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696.

CALCULATION OF THE MINIMUM N.G.F. OF THE BINARY 
SEVENTHIC.

[From the American Journal of Mathematics, t. II (1879), pp. 71—84.]
For the binary seventhic (a,...)(x,y)7 the number of the asyzygetic covariants(α, ...)β(x, y)μ, or say of the deg-order (θ. μ), is given as the coefficient of a0xμ in the function 

developed in ascending powers of a. See my “Ninth Memoir on Quantics,” Phil. 
Trans., t. clxi. (1871), pp. 17—50, [462].This function is in fact 
where, developing in ascending powers of a, the second term — A contains only negative powers of x, and it may consequently be disregarded: the number of asyzygetic covariants of the deg-order (θ. μ) is thus equal to the coefficient of aθxμ in the function A (x), which function is for this reason called the Numerical Generating Function (N.G.F.) of the binary seventhic; and the function A (x) expressed as a fraction in its least terms is said to be the minimum N.G.F.According to a theorem of Professor Sylvester’s (Proc. Royal Soc., t. xxvIII. (1878), pp. 11—13), this minimum N.G.F. is of the form
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where Zo, Z1, ...,Z36 are rational and integral functions of x of degrees not exceeding 14; and where, as will presently be seen, there is a symmetry in regard to the terms Zo, Z36; Z1, Z35; &c., equidistant from the middle term Z18, such that the terms Zo, ...,Z18 being known, the remaining terms Z19,...,Z36 can be at once written down.Using only the foregoing properties, I obtained for the N.G.F. an expression which I communicated to Professor Sylvester, and which is published, Comptes Rendus, t. LxxxvII. (1878), p. 505, but with an erroneous value for the coefficient of α7 and for that of the corresponding term α29.* The correct value isNumerator of Minimum N.G.F. is =

* The existence of these errors was pointed out to me by Professor Sylvester in a letter dated 13th 
November, 1878.

c. x. 52
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Denominator (as mentioned before) is
The method of calculation is as follows: write for a moment 

then φ (a, x), developed in ascending powers of α, and rejecting from the result all negative powers of x, is 
developed in like manner in ascending powers of a; for the determination of the Z’s up to Z18 we require only the development of φ (a, x) up to a18; and, assuming that each Z is at most of the degree 14 in x, we require the coefficients of the different powers of a in φ(a, x) only up to x14. Assuming then that φ(a, x) developed in ascending powers of a, up to α18, rejecting all negative powers of x, and all positive powers greater than x14, is we have 
or say 
viz. developing here the right-hand side as far as α18, but in each term rejecting the powers of x above x14, the coefficients of the several powers α0, α1,..., α18 give the
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required values Zo, Z1,..., Z18. We require, therefore, only to know the values of these functions X0, X1,...,X18.To make a break in the calculation, it is convenient to write 
putting then where (up to x14) 
we have
The values of Yo, Y1, ..., Y18 then are 

the values being taken to x14 only; and we then have 
viz. the values of Zo, Z1, ..., Z18 are

The rule of symmetry, before referred to, is that the coefficient Z36-p of α36-p is obtained from the coefficient Zp of αp by changing each power xq into thecoefficients being unaltered; in particular Z18, the coefficient of α18, must remain 52—2
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is in fact almost a complete verification of the whole work. Some other verifications, which present themselves in the course of the work, will be referred to further on.We have, therefore, to calculate the coefficients Xo, X1,..., X18; the function φ(a,x) regarded as a function of a is at once decomposed into simple fractions; viz. we have

In order to obtain the expansion of φ (a, x) in the assumed form of an expansion in ascending powers of a, we must of course expand the simple fractions 1/1-ar7, &c.,in ascending powers of a, but it requires a little consideration to see that we must also expand the x-coefficients of these simple fractions in ascending powers of x. For instance, as regards the term independent of a, here developing the several coefficients as far as x18, the last five terms give (see post)

viz. the sum is = 1 — x-2 as it should be*.
* To give the last degree of perfection to the beautiful method of Professor Cayley it would seem 

desirable that a proof should be given of the principle illustrated by the example in the text, and the 
nature of the mischief resulting from its neglect clearly pointed out.—Eds. of the A. J. M.
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The expansion is required only as far as x14: the first four terms are therefore to be disregarded, and, writing for shortness 

we have 
which is

where the several series are to be continued up to α18, and, after substituting for 
E, F, G, H their expansions in ascending powers of x, we are to reject negative powers of x, and also powers higher than The functions E, F, G, H containeach of them only even powers of x, and it is easy to see that we require theexpansions up to x22, x64, x104 and x142 respectively. For the sake of a verification, I infact calculated E, F up to x64 and G, H up to x142: viz. we have 
from the coefficients of E we have those of (l-x6)E, and in the process of calculating 
F we have at the last step but one the coefficients of (1 -x10)F, the agreement of the two sets being the verification; similarly, 
gives a verification. The process for the calculation of E, 
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Ind. x

the alternate lines giving the developments of the functions 
which are the products of the x-functions down to any particular line. And in like manner we have the expansions of the other functions F, G, H respectively. I give first the expansions of E, F, G, H; next the calculation of the X’s; then the calculation of the Y’s: and from these the Z’s up to Z18, or coefficients of the powers 
a0, a1, ..., a18 in the numerator of the N.G.F. are at once found; and the coefficients of the remaining powers α19, ..., α36 are then deduced, as already mentioned.Writing in the formula x = 0, we have, for the numerator of the N.G.F. of the 
invariants, the expression 
agreeing with a result in my “ Second Memoir on Quantics,” Phil. Trans., t. CXLVI. (1856), [Number 141, vol. II. in this Collection, p. 266]; this, then, was a known result, and it affords a verification, not only of the terms in x0, but also of those in x14. Thus, in calculating the foregoing expression of the numerator, we obtain Z4 = (2x4 + x8 + x14), viz. the term is 
and we thence have the corresponding term α32 (1 + x6 + 2x10), which, when x = 0, becomes = α32, a term of the numerator for the invariants: and the term lx4 of Z4
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is thus verified, viz. so soon as, in the calculation, we arrive at this term, we know that it is right, and the calculation up to this point is, to a considerable extent, verified. And similarly, in continuing the calculation, we arrive at other terms which are verified in the like manner.
Expansions of the Functions E, F, G, H.
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Calculation of the X’s.Ind. x even or odd according as suffix X is even or odd.
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C. X. 53
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Calculation of the Y's.Ind. x even or odd as suffix X is even or odd.

53—2
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Cambridge, December 7th, 1878.
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