equations.

Suffixes.
3-0 .911 ! .900 ! = MM NN’ BP 4 0
- 0% t¥ Ipou-v = + NN' + + QQ
b 11 00 , , ! ,
7T-0 10 00 = MM + NN' + PP + QQ 1
11 00 , i !
11-0 01 00 = -MM' + NN' + PP + QQ 2
11 00 ; , ,
15-0 11 00 = MM' + NN' + PP + QQ 3
AT A AR T
3-4 G o u+w .Y u—w =—iMM +iNN' —iPP +1iQQ 1
00 10
11 00 e S e : 0y
7-4 10 10 =+tMM' —iNN' +iPP —iQQ 0
1t 00 T TR R T e .0y
11 -4 01 10 =—3MM' +iNN' —iPP +1QQ 3
15—-4 n o =+iMM' —iNN' +iPP -iQQ 2
Bl 10
11 a0 / cararr . aarars b (Y
3-8 300u+u.801u—u ==tMM' —iNN' +iPP +iQQ 2
11 00 eirire o iaexriil s LI
7-8 10 ol =—iMM' —iNN' + zPI‘” +1QQ 3
11 00 . ’ g ’ 8 L U
11-8 01 o1 = MM +iNN' —iPP —iQQ 0
15-8 i o = MM +iNN' -iPP -iQQ 1
11 01
11 ’ 00 ’ ' AT ’
3-12 300u+u.311u—u == MM' + NN' + PP - QQ 3
o Ty 0 —+ MM' — NN' - PP + QQ 9
10 11
11 00 srat jil ,
11-12 o1 1 =+ MM' - NN PP + QQ 1
15-12 3 (1)(1’ =— MM' + NN' + PP - Q@ 0
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

Fourth set, 64 equations (continued).

[704

Suffixes.

01 e ) ; y 7

2-1 S u+uw .3 wu—-uw = MN' + NM + PQ + QP 0
00 00
01 10 , , ;

6-1 10 00 = WM N o M o UPEY T SO 1
01 10 h : ) ,

10-1 01 00 = MN' + NM' + PQ + QP 2
01 10

— "l (2 ’ ’ 3

14-1 i pox MN' + NM' + PQ + QP
01 . 10 ; 4 I > ; Gt :

2-5 J ocutuw .3 u—-w = IMN' —iNM +:PQ —iQFP i |
00 10 )

6-5 (1)(1) ig = AMN' —iNM' +iPQ —-iQPF 0
01 10 PR . / Ll p

10-5 o . = iMN' —iNM' +iPQ —iQP 3
01 10 Er i S el AR | <

14-5 11 10 = WMN' —iNM' +iPQ —1QP 2.
01 AT 0, . f , - 1 ulL N ;

2-9  §ojutw. 8 u-u =—iMN' —iNM' +iPQ +iQP 2
01 10 ’ " + A ot :

6-9 i 5 ——iMN' —iNM' +iPQ +iQP 3
01 10 ’ 5 s ’ A .

10-9 01 01 = MN' +iNM' —iPQ —iQF 0
01 10 3 3 3 ¥

pa— = & § £ - ! s, 4 1

14 -9 11 01 tUN' +1NM 1 PQ QP
01 G 10 : i / ,

2-13 900u+u.911u—u =M e S NM S R QR 3
01 10 : , ’ ’

6-13 10 1 = MN - NM PO OP 2

1218t i - MN' + NM + PQ - QP 1
01 11

14-13 (1)} }(1’ —— MN' + NM' + PQ — QP 0
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A MEMOIR ON THE SINGLE

Fourth set, 64

AND DOUBLE THETA-FUNCTIONS,

equations (continued).

Suffixes.
. 10 = k0],
1-2 $ ut+vw .3 u—-uw = MP + NQ + PM' + QN 0
00 00
10 01 ) , )
5-2 10 00 = MP + NQ + PM' + QN I
10 01 , ' ),
9-2 o1 00 = MP + NQ + PM' + QN 2
10 01 : ’ ' )
13-2 1 00 = MP + NQ + PM' + QN 3
: 10 Mot 11 ; A S ’ { A ar)
1-6 .900u+u..910u—u =—tMP +iNQ —iPM' +iQN 1
10 01 . d U s ’ f ’
5-6 10 10 = tMP —iNQ +iPM' —-iQN 0
10 01 . o rasy sy apy : AT
9-6 01 10 =—iMP +iNQ —iPM +iQN 3
IR SRS = iMP' -iNQ +iPM' -iQN 2
10 o0l : . At Sl PR
1-10 SOOu+u.301u—u = WMP +iNQ —iPM —iQN 2
10 01 . ATy S e . AT
5-10 10 o1 iMP' +iNQ —iPM —iQN 3
10 01 . . Arry . , . '
9-10 01 o1 = iMP +iNQ —iPM' —iQN 0
13-10 f}(l) g} = tMP +iNQ —iPM' —iQN' 1
10 il ! , ’ '
1-14 900u+u.911u—u = MP - NQ - PM + QN 3
T o —— MP + NQ + PM' — QN 9
10 11
9-14 ot s = MP =~ NQ - PM + QN' 1
01 11
13-14- ) - ——MP +NQ' +PM' - QN | 0
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A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704

Fourth set, 64 equations (concluded).

Suffixes.

00 A | / : y , ’ 4

0-3 S usw Y u—u =" MQ NP -+ PN' i+ QM 0
00 00
00 11 / , ) /

4-3 10 00 = MQ + NP + PN' + QM 1
OO 11 ’ ’ ’ o

8-3 01 00 = MQ &+ NP .+ PN '+ QM 2
00 11 A y 1 ’

12-3 11 00 = M@  + NP + PN' + QM 3
00 s SEIL " JEa T . 1 AT’ .

0-7 S u+uw . I u-u = MQ —iNP +iPN —i1QM 1
00 10
00 11 Saies sy S Art Y T e

4 -7 10 10 = tMQ —iNP +iPN' —iQM 0
00 11 fEL RS . 1 AT . )

87 01 10 = tMQ —iNP +iPN' —iQM 3
00 kil At AL AT N Te

12 -7 11 10 = M@ —INP +iPN' —iQM 2
00 I i 1 . G RIS Qs Do

0-11 3 _  wu+u'.93  u=-uw = MQ +iNP —<PN' —iQM 2
00 01
00 1l HAE s Yo <D AT Y T

4-11 10 01 = tMQ +iNP —iPN' —iQM 3
00 i g S s S

8-11 01 01 = tMQ +iNP' —iPN' —iQM 0

TR o = iMQ +iNP —iPN' —iQN 1
1 01
00 P : ; e '

0-15 900u+u.311u—u =— MQ + NP + PN' - QM 3

PRR VRS i —— M@ + NP + PN' — QN 9
10 11
00 11 : ' ,

8-15 ol 11 =— MQ' + NP + PN' — @M 1

1215 ‘1)‘1) ﬂ SO MG NP4 PN <O 0
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704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS, 529

90. I re-arrange these in sets of 16 equations, the equations of the first or
square-set of 16 being taken as they stand, but those of the other sets being
combined in pairs by addition and subtraction as will be seen. And I now drop
altogether the characteristics, retaining only the current numbers: thus, in the set of
equations next written down, the first equation is

Yo (u+u)Su—-u)=XX'"+YY' +ZZ'+ WW':
in the second set, the first equation is
FO(u+ )N u—-u)+ N+ uw)N(u—-u) =X, X\ + 2,2/,
and so in other cases.
First or square-set of 16.

u+u U
3 b (Suffixes 0.)
0 0 = XX'v ¢+ F¥¥. +Z2& + WW
4 4 = XX' =YY +2Z2 -WW
8 8 et XX e XY < 28 |- TW
12 12 = XX' =YY -—-2Z' + WW
1 1 = YX' +XY + WZ +ZW
5 5 ==-YX' +XY —-WZ' +2ZW
9 ) = X' + XY —-WZ' -ZW'
13 13 ==YX' +XY + WZ' -—-ZW
2 2 = ZX' + WY +XZ + YW
6 6 = Z2X' -WY +XZ' -YW
10 10 =-7ZX -WY +XZ' + YW
14 14 ==-2ZX' + WY +XZ' —-YW
3 3 = WX +2Y +YZ +XW
v 7 =—WX' +2Y -YZ' +XW
11 11 =—-WX' -2Y +YZ' +XW
15 15 = WX' -2Y -YZ' +XW
91. Second set of 16.
u+w’ u—u' utu’ u—u'
{9 4 + 9 3} (Suffixes 1.)
4 0 0 4 = XX + 27
12 8 8 12 XX' 27
5 1 1 5 YX' + WZ'
13 9 9 13 YX' -—-wz’
6 2 2 6 zXx' + X7
14 10 10 14 - ZX' + X7
7 3 3 7 WX + Y7
15 11 11 15 -WX' +YZ
u+u u—u U+ u—u [
19 $ — % . %}  (Suffixes 1.
4 0 0 4 = Yy + ww'
12 8 8 12 Yy - ww’
5 1 1 5 XY + ZwW’
13 9 9 13 XY —-Zw’
6 2 2 6 wYy + YW’
14 10 10 14 - WY + YW
7 3 3 7 zY' + Xw’
15 11 11 15 -ZY + XW'
HER 67
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92. Third set of 16.

utw’ u—’ u+u u—u'

19 FH G 3} (Suffixes 2.)
8 0 0 e IES i o R Lo 0
12 4 4 12 0.0 Gl i)
9 1 1 9 b R, 0 g
13 5 5 13 ol 2 et e G g
10 2 2 10 zX' + wy
14 6 6 14 zX' -wYy
11 3 3 11 WX Z X
15 7 1 15 - WX +zZY
wt u— u+v u—u

1 & 3 - 9 3} (Suffixes 2.)
8 0 0 8= 22 +WW
12 + 4 12 zz' - ww'
9 1 1 9 wz' +ZWwW'
13 5 5 13 - Wz +ZW
10 2 2 10 XzZ' + YW
14 6 6 14 Xz! -YWwW
1 3 3 551 Yz + XW
15 T i 15 -YZ' + XW

93. Fourth set of 16.
utw u—u' u+u’ u—u

1S S+ 8 3 (Suffixes 3.)
12 0 0 2= PRX et
8 4 4 8 XX - ww
13 1 1 13 YX' +Zw
9 5 5 9 X i ZW
14 2 2 14 Z X Y
10 6 6 10 zZX' YW’
15 3 3 15 WX +XW
11 7 7 11 WX —-Xw’
u+w u—u utu u—u'

19 - B 3} (Suffixes 3.)

Riw 0 RN TR
8 4 4 8 -YY +zZz

13 1 1 13 XY ¥ EWZ

9 5 5 9 - XY + Wz

14 2 2 14 wY' +XZ'

10 6 6 10 - WY + X7z

15 3 3 15 LY VT

11 7 7 11 -ZY +YZ
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94. Fifth set of 16.

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

u+u u—u' u+u' u—'

19 3 + 3 3} (Suffixes 0.)
1 0 0 e E+G. B +@&@ + F+H.F +H
5 4 4 5 GBI Rl SE PSR
9 8 8 9 E+ @ 5 - I+ H b
13 12 12 13 SR sy B e iR B
3 2 2 3 F+H iy + E+ @G e
7 6 6 7 0 O RERER Ry B %
11 10 10 el S R R P 2
15 14 14 15 -4, F-H » + . E-G 35
-+ u—u' u+w u—u'

H 9 ~ Gl 3} (Suffixes 0.)
1 0 0 = E-G.F -6 + F-H.F-H
5 4 4 B L RERO L, e Ty
9 8 8 9 RO e R
13 12 12 13 1. E+ @ . - .+ H 3
3 P) 9 3 Bl 004 ERGaRL
7 6 6 7 SR, e RRER
11 10 10 N R e R R
15 14 14 T T S S PR ) T

95. Sixth set of 16.

u+u' u—u u+w u--u'

3 9 3 + 9 3} (Suffixes 1.)
5 0 0 b= E—-iG E +i¢ + F—iH ., F + il
1 4 4 1 —12.E+1iG % - .+l i
8 13 13 8 o BN S - P
9 12 12 P L{malgL + i.F+iH
7 2 2 7 P + X _Eoi® i’
3 6 6 8. <P R - i.E+i@ i
15 10 10 15 - F-ill o - E - i .
11 14 14 11 i.F+iH - i.E+i@ b
u+u u—u' utu u—u'

39 3y - 9 3} (Suffixes 1.)
5 0 0 b= E+iG . E -i¢ + F+iH,F —iH
1 4 4 SRS 17 F - A - W, P30
13 8 8 13 E+i@ SN B
9 12 12 D, A MA ., R R S
7 2 2 v F +iH A - E + i I
3 6 6 SRS 1 TS (R g
15 10 10 15 ~ el - | . SR L .
11 14 14 1. weXES ., ~ . B-iG "

67—2
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A MEMOIR ON

96. Seventh set of 16.

THE SINGLE AND DOUBLE THETA-FUNCTIONS.

wu+w u—u' w4+ u—u'

39 F Y 4} (Suffixes 2.)
9 0 0 9= E+G.F+6 + r—-H.F - H
I3 4 4 13 1.5 - @ 5 + 1. +H .
1 8 8 1 oo et R s T
5 12 12 5 1. E -G T — . F+H "
11 2 2 11 R Ff { U .
15 6 6 18 i . P + eRE s g
3 10 10 3 BB | s L e
7 14 14 N S SRR ~ IR QL
w4+ wu—u' u+w u—u'

39 - & 3} (Suffixes 2.)
9 0 0 9= E-G.F-@ + F+H.F +H
13 4 4 18 . 4. Bl i PR ¢ 7 S
1 8 8 1 oA SRR BB L TR
5 12 12 5 . 4. B8 . PN L) SRS < il
110 2 2 11 F—-H 5 + E+ @ .
15 6 6 15 . 5 BBl b + f0R =B 4
3 10 10 3 Kool o U TE ! A GOk
7 14 14 7 o G TR L

97. Eighth set of 16.

u+u u—u' ut+u u—u'

3 S WA o 3} (Suffixes 3.)
13 0 0 13- = E—iG . B +:¢ + I'+H.F —H'
9 4 4 g s EaE T, W G T
5 8 8 5 oy o R
11 12 12 1 —<.E+4G i + 1. F—iH 5
15 2 9 15 F-sHE -, o G R
11 6 6 ¥ e O BN ST SR
T 10 10 i v RN SR Y N
3 14 14 3 —i.F+iH A + 1. E =G B
u+u’ u—’ u+u’ u—w

9 3 - 3 3} (Suftixes 3.).
13 0 0 8= E+1G B - + F—iH.F +H'
9 4 4 9 —3iE -0 A gy B AR
5 8 8 5 T s B W £ SR
1 12 12 1 R R v ML E Bl -
15 2 2 15 Pl ke R L
11 6 6 11 —2.F—-iH 5 - 1. K +6G .
i 10 10 7 F+iH AR e
3 14 14 —1.F —iH i + 1. +16 .
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98. Ninth set of 16.

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

u+u u—u' u+w u—-u'

{3 $ + & 3} (Suffixes 0.)

2 0 0 e VL KO KT J& LT + L
6 4 4 6 1+ K ,, - J+ 1L r
10 8 8 10 1.1 - K 5 + t.J—L %
14 12 12 14 t.I-K 5 - 2.J-1L '

3 1 1 3 J + L " + I+ K i

7 5 5 S 9 L bl BB o
11 9 9 11 1.J—L 0 + #.I-K 2
15 13 13 15 —3.J—-L 5 - .I-K "
utw u—u utw u—u'

3H e 3 =g 3} (Suffixes 0.)

2 0 0 2= I-K.I'-K' + J-L.J =L
6 4 4 6 I-K o - J-=1 55
10 8 8 10 w1+ K 3 + 1.J+ L "
14 12 12 14 1.l + K 5 - t.J+ L %

3 1 1 3 J—L » + I-K 5

7 5 b) 7T - J—-1L v + I-K o~
11 9 9 11 1.J+ L & + 1.1+ K A
15 13 13 16 —i.J+ L " + 1.1+ K o

99. Tenth set of 16.

w4t u—u' utu u—u

19 3 + 3 3} (Suffixes 1.)

6 0 0 6= I+K.I'+ K .+ J-L.J' =L
2 4 4 2 I+ K 5 - J-=L ol
14 8 8 14 1.1 —-K - + 1.J+ L e
10 12 12 10 1.1 - K 5 - 2.J+ L -

7 1 1 7 J+ L % + I-K »

3 b ) 3 J+ L 5 - Jd-K ~
15 9 9 15 1.J—L < + 1.1+ K T
11 13 13 11 1.J—-L 5 - 1.1+ K 5
u+u u—u' u+ u—u

{9 3y - 3 3} (Suffixes 1.)

6 0 0 O X LK  Tel Pl
2 4 4 2 I-K > - J+ L -
14 8 8 14 1.1 + K e + 1.J—-1L ,,
10 12 12 10 1.1 + K o - 1.J—-L 5
| 1 1 7 J—-L o + I+ K %
3 5 5 3 J—-L o> - Jd+K l
15 9 9 15 1.J+ L > + 1.1 -K =
11 13 13 11 1.J+ L R - i.I-K 'y
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u+

U—w

u+u'

100. Eleventh set of 16.

u—u'

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

{9 3+ 3 4} (Suffixes 2.)
10 0 0 10 = I-iK.I'+:K' + .J—iL.J" +:il
14 4 4 14 AR SAET L
2 8 8 p AR 7 SR8 VT
6 12 12 8 —ds S0k ErtF adr il
11 1 1 11 255 Pt B3 S
15 5 5 15 - AT gl it AR SR
3 9 9 RS, 5 P w AR AR
7 13 13 T kS ANE N WY« 8 T A
u+w u—u' u+u' u—u'

{9 3 =LY 3} (Suffixes 2.)
10 0 0 10 ¥= I +iK.1I' —iK' + J+iL . J' -l
14 + 4 14 I +iK W - J + 4L i
2 8 8 RIS g 1 SR & RS
6 12 12 8 Al TUREN v ) PR . R D 4 A
11 1 1 11 Fakd v RS - R S
15 5 5 156 — .J+1iL iy + I +iK 4
3 9 9 RPN 5T S Ry 5 e
7 13 13 T +3.J—-1L % - 4.1 —iK 5

101. Twelfth set of 16.

ut+w u—u' utu' u—u'

{9 o Sl 3} (Suffixes 3.)
14 0 0 14 = I —3K.I +iK' + J+1iL . J =il
10 4 4 10 s o b R T
6 8 8 8 Gl MR, i A R
2 12 12 § T wiEy i, P11 GO T
15 1 1 15 sraiey - PRES
11 5 5 11 P @0 TR oAl N
7 9 9 TR B N ) R R
3 13 13 R O N Y el Y
utw u—u' utu' u—u

{3 3 - 3 3} (Suffixes 3.)

B 7" 0 0 ldse T RKLE oK 4 ol kb T v el
10 4 4 10 S i s il akBR TR
6 8 8 8 ~i.d BEE L PR X AN DR
) 12 12 9" et d RN T PR Y
15 1 1 15 P et i PRIy IVEEL )
11 5 5 11 FAEL Y i ES a iR8
7 9 9 QAT S5 S5 & (S SEREIh £+ Y
3 13 13 YRR B L AR 3 KL + $PY o
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102. Thirteenth set of 16.

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

u+u' u— ut+u' u—u'

3{ 9 3 + 8 3} (Suffixes 0.)
3 0 0 9 = M+Q.M+¢ + N+P.N +P
7 4 4 7 .M - Q 5 - 2. N-P -
11 8 8 11 .M - Q ‘. + wN-P %
15 12 12 15 — .M+ @ 5 + N+ P =
2 1 1 2 N +P " + M+ Q i
6 5 6 —:.N-P e + 1.M-Q 1
10 9 9 10 . N-P > + .M -Q ko
14 13 13 14 N+ P i - M+Q ¥
wut+w u—u' utu u—u'

{9 - 3} (Suffixes 0.)
3 0 0 O M-Q. M -Q + N-P. N =V
7 + 4 7 M+ Q > - @.N+P "
11 8 8 11 .M+ Q o, + 2.N+P .
15 12 12 15 — . M-Q 3 + N-P 5
2 1 1 2 N -P P +- M- Q 5
6 5 5 6 —1.N+P = + .M+ Q B
10 9 9 10 i.N + P 2 + .M+ Q 5
14 13 13 14 N-P 2 - M-Q 5

103. Fourteenth set of 16.

u+u u—u Cutw u-w

H 9 4 o+ 9 3} (Suffixes 1.)
7 0 0 7= M—-aQ. M +1iQ + N +iP . N —P
3 4 4 3 —1.M+1Q 9 + ©.N —P %
15 8 8 15 .M+ Q ” + @ N — P 3
11 12 12 11 M- i@ ,, - N 4P &
6 1 1 6 N —iP i + M+ i %
2 5 5 2 —i.N —P 3 + 1.M-iQ P
14 9 9 14 +4i.N +1iP o + .M —iQ -
10 13 13 10 N -l o - M +iQ s
ut+w u—u’ ut’ u—w'

4 9 $ - & 9} (Suffixes 1.)
7 0 0 T= M+i:Q.M —iQ + N —-iP.N' + P
3 + 4 3 —i.M~-1Q 5 + 4. N +1iP %
15 8 8 15 —i.M-1iQ - + 1.N +P #
11 12 12 11 M +iQ o - N +1iP 4
6 1 1 6 N +1iP 5 + M -1Q o
2 5 5 2 —i.N —iP 5 + 1M +1Q 5
14 9 9 14 +4.8 -P 3 + 1M+ 0 1=
10 13 13 10 N + 4P & - .MU -1Q 2
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104. Fifteenth set of 16.

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

ut+uw u—u' u+tu u—

3{ 9 3 o+ 3 3} (Suffixes 2.)
11 0 0 11 = M—iQ. M +1Q + N —iP . N +FP
15 4 4 15 .M +1iQ o — i.N +iP 3
3 8 8 3 —i.M+iQ . — §.N +iP £
7 12 12 7 M—iQ ¥ - L NLP &
10 1 1 10 N —iP > + M-iQ &
14 5 5 14 —i.N +iP . + .M+ iQ B
2 9 9 3 N - . M+iQ g
6 13 13 QAR e + M-iQ i
u+u' u—u' u+w u—u'

{9 3 - 3 3} (Suffixes 2.)
11 0 0 N == M+iQ . . M —Q + N 4¢P .N' —FP
15 4 4 15 i.M—iQ A - &.N—iP b
3 8 8 3 —i.M—iQ L R o gl T s
7 12 12 7 M+ iQ L LRLpELP e
10 A 1 10 N + P . + M +3Q 5
14 5 5 14 3. AN - + L.M—-iQ ¢
2 9 9 2 —i.N —iP i - .M-iQ i
6 13 13 6 — .N +iP & + M+iQ 2

105. Sixteenth set of 16.

w4 u—u' w4t u—w'

3{ 9 + 3 3} (Suffixes 3.)
15 0 0 B e W QW -Q + "HePIN+P
11 4 4  § B g * L BRI 17 4 b
7 8 8 R T SRS S |5 e
3 12 12 §ia ROl aily TEREHEL S
14 1 1 14 Fip a o T iarey x
10 5 5 10 = FaeP'v i % 4 iPMGQ .
6 9 9 8 =g Py MO -Bir g
2 13 13 3 - NP R Y =
u+u’ u—uw' -+ u—uw

39 8 | -~THS 3} (Suffixes 3.)
15 0 0 5= M+Q.M+Q + N-P.N-P
11 -+ + 11 e . M—-Q 5 + 2. N+ P o
7 8 8 724, M=Q SEELRIIES o5 0
3 12 12 3 - . M+Q i - N-P T
14 1 1 14 Pl N S it
10 5 5 10 -s.N-P A + .M+Q L
6 9 9 8 et WP R T RN D .
2 13 13 2 - . N+P ilatatd o Iy -
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106. In the square set, writing w'=v=0, and a, B, v, & for X', Y, Z', W';
also slightly altering the arrangement,

the system becomes : and further writing herein u=0, v =0, it becomes
w X ¥ .2 w 0 é
- A N R TR $l 0| =|a+pryped L
=|la —-B y -3 4| = | a—B+y-8 = 4
R PR RGN 8| = |a-p—y-& =8
19w feraighay g 12| = |a—p—y+d = |12
Lhim g wiva % 1| =| 2B+ -f 1
=|B —a 8 —vy 0
="1B a —8 —y = 2 (af —vd) o 9
13| =|8 -a -8 4 13 0
5 RS S SRS 2| = |  2(ay+89) gy
6| =]y -8 a —f 6| = 2 (ay — B9) = 6 |
10|=|y & —a -8 10
4| =y -8 —a B 14
o AR Sl TN 8| =| 2(8+8y «|8
Tl= 4 00 =5 B —a 7 0
b= | e y —B —a 11
Wl 18y Ll e 15| =| 20—y  |=]|15

viz. this last is the before-mentioned system of equations giving the values of the
10 zero-functions ¢ in terms of the four constants a, 3, v, o.

107. The system first obtained is a system of 16 equations
S (u, v)=aX+BY +yZ +8W, &,
showing that the squares of the theta-functions are each of them a linear function
of the four quantities X, Y, Z, W. If the functions on the right-hand side were
independent (asyzygetic) linear functions of X, ¥, Z, W, it would follow that any
four (selected at pleasure) of the squared theta-functions are linearly independent,
and that we could in terms of these four express linearly each of the remaining
12 squared functions. But this is not so; the form of the linear functions of
(X, Y, Z, W) is such that we can (and that in 16 different ways) select out of
the 16 linear functions six functions, such that any four of them are connected by a
linear equation; and there are consequently 16 hexads of squared theta-functions, such

(1 . & 68
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that any four out of the same hexad are connected by a linear relation. The hexads
are shown by the foregoing “Table of the 16 Kummer hexads.”

108. The @& posteriori verification is immediately effected; taking for instance the
first column, the equations are

Su X ¥ Z w

A 11 = & o
B 7 8 - B - a,
AB 6 v -3 o - B,
D 2 v b a B,
CE 1 B a 8 %
DE 9 B a ) -5

viz. it should thence follow that there is a linear relation between any four of the six
squared functions 11, 7, 6, 2, 1, 9: and it is accordingly seen that this is so. It
further appears that, in the several linear relations, the coefficients (obtained in the
first instance as functions of a, B, v, 8) are in fact the 10 constants ¢: the 15
relations connecting the several systems of four out of the six squared functions are
given in the following table.

109.
3 11 7 6 2 1 9 =4
¢ 6 - 2 1 -9
6 + 15 - 12 + 4
- 2 - 15 + 8 -0
1 + 12 - 8 + 3
- 9 - 4 + -
6 - 0 + 8
- 2 - 3 + 4 - 12
1 + 0 - 4 - 15
-9 - 8 + 12 + 15
- 15 + 3 + 2 - 6
- 12 + 0 1 - 6
- 4 + 8 9 - 6
- 3 + 15 + 9 -1
-0 + 12 + 9 - 2
- 8 + 4 - - 2
Read

CENE — 6 N+ 62 NP — !N =0,
eV . e’V — ™ + 62N =0, &e.
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110. The first set of 16 equations is the square-set, which has been already
considered. If in each of the other sets of 16 equations we write in like manner ' =0,
each set in fact reduces itself to eight equations; sets 2, 3, 4 give thus 8+8+8,
=24 equations; sets 5 to 8, 9 to 12, and 13 to 15, give each 8+8+8+8, =32
equations; or we have sets of 24, 32, 32, 32, together 120 equations, the number
being of course one half of 256 —16, the number of equations after deducting the
16 equations of the square set.

111. The first set, 24 equations.

This is derived from the second, third, and fourth sets, each of 16 equations, by
writing therein «'=0. Taking «, 8,, v, & for the zero-functions corresponding to
X, Y, Z,, W,, then on writing »'=0, X\, ¥\, Z/, W, become &, B,, %, §. In
the second set of 16 equations, the first equations thus are

N u. You =X, + v, 0=8Y,+8W,
Vet Vgu = 0, X, — 'YlZn 0=47Y, - W,

viz. the equations of the column require that, and are all satisfied if, 8,=0, § =0:
hence the zero-functions are «,, 0, v, 0; and this being so we have only the equations
of the first column. And similarly as regards the third and fourth sets; the zero
values corresponding to

Xl» }'l) Zh Wl | Xﬁr Yﬁ) ZZ; Wz X:}r Ya) Za: W‘z

are a, 0 Lya'0 &’ B 00 ay 0 0: 8
and we have in all 8 + 8+ 8, =24 equations. These are
(Suffixes 1.) (Suffixes 2.) (Suffixes 3.)
Su . Su X Z Ju . Ju . e W Su . u A
Y e e e,
4 0 a Y 8 0 = ‘& B 12 0 = «a
12 8 = a - Y 12 4 = a —-f 8 4 = q —
6 2 =y a 9 R a 15 3 = § a
14 10 = N - 13 b = B - 11 7 =<3 a
Y w &' W Y Z
5 1 = a % 10 2 = a 13 l = a 8
13 9 = a -y 14 6 = a -8 9 B = a ~8
7 S = ¥y a 11 8 = 8 a 14 - 2 = 8 a
15 11 = y —a 15 T = 1B =a 10 8 s &
30 . 90 30 . 90 30 . 90
20 aidey 8 0 =da+F | 12 0 = ¥+
12 8 = -9 12 4 = o —p* 8 4 = o - @&
6 3. = 2ay 9 l = 2af3 15 8" = 2ad.
68—2
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112. The second set, 32 equations.

To exhibit these in a convenient form, I alter the notation, viz. I write

E+G, (E-G), (F+H) «(F-H) B +1G,, E,—:iG,, F +H,, F,—iH,
. 'X) }7: Z’ W ‘ Xl: Ifh Zl; Wl \

(B:+ Gy, i(B,-G), (Fy+H,), i(F,—H) ’ E,+1G;, E,—1iG,, Fy+1:H, F,—iH,
- Xﬂ) Y‘.’; Zﬂ: W2 Xs:‘ Y3) Z.’b Ws;

so that as regards the present set of equations, X, ¥, Z, W, signify as just mentioned.
And, this being so, the corresponding zero-values are

a, 0: b e 0 l a, 0’ Y5 0 I a, 0: OI 89 1 as, 0> 0: 83 .

The equations then are

(Suffixes 0.) (Suffixes 1.) (Suffixes 2.) (Suffixes 3.)
Su . X Z Su . Ju X Z Ju . Ju o, Rt Su . Ju X w
1 0= 3] T e Gt b i N g R
0 Smgl—yi| @ A=l TR WRPEISE 1 12=—da +48
3 ey a 3 b6=—14y —da i 6=/ 8 a 151 2= 7.8 a
11 0=y ~a 11 l4=—14dy +da 7 14=-29 a 7 10=- 38 a
Y VL b SR Y -\
5 dman g 4 BEOR PR A 18 T TRV R e i S RCRE
13 12=a -y 15 .78 = o —y o 12% 'a" =9 5 "8= ‘& i—.8
7. B 7 gmlilie w11 G g e (R 8 e
15 l4=y —a 16 10= —a 8 10="9 a 3 l4= @ —1a
$0 . 30 30 . %0 $0. 90 - $0. 30
1 O=atey | 1iid=—f+s®) 9 0= o-& 9 4=-—i@@+®
9 Bed—y | 0igai- 1 8 oy 1 12=—i(a-8)
3 2= 2ay 3 6=— 2y 164 WH= 2ad 10 T Rd= 2ad.
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We again change the notation, writing

A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS.

113. Third set, 32 equations.

541

I+K, «(I-K), J+L, «(J-1L) I L+K, «(I,-K) Ji+L), (Ji—-L)
= X, K Z, W ‘ X], Y]y er Wl
I,+1K, I,—iK, J,+iL,, J,—1L, Li+iK;,, I,—iK,;, J,+1iL;, Jy—1il,
o Xh Yﬂ) Zﬂ: W2 Xar Ya» Za; Ws»
the zero values being
a) 0) 'Y) O I al ) O) 0) 81 I a2 ) 0- ')’z ) O I a3 ’ 0) O; 83 *
Then equations are
(Suffixes 0.) (Suffixes 1.) (Suffixes 2.) (Suffixes 3.)
.o X Z Su . Ju X Ww Su . Su X Z Su . Ju X w
e a— Y e Y e
2 0=a v WS ) TRy 2 8=—da —1y 6 8=—ta —18
6 4=a —y 4= a ) 6 12=—1da + 1y 2 12=-1a 0
3 L=y a 15 "9= & a 3 9=—dy —da 16 1= 8§ a
T 5:7 —-a 11 13=-39§ a 7 13:—17 + ta 11 5=- 8§ a
Y W 3 AR | . W X Z
—_—— —— i — e
10 8§=a 14 8="¢ ) 10 0= a % 14 = a )
4 18=a - 10 12= a - (O OOl % | T POy
11 9=y 1 = - a 11 i 1= y a ; 7 9=-14 —1da
15 13=y -—a ] 3 5= a 156 b= y —a ‘ 3 183= @ —1ta
l_. i S
30 . 30 30. 30 30. 90 | $0.30
3 0=a+9* 6 = at-& 2 8=-1i(a*+9y) 6 8=—1i(a®+®)
6 4=a’—9 2 4= a*+ 8 6 12=—i(a®-97) 2 12=-4i(a®-&)
3 1= 2ay 15 9= 2ad 3 9=-— 2y ‘ 15 1= 2ad.
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114. Fourth set, 32 equations.
Again changing the notation, we write

M, +iQs, M,—iQs, N,+iP,, N,—iP, | My+@Qs, t(M;—Q) Ni+P;, 1(N;—Py)

- X; K Z’ W Xl, Yl) Zl) Wl:
M+Q, i(M-Q), N+P, i(N-P) | M,+iQ, M,-iQ, N,+iP,, N,—iP,
- X‘z; Y2) Z‘h W2 X3’ YS: Z3,’ W.’h

the zero values being
a; 07 '}’, O I al! 0> Or 81 I az; 0) 72) O | 09 33: 73: 0‘

The equations then are

(Suffixes 0.) (Suffixes 1.) (Suffixes 2.) (Suffixes 3.)
Juoduw X Z Ju . Ju X w Ju . du X Z Ju.du Y z
—— e, e e,
0 SaTa Ty ] | 8 i g ap SO ERe i T e S
16 19 < Tl gt g LM ghpalgVle 8 12= 8 y
A a R B a 14 5= 4y —ia 10 6= 4y -8
14 13=—y a 10 13=—- 8 a 2 9=—14y —ia 6 9=—y -8
X W‘ Yo i b bl X W‘
—— UEES E— e S A
T'=la | =i lE 37 ) = 3 a0 = a v 11 4=-8 v
8 1w &t il iMvigeigniig e et T Ty
5= y —a 2. b= W —1ta 0 v v a 14 = yi =B
10 9=y a | 14 9= @B ia 68 'y —a 3 18="% '
|
40 . 30 | 30,30 40 . 30 30 . 90
0 3= a4y i 8 dw=i(lEm 28 h = (it 118 0N
15 12=—(a’—y?) | 15 8= i(a®+®) 8 B8=-i(a"y) | 3 13= B4y
2 1= Zay |1 6 1= 28 2 ' 9==%ay | 6 79=" ‘38
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115. -1t will be noticed that the pairs of theta-functions which present themselves
in these equations are the same as in the foregoing “Table of the 120 pairs” And
the equations show that the four products, each of a pair of theta-functions, belonging
to the upper half or to the lower half of any column of the table, are such that any
three of the four products are connected by a linear equation. The coefficients of
these linear relations are, in fact, functions such as the a*+ &%, o®— &% 2ad written
down at the foot of the several systems of eight equations, and they are consequently
products each of two zero-functions ec.

Thus (see “The first set, 24 equations”) we have

(Suffixes 3.) (Suffixes 3.) | (Suffixes 3.)
Su . % X W /| Su.% Y Z | 0 . %
4 8= a -39 5 = a —20 8§=a*- &
0 12= a & |.1 18« o 135 0 12=a + &
3 15= 8 a | 2 w8 ita 1 15 3 = 2ad.
7 11=—-8 a | 6 10=~8 o |

116. In the left-hand four of these, omitting successively the first, second, third,
and fourth equation, and from the remaining three eliminating the X, and W, we
write down, almost mechanically,

Y% . Yu l
4 8 : + 2, —-8-a -8 |,
0 12 — 2a8, . -84 a4 & f
38 15 @45 &-a, ; %8 |
7011 | —a+ & F+ea, - 28

and thence derive the first of the next following system of equations; read

301012 — CoCra¥s 15 + CiCs V¥ = 0,

— C401s ¥y + €y V3 = Colra¥y Ny = 0,
CoC1a¥sVg = C,Cs Vo1 + CsCis ¥ = 0,
— €408 Y5 + CoC1aVod1a — CCrs s is =0,

where the theta-functions have the arguments u, v.

Observe that, on writing herein u=0, v=0, the first three equations become each
of them identically 0=0; the fourth equation becomes

= cleg’ + ele’ — cle’ =0,
which is one of the relations between the ¢’s and serves as a verification.

But in the right-hand system, on writing u=v=0, each of the four equations
becomes identically 0=0.
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117. The equations are
3 4.8 0.12 3.15 il =0
c 3.15 -0.12 4.8
-3.15 -4.8 =0.12
0.12 —-4.8 3.15
-4.8 0.12 -3.15
$| 6.8 213 115 5.11 =,
¢ 1.156 -2.12 6.8
-1.15 6.8 —-2.11
2.12 -6.8 1.15
-6.8 0 B RS T
b 0.6 2.4 9+ 16 RS =0
c 9.156 -2.4 0.6
-9.15 0.6 -—-2.4
2.4 -0.6 9.15
-0.6 2.4 -9.15
91 3.6 1.4 9' P12 T i,
¢ VB sl 0y
-9.12 3. -1.4
1.4 -3.6 2312
-3.6 1 -9.12
3 8119 0.1 2793 10 T =0;
c -2.3 vl 8.9
2.3 -8.9 -0.1
-0.1 8.9 2.3
—8.9 A =203

[704

3| 5.9 1.18  9.14 - 6.10 =0,
c | 3 (N g O 4.8
~3.15 4.8 -0.12
0.12 —4.8 3.15
Cogageiibglgen i g el
31 48 g [ el 30T U B T Y )
¢ 1.15 -2.12 6.8 }
- 1.16 6.8 -2.12{
2.12 6.8 1.15{
W0 T A |
8| 1.7 T Rl W% T B | T bt 1)
¢ 038 S 0.6
~9.15 . 0.8 ~9%.4
PTG 9.15
~0.86 L4 B 1B
$| 2.7 0180t i TokaBia,
é 9.12 —-1.4 8.6
—9.12 W DR
17 428, 9.12
~8.6 RPN e T
$7 T8 e 0o (gly gl = o
o —~2.3 .1 8.9
2.3 8,8 40,1
~0.1 8.9 2.3
AR, R aT s
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.9| 4.6 (. RO B 5.8 =0, $| 9.11 13.15 12.14 8.10 =0,
¢ -1.3 0.2 4.6 ¢ -1.3 0.2 4.6
1.3 -4.6 -0.2 1.3 ‘ -4.6 -0.2
-0.2 1.8 -0.2 -4.6 1.3
-4.6 0.2 -1.3 4.6 0.2 -1.3
2849 8. B89 7,18 =i, S DAL i1 kT4 900 =0,
¢ 3.9 -2.8 -6.12 ¢ 3.9 -2.8 6.12
-3.9 6.12 2.8 -3.9 -6.12 2.8
.8 -6.12 -3.9 2.8 6.12 -8.9
12 -2.8 3.9 -6.12 -2.8 3.9
3| 6,16 1.8 0.9 1:14 =0, $| 2.1 5.12 4.13 3.10 =0,
e 0.9 -1.8 -6.15 ¢ 0.9 -1.8 6.15
-0.9 6.15 1.8 -0.9 -6.15 1.8
1.8 -6.15 -0.9 1.8 6.15 ~0.9
6.1> —1.8 0.9 -6.15 -1.8 0.9
3| 4.9 1.1 3.15 7.10 =0, 3 0.13 5.8 6.11 3.14 =0,
¢ 2.15 -1.12 4.9 ¢ 2.15 1.12 -4.9
-2.15 4.9 -1.12 -2.15 -4.9 1.12
1.12 -4.9 2.15 -1.12 4.9 2.15 |
-4.9 1.12 -2.15 4.9 -1.12 -2.15 l
3| 4.12 0.8 1.9 5.13 =0, 3| 3.1 7.16 - 6,14 3,10 =0,
¢ -1.9 0.8 4.12 ¢ 1.9 -0.8 4,12
~4.12 -0.8 -1.9 -4.12 0.8
-0.8 4.12 1.9 0.8 4.12 -1.9
-4.12 0.8 -1.9 -4.12 -0.8 1.9
X 69
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3| 4.15 3.8 2.9 5.14 =0,
¢ Dogg s 4.15
2.9 Ll AE NS
% | 4.15 2.
—4.15 3.8 L3vg
3| 6.9 8,13 -C10015 | 1500 =i
p 20518 Tel1e 8.9
0.15 ~6.9 3.12
=Bl 80 048
6.9 Jgl1etc Hol1s
31 12.15 0.3 18 7 18.44 <0,
¢ 118 Lo0e 1318
-4.b 12.15 . 0.8
0.3 -12.15 8.8
13.15 ~'o's 1.2
¥ 3.4 8.15 10.18 =0,
¢ glas figt¢ ¥
-8.15 1.6 —3.4
i R 8.15
L 3.4 -8.15
3| 2.6 0.4 8.13. '10:14 =,
p YT OCE e
8.12 —-2.6
~0.4 2.6 —8.12
2.6 —0.4 8.12

93 0.11 L2 6.13. 1.420 =0,
¢ -2.9 .8 —4.15
2.9 4.15 -3.8
-3.8 —4.15 2.
4.15 3.8 -2.9
b 2.13 Tt 4], il 4 =50,
¢ 0.15 3.12 -6.9
—-0.15 —-6.9 3.12
—-3.12 6.9 0.15
6.9 -3.12 -0.15
3 8.11 4.7 5.6 9.40., =0,
¢ 1.2 - 0.3 12.15
- 1.2 —-12.15 0.
0.3 12,15 -1.2
—-12.15 — 0.3 1412
9 2.6 0.7 14% 12 DL S,
¢ -8.15 -3.4 118
8.15 -3.4
4 —-1.6 -8.15
— 3.4 8.15
3 10 3.7 1 S e A s S 1
¢ —-8.12 -0.4 2.6
8.12 2.6 —0.4
.4 -2 —-8.12
-2.6 0.4 8.12
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118. The foregoing equations may be verified, and it is interesting to verify them,
by means of the approximate values of the functions: thus, for one of the equations,
we have

0y, Le, | (2A +2A7) (— 2A +2A") . 1 7 1
— CoCra Y3y - X : 1 . 2Acosdm (u+v)+2A" cos § m (w—v).
' —2A cos 4w (u+ v) + 2A’ cos mr (u—v)
+ 0,05 i + 1 ! 1 . — 2A sin d7r (u 4+ v) — 2A” sin d7r (u — v).
—2A sin § (u+ v) + 2A" sin §r (u —v) ;
=0, =0,
viz. the equation to be verified is here

—4A® + 4A"
+ 4A2 cos® § (u + v) — 4A™ cos® §r (u — v)
+ 4A*sin® §r (u + v) — 4A" sin® 7 (u — v)

which is right. T
119. In the equation
Gty ¢, Le, 2Q.1.2Q cos dmu.1
— 010y Ny Ve —-2Q.1.2Qcos §7u.1
+ CsCs N l
=0, =0;

this is right, but there is no verification as to the term c¢,;®,%,; taking the more
approximate values, the term in question taken negatively, that is, — c,c, ., is

=—(2A+2A"). 28, —2Ssindmv. —2Asin {7 (v +v)+2A sin o (u — ),
which is '
=—8S2 (A + A') cos §mu + 852 (A + A') A cos dm (u+ 2v) + 85* (A + A’) A’ cos 7 (u — 2v),
and this ought therefore to be the value of the first two terms, that is, of
(2Q +2Q° — 24 — 24") (1 — 2Q* — 28%) {2Q cos §mu + 2QF° cos §mu
+ 24 cos §m (u+ 2v) + 24’ cos §m (u — 2v)} (1 — 2Q* cos mu + 25 cos 7v)
—(2Q +2Q° + 24 +24") (1 — 2Q* + 28%) {2Q cos §mu + 2¢ cos §mu
— 24 cos §mr (u + 2v) — 24’ cos §mr (u — 2v)} (1 — 2@Q* cos u — 284 cos mv),
which to the proper degree of approximation is
=(2Q — 40 — 4QS* + 2Q¢ — 24 — 24") {2Q cos }mu — 4 cos §mu cos Tu
+ 4Q5S* cos ru cos v + 2@ cos §mu + 24 cos §m (u+ 2v) + 24" cos §r (u — 2v))
—(2Q — 4Q° + 4Q8* + 2 + 24 + 24°) {2Q cos $mru — 4¢P cos ymu cos wu

— 4Q8S* cos Jaru cos 7w + 2Q¢ cos fmru — 24 cos § (u+ 2v) — 24 cos §r (u — 20)).
69—2
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This is
(2M, — 29,) (2M + 29)
—(2M, + 29,) (2M - 2Q), =8 (M2 —MQ,),
if for a moment

M = Qcos ymu — 2Q° cos §mu cos mu + Q° cos §mru, My=Q-20°+ @,
Q = 208 cos mu cos 7w + A cos ¥ (u + 20) + A’ cos fm (u—2v), Q,=2Q8* + 4+ 4,

or substituting and reducing, the value of 8 (M, Q— MQ,) to the proper degree of
approximation is found to be

=—8Q(2Q8*+ A + A’) cos 3mu
+ 8 (S + 8QA) cos § (u + 2v) + 8 (Q*S* + 8QA’) cos 47 (u — 2v),

which in virtue of the relations QA4 = A%S?, QA’'=A"S, @S*=AA’, is equal to the
foregoing value of c,c, . I have thought it worth while to give this somewhat
elaborate verification. :

Résumé of the foregoing results.

120. In what precedes we have all the quadric relations between the 16 double
theta-functions: or say we have the linear relations between squares (squared functions)
and the linear relations between pairs (products of two functions): the number of
the asyzygetic linear relations between squares is obviously =12; and that of the
asyzygetic linear relations between pairs is =60 (since each of the 30 tetrads of
pairs gives two asyzygetic relations): there are thus in all 12460, =72, asyzygetic
linear relations. But these constitute only a 13-fold relation between the functions,
viz. they are such as to give for the ratios of the 16 functions expressions depending
upon two arbitrary parameters, #, y. Or taking the 16 functions as the coordinates of
a point in 15-dimensional space, these coordinates are connected by a 13-fold relation
(expressed by means of the foregoing system of 72 quadric equations), and the locus
is thus a 13-fold, or two-dimensional, locus in 15-dimensional space.

Hence, taking any four of the functions, these are connected by a single equation;
that is, regarding the four functions as the coordinates of a point in ordinary space,
the locus of the point is a surface.

In particular, the four functions may be any four functions belonging to a hexad :
by what precedes there is then a linear relation between the squares of the four
functions: or the locus is a quadric surface. Each hexad gives 15 such surfaces, or
the number of quadric surfaces is (16 x 15=) 240.

The 16-nodal quartic surfaces.

121. If the four functions are those contained in any two pairs out of a tetrad
of pairs (see the foregoing “Table of the 120 pairs”), then the locus is a quartic
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surface, which is, in fact, a Kummer’s 16-nodal quartic surface. For if for a moment
.y and z.w are two pairs out of a tetrad, and ».s be either of the remaining
pairs of the tetrad; then we have »s a linear function of @y and 2w: squaring, »%s
is a linear function of a%?* ayzw, zw*; but we then have 7 and s each of them
a linear function of 2% #* 2% w?®; or substituting we have an equation of the fourth
order, containing terms of the second order in (2% % 2%, w?), and also a term in
xzyzw. It is clear that, if instead of ».s we had taken the remaining pair of the
tetrad, we should have obtained the same quartic equation in (2, 3, 2 w). And
moreover it appears by inspection that, if 2y and zw are pairs in a tetrad, then az
and yw are pairs in a second tetrad, and aw and yz are pairs in a third tetrad:
we obtain in each case the same quartic equation. We have from each tetrad of
pairs six sets of four functions (z, 7, 2z w): and the number of such sets is thus
(16.30 =) 60: these are shown in the foregoing “Table of the 60 Gopel tetrads,” viz
taking as coordinates of a point the four functions in any tetrad of this table, the
locus is a 16-nodal quartic surface.

122. To exhibit the process I take a tetrad 4, 7, 8, 11 containing two odd
functions; and representing these for convenience by , y, 2z, w, viz. writing
Sh S'h Sﬂ: S'll (u)=-’ﬂ, :l/) 2, w:
we have then X, ¥, Z, W linear functions of the four squares, viz. it is easy to
obtain
a(a*+2)— 8 (Pf+w)=2(a* — &) X,
8( ”» )_a( ” )=2( » )W’
-B@ =)ty —uw)=2(8-9)7Y,
-9( » )+B( w )=2( , )Z'

Also considering two other functions %,(u) and %, (u), or as for shortness I write
them, &, and ©,,, we have

S =aX +BY +4Z+8W,
=aX —BY —yZ+38W,
and substituting the foregoing values of X, Y, Z, W, we find
o = Aa* + Byt + C2* + Dw?,
MS.; Cz* + Dy*+ A2* + Bw?,

where, writing down the values first in terms of g B, v, & and then in terms of
the ¢’s, we have

M= @-&)(F-v) =} . a'-c
A= PpB&-ay =, =0
B=—ad (=) +By(a*- &)=, cled — e,
C= op—ye =, oles’,

D=—ad (B—9)=By(@=8)=,  csel—cle’;
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and we then have further
) C4Ca¥o¥12 = CoC1a¥y s + CsC1s Y7V,
that is,
CiCa¥o1g = CoCioZ  + CoCusyW ;

whence equating the two values of %), we have the required quartic equation in
o,y g,
123. But the reduction is effected more simply if instead of the c¢’s we introduce
the, rectangular coefficients «, b, ¢, &c. We then have
M= (c2=0b3, . A=—alc  C=ab
B=-0bc=b"c", =be, D=0V +cc¢’, =aa”;
and the equations become
=)V =—a"ca*+ bey*+ a'bz?—d'a"w?,
=)= aba* - da"y*—a"cz+ bew?,
VeSS = Nazz + V=" yw,
so that the elimination gives
b'c” (— a”ca* + bey® + a'bz? — a'a"w?) (a'ba? — &'’y — a’c2* + bew?)
= (¢ = b") {aas® — by + 2N = ab’ ¢ wyzw),
viz. this is
—ad'a"bbec” (o + y* + 2* + w')
+a'bec” (o + %) (2% + 2°w?)
+ (U'¢” (@ + a*¢*) —  a (b — ¢?)} ot
+ {b'e¢” (0" + b%c®) + 0"’ (b — )} yw?
—a"bb'c” (a* + ¢*) (@*w® + y°2*)
—2 (b2 = ") N = ab"¢ ayzw = 0.
124. In this equation the coefficients of 2?2 and yw® are each = a'a”be (b + ™),
as at once appears from the identities,
ab.b —c’".a"c=a(b?-c"),
{a’b. ¢ =b.ad"c= (b*—c"),
‘a” b —c¢" . be=—b" (b2 =),
{a a’.c — b0 .be= ¢ (b*=c"),
by multiplying together in each pair the left-hand and the right-hand sides respec-
tively. Substituting and dividing by —a'a”bb’cc”, we have

o +y+ 2wt
a’? + be b2 4 s
Lo @y sy = g ey i)

2 (b= YV
(ﬁb)b'cc” =3 x?/Z’UJ:O;
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or, if we herein restore the ¢'s in place of the rectangular coefficients, this is

o+ y+2+wt
4
~ Ok g+ ) — ii“—“ @5+ yur) + s FO (@t 4 )
1 C2
CoC3C19C15 (o A coRtRE
CI’C,"'O“’C.’C,;’OJ" zYzw = O’

which is the equation of the 16-nodal quartic surface.

Substituting for @, y, z, w their values %, %, %, %,(u), we have the equation
connecting the four theta-functions 4, 7, 8, 11 of a Gopel tetrad. And there is an
equation of the like form between the four functions of any other Gopel tetrad: for
obtaining the actual equations some further investigation would be necessary.

The ay-expressions of the theta-functions.

125. The various quadric relations between the theta-functions, admitting that
they constitute a 13-fold relation, show that the theta-functions may be expressed as
proportional to functions of two arbitrary parameters @, y; and two of these functions
being assumed at pleasure the others of them would be determinate; we have of
course (though it would not be easy to arrive at it in this manner) such a system
in the foregoing expressions of the 16 functions in terms of @, y; and conversely
these expressions must satisfy identically the quadric relations between the theta-

functions.

126. To show that this is so as to the general form of the equations, consider
first the ay-factors Va, Vab, &c. As regards the squared functions (&/a,b)2 we have for
instance

(Vaby = {abfcde +abf,cde+2\/XY},

(Vedy = {cdfabe +ecdfabe +2VXY};

o 54

each of these contains the same irrational part ;N/X Y, and the difference is therefore

rational : and it is moreover integral, for we have
(Vaby — (Vody = 5, (abed, — abed) (fe,~ fe),

where each factor divides by @, and consequently the product by 6*; the value is in

fact
=(e-f)|1, z+y, ay|,

1, a+b ab
1, ¢c+d, cd
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a linear function of 1, @+, @y. This is the case as regards the difference of any
two of the squares (Vaby, (Vac), &c.; hence selecting any one of these squares, for
instance (Vde), any other of the squares is of the form

A+ p(@+y) +vay +p (Vdey, (p=1);
and obviously, the other squares (\/5)2, &ec., are of the like form, the last coefficient p
being =0. We hence have the theorem that each square can be expressed as a linear
function of any four (properly selected) squares.

-127. But we have also the theorem of the 16 Kummer hexads.

Obviously the six squares

(Vay, (Voy, (Vey, (Vdy, (Vey, (Vfy
are a hexad, viz. each of these is a linear function of 1, z+y, «y: and therefore
selecting any three of them, each of the remaining three can be expressed as a linear
function of these.

But further the squares ('\/E)ﬂ,v (Vby, (Waby, (Wedy, (Vee), (Vdey form a hexad.
For reverting to the expression obtained for (Vab)—(Ved), the determinant contained
therein is a linear function of aa, and bb , that is, of (Va) and (Vb)*; we, in fact, have

(@=b)|1, a+y, ay |=0b-0)(b-d)(e-a)(a-y)-(e—c)(a—d)(b-2a)(b-y)

1, a+b, ab

|1, c+d, cd

Hence (Vaby: — (Vedy is a linear function of (Va), (Vb)*; and by a mere inter-
change of letters (Vaby — (Vee), (Vaby*—(Vdey, are each of them also a linear function
of (Wa)* and (Vb); whence the theorem. And we have thus all the remaining 15
hexads.

128. We have a like theory as regards the products of pairs of functions. A
tetrad of pairs is of one of the two forms

Vavb, VacVbe, VadVbd, VaeVbe, and ¥ Vab, NeNde, NdNce, NeNed ;
in the first case the terms are I
Vaabb,,
{(ab, + ab) Vedefe d e f, +(cfd e+ c,fde) Vaa,bb ],

2

S

% +(dfce, +dfee) , |,

—~—

» » + (efc,d, + e/fpd) - },

3= Bl

and as regards the last three terms the difference of any two of them is a mere
constant multiple of Vaabb,; for instance, the second term — the third term is

= 3 (cd, — ) (fo, — ) Van,bb,, = (o — d) (f—¢) Vaabb,;
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we have thus a tetrad such that, selecting any two terms, each of the remaining
terms is a linear function of these.

In the second case, the terms are

}7 {fVabed,ef + f Va,b cdef],
% {e s +c, o 1
% At 5 o1 IR
Sl v el

whence clearly the four terms are a tetrad as above. And it may be added that
any linear function of the four terms is of the form

4 (v ) Vabe,d e f, + (1 -+ uy) Vb odef].

129. Considering next the actual equations between the squared theta-functions,
take as a specimen
Ce' V' — ¢ + 6" — ¢ = 0,
that is,
C6* ('\/a’—b)2 -cf (‘\/CTJ)’-l- oy (‘\/-c;)’ -0y (‘\/%)2 =0,

where ¢, ¢, ¢, c.=\7 5, v c:d, v 5_5, V'de respectively. Since the functions (N/a?i)’,

&c., contain the same irrational term %4/1; Y, it is clear that the equation can only

be true if
Clt—Clr+ct—ct=0:

and, this being so, it will be true if
ot {(Vaby — (Vody} — ot {(Vaby — (Vooy} + ot {(Vaby — (Vdley} = 0,
where, by what precedes, each of the terms in { | is a linear function of (Va) and
(Vby:. Attending first to the term in (Va), the coefficient hereof is
ef.be.bd.ct—df.be.be.c*+cf . bd . be. ¢,

where for shortness be, bd, &c., are written to denote the differences b—¢, b—d, &ec.:

substituting for ¢* its value (\/ﬁ)‘, =cd.cf.df.ab.ae.be, and similarly for ¢* and ¢,
their values, =ce.cf.ef.ab.ad.bd, and de.df.ef.ab.ac.bc respectively, the whole ex-
pression contains the factor ab.bc.bd.be.cf.df.ef, and throwing this out, the equation
to be verified becomes

cd.ae—ce.ad+de.ac =0,
58 1y < 70
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which is true identically. The verification is thus made to depend upon that of
et —ct+et—ct=0; and similarly for the other relations between the squared functions,
the verification depends upon relations containing the fourth powers, or the products
of squares, of the constants ¢ and .

130. Among these are included the before-mentioned system of equations involving
the fourth powers or the products of squares of only the constants c¢; and it is

interesting to show how these are satisfied identically by the values ¢,= V'bd, &e.

. Thus one of these equations is ¢+ ¢,*+ ¢ =¢*; substituting the values, there is
a factor ce which divides out, and the resulting equation is

ad.af.df . be.be+cf . ef .ab.ad.bd+ab.af . bf . cd.de—ac.ae.bd . bf . df =0.

There are here terms in «? a, a° which should separately vanish; for the terms

in @’ the equation becomes
df.be.be+bd.cf . ef +bf.cd.de—bd.bf.df =0,

which is easily verified; and the equations in @ and ¢’ may also be verified.

An equation involving products of the squares is e¢.%*— ¢+ cfe=0. The
term culc is here Vadf.bceVdef.abc which is =W (be)!(df)*.ab.ac.ad.af.be.ce.de.ef,
which is taken =bc.dfVab.ac.ad.af. be.ce.de.ef; similarly the values of ¢’? and

cics are =bd .c¢f and bf.cd each multiplied by the same radical, and the equation to be
verified is

be.df —bd . cf + bf . cd =0,

which is right: the other equations may be verified in a similar manner.

131. Coming next to the equations connecting the pairs of theta-functions, for
instance
LAk C3C1Y Y12 = CoCra¥sds + Culer ¥y = 0,
this is

esCCere (VoA Vad — Vbe Vae} + cedirley, . Vb Va =0,

the products vVbd Vad and Vbe Vae contain besides a common term the terms
01—2 (dfc,e, + d fce) Yaabb,, and é (efe,d, + e fed) Vaabb,,

hence their difference contains g.;(de, —d,e)(fc, —fc)Vaabb, which is =de.fcVaabb,
that is, de. fcVa Vb: hence the equation to be verified is 5
de. fc . 05C15CiCrs + CiCelerkor, = 0 ;

CsCisCeCrs 1S =V béf:;iéd v Eef&d V4 b?f .ace v/ id_f'_.bce, where under the fourth root we
have 24 factors, which are, in fact, 12 factors twice repeated; and if we write
II, =ab.ac.ad .ae.af . be . bd . be . bf . cd . ce.cf . de . df . ef, for the product of all the 15
factors, then the 12 factors are in fact all those of IT, except ab, ¢f, de; viz. we have

CsitoCre = v/ T2 = (ab)y? (¢f ) (de):
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Again, ccikiky, =/ acf.bde v/bef . ade v/ acdef v/ bedef, is a fourth root of a product of
32 factors, which are in fact 16 factors twice repeated, and in the 16 factors, ab does
not occur, ¢f and de occur each twice, and the other 12 factors each once: we thus
have

ekl = Vi (¢f ) (de)* + (ab)},
and the relation to be verified assumes the form
Je.deV/1+ (¢f ) (de)* + v/ (of )* (dey =0,
which, taking fe.de=—v/(cf)* (de), is right. And so for the other equations. It will
be observed that, in the equation de.fc . c,ciseicry + cielisky, = 0, and in the other equations
upon which the verifications depend, there is no ambiguity of sign: the signs of the
radicals have to be determined consistently with all the equations which connect the

¢’s and the A’s: that this is possible appears evident @ priori, but the actual verification
presents some difficulty. I do not here enter further into the question.

Further results of the product-theorem, the w + u' formule.

132. Recurring now to the equations in u+u', u—u/, by putting therein ' =0,
we can express X, Y, Z, W in terms of four of the squared functions of u, and by
putting » =0 we can express X', ¥’, Z’, W’ in terms of four of the squared functions
of «'; and, substituting in the original equations, we have the products

‘ S(Yu+u.Y()u—u
in terms of the squared functions of » and "

Selecting as in a former investigation the functions 4, 7, 8, 11, which were called
@, Y, z, w, it is more convenient to use single letters to represent the squared functions.
I write

Su+u).Yu—u) S S/ N0
4 4 = P, 4 = p, 4 = p, 4 = p(=cp),
7 7T = Q, 71 =g, 7T = ¢, 7 =0,
8 8 - -Rs aa 7‘, 8 - r’l 8 - r0(=602)n
21 | 11 = 8, 11 = s, 11 = 4, 11 = 0.
Then
X o Xao By W e Yo Z.. W v 4 Y’ Z_I, W’
P=X -Y'+7Z -W, p=a—LB+y—34 p=a—B+y=3§,
Q=W-Z +Y'-X', g=8—vy+pB—a, ¢=8—y+B—a,
R=X +Y -7 -W, r=a+B—q-—34, r=a+B—y=3,
S=Wa+272 -Y'-X, s=8+y—fB—a, §=8+y—B—a
Hence ; ¥R 1
a(p+7r)—8(g+8)=2(a* — &) X, a(p'+1r)=8(¢+8)=2(a* - &)X,
8 » —a » - 2 » W) 8 » —-a ”» o 2 ”» W”
-B(@-n+vg-9=2(8-v7, B =)+ ((-8)=2(8-v)Y,
e ¢ » +B » =2 » Z) =iy » +ﬁ ” =2 » Z’

70—2
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By means of these values, we have

4(a* =8P XX =a(p+r)(p'+r)+8(q+8) (¢ +8)—ad [(p+7) (g +5)+ (P +7)(g+5)],

-+ » WlW= & » +o? » e a8 [ » » ]’
4B =YY =p(p=r)(p' =)+ (g =9 =)= By[(p—7) (¢ =)+ (p =) (g—9)],
4 » Z’Z =q » + 3 » _B'Y[ » » ]'

Hence

(@ =) (XX -WW)=(p+nr)(p'+7r)—(g+9) (¢ +5),
4@ =P (VT =2 Z)=(p-r) (=) =(q=9)(g — ),
and substituting in the expressions for P and R,
d(@-&)(B-y)P=
B=A) [P+ @ +r)=(q+9) (@ +)] - (@ - [(p-r)(p' —7)-(g-9) (7 -],
» R=
» o » » oy g Gk ¢ » » )
Similarly
4@ -8R WX =
W[(p+n) (@ +r)+(@+8) (¢ +)] - (p+7)(d +8)—&(g+5)(p' +7),
% X'W=
» [ » » | Rt » ik »
4B -yyZY =
Byl(p=n) (@' =r)+(@q=9)(G =N -B (-G - -7 @-9) @ -1
4 by YZ =
» [ " » i » R » ;
d@ - (WX-XW)y==[(p+1)(q +)=@ +7)(q+9)],
4(B-M@ZY - Y Z)==[(p-7)(q -8) - @ =7)(g-9)]
and substituting in the expressions for @ and S
d(@-N)(E-y)Q=
—B=-)[p+n@ +8) =@ +r)(g+)]+@=F[(p—r) (¢ =)= (p' =) (g—9)],

4

whence

s » [ » » ] = » [ » » ]

www.rcin.org.pl



704] A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. 557

133. Hence, collecting and reducing,
1@ =) (8- o) P=
— (@ =B+ 9= &) (pp’ — g9 + 17" —85) + (a® + B2 — ¢* = &) (pr' + p'r — ¢5' — ¢'s),
4 - R=

(a2+ﬁa_'72_8a)( » )_(aa_Ba_i_,yz_S‘J)( » );
4 » Q=

(an_Ba+,Ya_82)( » )—(“"'*'19’—'7’—8’)( » )r
+ " S=

~ (4 =¥ ( » )+ (= B+ = &) ( » )
we have
P(=ct)=a—B+9=8 n(=c)=a+p—y-,

and thence

r—p=4(a—&) (B —9);

the equations hence become

(r =p) P =—p,(pp’ — q¢' + 11" —88) + 1, (pr' + p'r — g8’ = 's),

» R - Ty ( » ) ¢g po( » ))
» Q = Do (pq’ e p’q + re - 7"8) o KA ( » )»
» S=_7‘o( » )+p0( ”» )'

On writing in the equations «' =0, then P, Q, R, S, p’, ¢, v/, § become =p, ¢, », s,
P, 0, 7, 0; and the equations are (as they should be) true identically. The equations
may be written

utw u—vu v v uw v u o u uw w v v u u w

(¢ ) & .9  OLY 99 929 92,97 (9 990 92,90 90,9

(8—4) 4 4 = —4(4.4-7.7+8.8 —11.11) +8(4.8 + 8.4-7.11-11.7),
(») 8 8 =+48( ” ) =4( » )
Clo F 1Y (0 ~T, 44 8:11-11.8 ) —8(4.11 =11,4+8.7 = 7.8),
(») 11 11 = —8( . ) +4( ‘ ).

There is of course such a system for each of the 60 Gipel tetrads.

Differential relations connecting the theta-functions with the quotient-functions.

134. Imagine p, ¢, 7, s, &c., changed into o7 y%, 2%, w* &c.; that is, let , y, 2, w
represent the theta-functions 4, 7, 8, 11 of u, v; and similarly &/, ¥/, 7, w’ those of
w, o, and w,, 0, z, 0 those of 0, 0. Let u/, v" be each of them indefinitely small;
and take 9, = ‘iiu +v’%} , as the symbol of total differentiation in regard to wu, v,
the infinitesimals «' and ¢ being arbitrary: then, as far as the second order, we have
in general

S(u+u, v+v)=Y(u, v)+ 0 (u, v)+30" (u, v),
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and hence
P =(z+ 0 + $0°z) (2 — 0w + §0°z), = a® + {20%c — (0x)?},

and similarly for @, R, S. Moreover, observing that ' and 2’ are even functions,
y/ and w' are odd functions, of «/, v/, we have

wlr 3/, 2/, w’=a"o+%aam0: a.%, 20+%8220, awo:

where 0%, 9y,, &c., are what 9%, 9y, &c., become on writing therein =0, v=0;
0Y,, 0w, are of course linear functions, 0%, 0%, quadric functions of « and 2. The
values of %, y* 2% w™ are thus a}+ @d%,, (0y,), 2+ 2,0°%, (dw,)*; and we have

0%, (0Ys)® 20°%2, (Ow,)?
2a* —yyr 4520 —wwr'= Pt +2% + -y +2& -

wz:l/lﬂ - 2‘2'2 + z2w/2 - wﬂzlﬂ = — 2woz . w2202 - y2 + $2 - wﬂ + z?,
ot —yut + —wyt = Pt +a% +28 —w +2 -
g —y? 42y —w? = —wind -y —w +22 -y +ah

135. On substituting these values, the constant terms (or terms independent of

u', v') disappear of themselves; and the equations, transposing the second and third
of them, become

0%, 0y, 2:0%2, (Qw,)* ‘

(2'—zt) (@ —(0z )*}= (—ad2®+2°2°) +( & —zw®) +(—a’2* +202*) +( @'w—2%y?),
oy —@y)yl= —( @’y —ziw’) —(—ale* +208") —( a'w'=2'y') —(=&'2 +2'2),

w  (20%2 —(0z))= (—at2® +2%*) +( afw—2) +(—atat +2'2) +( @y —zwd),
(worw—Qw)l= —( @w'—22*) —(—al2 +222°) —( @’y —zw*) —(—a'e® +22%),

where it will be recollected that @, v, 2z, w mean %, N, N, Yu(w); @ is ¥ (0),
that is, ¢, and 2, is %;(0), that is, ¢;. But the formule contain also

'z, = (0", o, ¢’Yu, V), oy, =(o/, ¢ [Yu', v),
0%z, =(cs'”: Cswr Ca'}iu': vl)’, ow, = (cn': cnnﬁu': v’)-

The formule may be written

”»

»

cde | (9c, ) €s0%s - (@en)

hd u u S .l % 1 o &
(9.0 (@)} .3 .9 .%o W e Y RS
(cf=cH{ 4 4 4 )= (=4 448 8)|+( 4 7T—=811)|4+(—4 8+8 4)[+( 411 -8 7)
w [T 7T 7 })=—( 4 T-811)|—(—4 4+8 8)|—( 411 -8 T)|—(—4 8+8 4),
, {8 8 8 }= (-4 8+8 4)|+( 411 -8 T)|+(-4 4+8 8)|+( 4 7-811),
» {1111 11 }=—( 411-8 7)|—(—4 8+8 4)|-( 4 7-811)|—(-4 4+8 8),

where o%,, 0%, 0c;, ¢, are written in place of 0%, 9%z, 0¥, 0w,. There is of course
a like system of equations for each of the Gopel tetrads.
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136. Observe that, dividing the first equation by %&(w), or say by ¢ the left-
hand side is a mere constant multiple of 9*log®,; and the right-hand side depends
only on the quotient-functions ©; + %, ¥+ %, O, +9,; each side is a quadric function

of w, v, Equating the terms in u’, «'', v respectively, we have

d? d?

d
a log %, v ® log®, —=log%,,

vﬂ

each of them expressed as a linear function of the squares of the quotient-functions
¥+, N+, 9+ 9. The formula is thus a second-derivative formula serving for
the expression of a double theta-function by means of three quotient-functions.

Differential relations of the theta-functions.

137. In “The second set of 16,” selecting the eight equations which contain ¥,
and W,, these are

ut+w u—u  ut+v u—u' (Sufﬁxes 1)

S.% S.% ¥ W
Rek 060 8w ¥ +W,
12 8- 8 12 =Y —-W,
8 2- 2 6=W4+Y,
14 10-10 14 =W -7,
$3{5 1+ 1 5=X +2,
18 9+ 9 183 =X -2,
7 84 38 =7 +X,
15 11+11 15 =2

- X

Then, considering any line in the upper half and any two lines in the lower half,
we can from the three equations eliminate ¥, and W,, thus obtaining an equation
such as

s‘ S’o - S’os‘, Y’, Wl = 0,
NN+, X, 7
0+ 9, X, -2 |
viz. this is
—— 2X 'Z 2 (S‘ S0 it SOSC )

+( X'W + YIZ')(S%S':'FSlSA)
+(= X'W+YZ) (5D + Nis) =0,

where the arguments of the theta-functions are as above, u+u, u—u, u+u, u—u,
and the suffixes of the X', ¥’, Z’, W' are all =1.
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138. Suppose that in this equation #' becomes indefinitely small. If u" were =0,
the values of X', V', Z’, W’ would be a, 0, o, 0: hence ' being indefinitely small,
we take them to be @, 983, v, 98, where

d
dv

ks d

28, =(u’%+v’ )Y, and 29, =<u'@+v %) W, (u=v=0),

are, in fact, linear functions of %’ and v'.

We have %8, — D%, standing for

: N (w4 u') S (uw—u') =N (u+u) N (u—u),
and here

Sa(u + 'u’) =N+, N (u iu’)=so +0%%;
the function in question is thus
(3'4 + 85'4) (%o Ly a%o) o (S" — 33‘4) (S’o + aS'o) o 2 {S’oas] - S@S’o},

where the arguments are u, v, and the 0 denotes «’ %+v’ %

Also 9+ N, that is, 5w +u)S (w—u)+S (w+w') Y (uw—2'), becomes simply
= 2%, and similarly N,9, +9,9,; becomes = 29,,Y,; and the equation thus is
— 2a7, (0N, — D0Y,) + (2,08, + 1,08:) Ve + (— 2,08, + 1,081) V1Y = 0,
where the proper suffix 1 is restored to the a, 93, v, and 98.
139. The equation shows that the differential combination ®%,— 0%, is a linear

function of N, and %Y, the coefficients of these products being of course linear
functions of «' and ». Writing the equation

V0N — NV = ANY; + BV,
we can if we please determine the coefficients in terms of the constants ¢/, ¢”, ¢”, ¢", ¢';
viz. taking u, v indefinitely small, we have
Y=c, N=u (¢ u+c)+ (clu+ c'v),
Ye=c, N=u (¢ u+c"v)+9 (c'"u+ c"),
Y=0, %= csu + ¢,
Y=oy Syy=i ol ouly,

or substituting, and equating the coefficients of u and » respectively, we have

e _r ne_r

(e W 4 ¢M) = ¢, (¢ u + ¢"V) = Aees’ + Beeys,
o (eu 4 ¢"V') — ¢y (e"U + ¢'v') = Aeies” + Begers”,
which equations give the values of 4, B. '

140. Disregarding the values of the coefficients, and attending only to the form

of the equation
N0V — Y0V = AN, + BY, 159)
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this is one of a system of 120 equations; viz. referring to the foregoing table of
‘the 120 pairs, it in fact appears that taking any pair such as %9, out of the upper
compartment or the lower compartment of any column of the table, the corresponding
differential combination %%, —90Y, is a linear function of any two of the four pairs
in the other compartment of the same column.

Differential relation of u, v and , y.

141. We have, as before, in the two notations, the pairs

A B 11 by
C .DE 5.9
D .CE 13.1
E .CD 14.2
F .AB 10:.:6:

From the expressions given above for the four pairs below the line, it is clear that
any linear function of these four pairs may be represented by

(a — b) (M 4 py) Vedefa b, + (N + ) Ve d e fab),

where A, p are constant. coefficients: the factor («—0b) has been introduced for con-
venience, as will appear.

We have consequently a relation
Vaa,0Vbb, — Vb, 0¥an, =258 (\-+ uy) Vedefa b, + (v + ua) Vod e b,

where, as before, 9 is used to denote u"%‘ + %}, w and o' being arbitrary multipliers;

considering u, v as functions of #, y, we have

d _dzd dy d
du™ duds T du dy’
d _dz d dy d

- de v dy’

4 : ’ dw /
and thence 6=Pd-% +Qdi’ if for shortness P and @ are written to denote u dnt? %
and o <~ dy +v’ o respectively.

142. The left-hand side then is
s 55, b, 2 = &y _vE5, & vaa).
=P(«/aa, T Wb, —~/bb,d—z«/£§,)+ Q (vaa, 7, V9P, = Vbb, . aa,),

c. X. 71
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the coefficients of P and ) are at once found to be

b)\/ab

__,@=bvab . (s
—%'\/ ’%«/a,b

ab
respectively, or observing that a—b, =a,—b,, =a —b, the equation becomes

'kl

\/a,b,
\/ab i Q

{(x + py) Vedefab, + (A + pa) Vedefabl;

{ Gt At S

N/a,,
or multiplying by #abab, and writing for shortness abedef=2X, abedef =¥, this

(it Al A i '
becomes

/

ab,{P+§<x+ny>~/X’}+ab{Q+%(>~+;w)~/7}=
143. There are, it is clear, the like equationé
b, {P+%(N +uy ).N/X} + be {Q+%(x’ +uz)VY}=
ca, (P + %(x”+;~”y) VX} +ca (Q+ %(7\"+,u,"x)‘\/?} =

and it is to be shown that A=M\=X\" and u=p' =" For this purpose, recurring
to the forms

Vaa, 8Vbb, — Vbb,dVaa, = e {(7\ + uy) Vedefab, + (A +pz) Vedefabl,

Vbb, 3Vas, — Voo, 9B, = LS (V' + u'y) VadeTbe, + (N + wa) Vadeiba),

e e

Vee, 0Vaa, — Vaa, 9Vce, = {(7\”+p,"y)'\/bdefc ,+ N+ ) \/bdefca.}

(o el 7 2

multiply the first equation by '\/cc,, the second by Vaa, and the third by ¥bb,, and

add: the left-hand side vanishes, and therefore th~ right-hand side must also vanish
identically.

144. But on the right-hand side we have the term %Vdefa,b,c, multiplied by

(@a=beM+uy)+(d-c)a(\ +uy)+(c—a)b A"+ "),

and the term —éx/dle,flabc multiplied by

(a=b)e,(A +ux)+(b=c)a, (N +pz) +(c—a)b, N + pu"2),

and it is clear that the whole can vanish only if these two coefficients separately
vanish. This will be the case if we have for A, X, \” the equations

(a=bD)N+b-c)N+(—a)N' =0,

4 » + @ » + b » . 0’
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and the like equations for w, u', u”. The equations written down give
(a=b)A : b=c)N : (c—a)N'=a=b:b—c: c—a,
that is, A=A"=7": and similarly u=pu'=pu".
145. But this being so, the three equations in P, @ give

P42 +u)VE=0, Q+2(h+pa)V¥=0,

that is,
,dz ,d=z 2 -
du+ —--—5—_——(x+,‘y)«/x,
,dy i

In these equations »' and o are arbltrary; hence X and x must be linear
functions of # and ¢'; say their values are =w=mu'+pv, ou'+ 70 respectively. We
have therefore

da 2 eyt Sl
n=—g@+VE, %—-—(p+-ry)~/X

or, what is the same thing,
—1}0% =(w +ay)du+ (p + 7y) dv,

whence also

odu+Ttdv= % (%—;%),
i e (5828

which are the required relations, depending on the square roots of the sextic functions
X =abedef, and Y=abedef of # and y respectively; but containing the constants
@, p, o, 7, the values of which are not as yet ascertained.

146. I commence the integration of these equations on the assumption that the
values =0, v=0 correspond to indefinitely large values of = apd y. We have

S s S
X=at(1-4..), 1_y°(1-§+...>,
where S=a+b+c+d+e+f; and thence the equations are
d S
odu + tdv = 1}4—‘2<1+1}§+...)—§—y(1+t~+...>,

y
adu+pdv-—§—<l+*s ...)+§d;’{ (l+%}3+...>.

71—2

www.rcin.org.pl



564 A MEMOIR ON THE SINGLE AND DOUBLE THETA-FUNCTIONS. [704

Hence integrating, we have

ou+Tv=—% (——l) G E
wU+ py = 1}6—§>+§S(a}l’—l)+...,

y2
and thence
wu +pv+;}S(o-u+'rv)=«;-<‘% —%) + .y
. Al
whgre the omitted terms depend on 2 &c.
Hence, neglecting these terms, we have
ou+ TV b ol (1 + 1)
wu+pv+iS(ou+m) \z y/’

an_ equation connecting the indefinitely small values of w, v, with the indefinitely
large values of #, ¥.

147. From the equations 4 =k,= Va, B=kwz Vb, taking (u, v) indefinitely small
and therefore (#, y) indefinitely large, we deduce

o |
’ ”, 1- (_ _)
CpnU=+Cy v = keyy 1}(1 Y/,

cu+c,v Ik 1.4 < 1) .
& Y

hence substituting for % +§ the foregoing value, and introducing an indeterminate
multiplier M, we obtain
en'u+ ey v = My {mu + pv + 38 (ou + v) + $a (ou + Tv)},

which breaks up into the two equations

o =My (o + (S +3a)al, o’ = Mhy [p+ (38 +3a) 7).

Similarl
/ o =My { . o b ) TmME L L 1Bk
o miMk, {1 ey e teedlly T, d45 040
owm My { AT e M T L a ],
o =Mk { L e} ol =Ml % e },
INE S el bt Wi oy o ot G

which twelve equations determine the coefficients =, o, p, T in terms of the ¢, ¢”
of the odd functions 5, 7, 10, 11, 13, 14; and moreover give rise to relations connecting
these ¢/, ¢” with each other and with the constants a, b, ¢, d, e, f.

148. It is observed that if, as before,

, d d d d
a d +vd: _Pd—w-'-Qd_y,
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then, substituting for P and @ their values, we have
SIS PSRy ” d v d) 2, ' d ,5d
= (wu' + pv") 0, + (cu' + Tv) 0s,
if for shortness
2/ = d = d 2 = d = d
2 =_§<«/X&5+ «/Yd_y) : 8,=-a(y«/Xd;; +a:\/}’@),
then operating with @ on the equations A =wky,Vab, &c., we have for instance
ADB — BoA = wkyk, | (mu’ +pv') (VadVb - Vb oVa)
+ (ow' + Tv) (’\/(;8,\/5— Vb 82\/5)},

which is one of a system of 120 equations, the A, B being in fact any two of the
16 functions.

These are in fact nothing else than the foregoing system of 120 equations giving
the values of the differential combinations 0%, —%,0%,, &c., each as a sum of products
of pairs of functions, only on the right-hand sides we have expressions such as
VaoNb—VbaNVa, &c., which present themselves as perfectly determinate functions of
@, y: so that, regarding mu'+pv, ou'+ 70 as given linear functions of the arbitrary
quantities «’, o/, there is no longer anything indeterminate in the form of the equations,
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