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1. Introduction 

In this paper we a.re concerned with the strong solvability of a three-dimensional 
(3-D) initial-boundary-value problem for hyperbolic-parabolic system arising as a model 
of phase separation in deformable binary alloys. The system under consideration com­
bines the linear moment.urn baJance, represented by the nonstationary elasticity system, 
with the mass ba.lance, described by t.he Cahn-Hilliard problem. We prove that such 
nonlinear system has a unique strong solution in the sense that all derivatives that 

appear in the equations are at least in L2 . 

In the previous paper [PawZaj06b] we have proved the existence and some time reg­
ulartiy of weak solutions to such problem. The proof of the regularity result was based 

on an ana.lysis of a time-differentiated system. The ana.lysis was performed by means of 
the Fa.edo-Galerkin approximation and energy methods. In the present paper we prove 
an additional time regula.rity of weak solutions by considering system twice differen­

tiated with respect to time varia.ble. As in [PawZaj06b] we apply the Faedo-Galerkin 
approximation and energy methods. 

The idea of the proof of the strong solvability is based on an apparent observation 
that having the weak solutions with sufficiently regular time derivatives one can look at 
the hyperbolic-parabolic problem under consideration as on an elliptic system with the 

right-hand side including, in addition to the nonlinear terms, all time derivatives. Then 
the application of the standard elliptic regularity theory allows to deduce the existence 
of solutions with furt.her space regularity and consequently the classical solvability of 

the problem. 
,~re remark that the main difficulties in the analysis of the problem come from the 

3-D setting and the hyperbolic nature of the elasticity system. In three space dimensions 

the coupled system shows features that cannot be found in its one-dimensional setting 
(see comments following equation (1.17) below ). The classicaJ solvability of the problem 
in 1-D was proved by the authors in [PawZaj06a] by means of a method specific for the 
single space dimension. 

The place of our study in the present theory of the Cahn-Hilliard systems in elastic 
solids is discussed in the previous paper [PawZaj06b] . As mentioned there, in view of 
the fact that the mechanical equilibrium is usually attained on a much fa.ster time scale 

than diffusion, in most of the literature on the subject a quasi-stationary approxima­
t.ion of elasticity system is assumed. At the initial st.a.ges of phase separation process, 
however, the formation of the microstructure is on a very fast time scale and thus the 
nonstationary elastic effects may become of importance. 

The model problem under consideration has the following form: 

u,,-'v-T-V,,(e:(u),x)=b 111 flT=fl x (O,T), 

(1.1) 111 n, 
u=O on sr = s X (O, T) , 
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(1.2) 

( 1.3) 

x1-"v·M"vµ=O in nr, 

Xlt=O = Xo m n, 
n·M"vµ=O on 5r , 

µ=-"v-r"vx+1f,'(x)+W,x(1o(u),x) m nr, 
n. rvx = o on sr. 

Here n C IR 3 is a bounded domain with a smooth boundary S, occupied by a body in a 

reference configuration with constant mass densit.y e = 1; n is the unit outward norma! 

to S, and T > O is an arbitrary fixed time. The body is a. binary a - b alloy. 
The unknows are the fields u, x and µ, where u : nr --+ IR 3 is the di.sp/a.cement 

vector, x : nr --+ IR is the order pa.rameter (phase ratio) and µ : nr --+ IR is the 

chemical potentia! difference between the components, shortly referred to as the chemical 

potentia.I. The second order tensor 

1 
c = c(u) = 2("vu + ("vuf) 

denotes the linearized strain t.ensor. 

In case of a binary a - b alloy the order parameter is related to the volumetric 

fraction of one of the two phases, characterized by different crystalline structures of the 
components, e.g. x = -1 is identified with the phase a and x = 1 with the phase b. 

The funct.ion W( c( u), x) denotes the elastic energy defined by 

(1.4) 
1 

W(1o(u) , x) = 2(1o(u)- E:(x)) · A(c(u) - €(X)). 

The corresponding derivatives 

W,,(1o(u),x) = A(1o(u)- E:(x)) 

aJ1d 

W.x(c(u),x) = - E:'(x) · A(1o(u) - E:(x)) 

represent respect.ively the stress tensor and the elastic part of the chemical potentia!. 
The fourth order tensor A= (A;JkL) denat.es a constant elasticity tensor given by 

(1.5) c(u) ,_, A(1o(u) = >.trc(u)I + 2µ.c(u), 

where I = ( 5;1) is the identity tensor, and >., µ. are the Lame const.ants with values within 

elasticity range (see Section 2). The form (1.5) refers to the isotropic, homogeneous 
medium with the san1e elastic properties of the phases. 
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The second order tensor e(x) denotes the eigenstrain, i.e. the stress free strain 
corresponding to the phase ratio x, defined by 

(1.6) e(x) = (1 - z(x))e. + z(x)eb, 

with if 0 , eb denoting constant eigenstrains of the phases o., b, and z: IR--+ [O , 1] being a 
sufficiently smooth interpolation function ( called shape function) satisfying 

(1.7) z(x) = O for X '.,'. -1 and z(x) = 1 for X ~ l. 

Furthermore, the function i/; : IR --+ IR denotes the chemical energy of the system 
at zero stress. This function depends on temperature and is convex above a critical 

temperature and a nonconvex for temperatures less that the critical one. Here we assume 
it in the simplest double-well form 

(1.8) l 2 2 i/J(x) = -(1 - X ) 
4 

with two minima at X = -1 and X = l. 
The second order tensors M = (M;1 ) and r = (f;1) represent respectively themo­

bili ty matrix and the interfa.cial energy matrix. For simplicity, we shall confine ourselves 

to the isotropic, homogeneous case a.ssuming tha.t 

(1.9) M=Ml, f=f/, lvf=f=l 

with positive constants M, r norma.lized to unity. 
System (1.1)- (1.3) represents respectively the linear momentum balance, the mass 

bala.nce and a generalized equa.tion for the chemica.l potentia!. In a thermodynamical the­

ory due to Gurtin [Gur96] equation (1.3) is identified with a microforce balance. The free 
energy density underlying system (1.1)-(1.3) has the Landau-Ginzburg-Cahn-Hilliard 
form 

(1.10) 
1 

f(c:(u),x, Vx) = W(c:(u),x) + i/J(x) + 2vx · rvx 

with the t.hree terms on the right-hand side representing respectively the elastic, chem­
ica1 and interfa.cial energy. 

The rema.ining quantities in (1.1 )-(1.3) have the following meaning: b : !JT --+ IR 3 

represents the external body force, and u 0 , u 1 : rl --+: IR3, xo : rl --+ IR are the initial 
conditions respectively for the displacement, the velocity and the order parameter. 

The homogenous boundary conditions in (1.1)-(1.3) a.re chosen for the sake of 
simplicity. The condition (1.1)3 means that the body is fixed at the boundary S, (1.2)3 

reflects the mass isolation at S, and (1.3)3 is the na.tura! bounda.ry condition for (1.10). 
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Similarly as in [PawZa.j06b], we introduce a. simplified formula.tion of problem 
(1.1)-(1.3) which result on a.ccount of the constitutive equa.tions (1.4)-(1.6) and (1.9). 
Let Q be the linear elasticity opera.tor defined by 

(1.11) u>-> Qu = 'v · Ae(u) = µ.6.u + (~ + µ.)'v('v · u). 

Moreover, Jet us denote 

(1.12) B = -A(e:b - ii:a) , D = -B · (e:b - ii:a), E = -B · fa 

where B = (B,j) is a. symmetric, second order tensor and D , E are two scala.rs. With 
such notation we ha.ve 

(1.13) 'v · W,,(e(u), x) = 'v · Ae(u) - 'v · A(e:a + z(x)(e:b - ii:a)) = Qu + z'(x)B'vx, 

and 

W,x(e(u),x) = z'(x)(B · e(u) + Dz(x) + E), 

so tha.t ( 1.1 )-(1.3) simplifies to 

(1.14) 

(1.15) 

(1.16) 

Utt - Qu = z'(x)B'vx + b m nr, 
u/t=O = Uo, u,/t=O = U1 m n, 
u= O on Sr, 

Xt - 6.µ = O m nr, 
xlt=O = Xo in n, 
n. 'vµ = o on sr, 

µ=-6.x+1/J'(x)+W,x(e(u),x) m nr, 
n· 'vx = 0 on Sr 

with W,x(e(u),x) given by (1.13)2-
Let us note that the combined systems (1.15) and (1.16) yield the following Cahn­

-Hilliard problem 

x, + 6.2x = 6.[1/,'(x) + z'(x)(B · e(u) + Dz(x) + E) 111 D7, 

xl,=o = Xo in n, 
( 1.17) 

n. 'vx = o Sr on 
' 

n• 'v6.x = z'(x)n • 'v(B · e(u)) on Sr 
' 
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coupled with the elasticity system (1.14). It is seen that the problems are coupled not 

only through the right-hand sides but also through the boundary conditions. 
]'vforeover, by defini tion ( 1. 7) of the sha.pe funetion z, the problems uncouple for X '.'ó -1 

and X 2'. 1. As already mentioned, the boudnary coupling is charaeteristic for multidi­

mensional problem and does not appear in the one-dimensiona.l setting. In fa.et, in 1-D 

ca.se assuming that b = O on sr, it follows from (1.14) 1 , (1.14)3 and (1.17)3 that u,,= O 

on sr, and consequently condition (1.17)4 yields Xxxx = O on sr. This fa.et was used 

in [Pa.wZaj06a] in the analysis of the 1-D version of problem (1.1)-(1.3). 

A time-differentiated system, analysed in [PawZaj06b], was considered with the 
following initia.l conditions corresponding respeetively to u,,(O) , x,(O) and µ(O): 

(1.18) 

u2 :=Quo+ z'(xo)B'vxo + b(O), 

Xi:= 6.µo, 

µo:= -6.xo + 1//(xo) + z'(xo)(B · e(uo) + Dz(xo) + E). 

These conditions a.rise in compatibility with equations (1.14) 1 , (1.15) 1 and (1.6) 1 . 

The ana.lysis of the present pa.per involves twice time-differentia.ted system (1.14)­

-( 1.16). To this purpose, in addition to (1.18), we define the initia.l conditions corre­

sponding respeetively to u,,,(O), Xtt(O) and µ 1 (0): 

(1.19) 

U3 := Qui + z"(xo)x1 B'vxo + z'(xo)B'vx1 + b,(O), 

X2 := 6.µ1, 

µ1 := -6.x1 + ,;," (xo )x1 + z" (xo)X1 ( B · e( Uo) + Dz(xo) + E) 

+ z'(xo)(B · e(u1) + Dz'(xo)x1). 

Expressions (1.19) a.rise a.s compa.tibility conditions for time-differentiated equations 

(1.14) 1 , (l.15)i and (1.16) 1 . 

The pa.per is organized a.s follows: In Seetion 2 we present our main assumptions 

and results, sta.ted in Theorems 2.1, 2.2 and 2.3. Theorem 2.1 asserts an improved time 

regularity of weak solutions to system (1.14 )-(1.16), obtained by twice differentia.tion 

with respeet to time variable. Theorem 2.2 states the existence of a strong solution, 

and Theorem 2.3 its uniqueness. In Section 3 we recall the existence and regularity 

results proved in [PawZaj06b] by the analysis of system (1.14)-(1.16) once differentiated 

with respect to time. Besides, we collect there same known results for linea.r elliptic 

problems as well a.s interpolation inequalities and imbeddings used in the paper. In 
Seetion 4 we introduce a Faedo-Galerkin approxima.tion of the problem and study its 

twice time-differentated version. The subsequent seetions 5, 6 and 7 provide the proofs 

respectively of Theorem 2.1, 2.2 and 2.3. 

Vve rema.rlc tha.t having in mind a future examination of a long time behaviour of 

solutions we shall record time-dependences of va.rious constants. The obtained regularity 
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estimates tum out to depend exponentially on time, thus in the present form a.re not 
useful for the long time a.nalysis. 

We use the following notation: 

a:= (x;);=J,2,3 the materia! point, 

f of f df h ·a1 d . d . . . ,i = -;:;--, t = - t e ma.ten spa.ce a.n time enva.tives, 
ux, dt 

e=(t:;j)i,j=l,2,3, w,,(e,x)= ( 0~~:,x)) . , 
l t,J=1 ,2,3 

w ( )_BW(e,x) ,j/( )=d1P(x) 
,x e, x - Bx , x dx . 

For simplicity, whenever there is no danger of confusion, we omit the arguments 

(e,x). The specification of tensor indices is omitted as well. 
Vector- and tensor-valued mappings are denoted by bold letters. 

The summation convention over repeated indices is used, ad well as the notation: 

for vectors a= (a;), a= (a;) and tensors B = (B;1), B = (B;1), A= (A;jki), we write 

a•ci=aiii,i, 

AB= (A;jklBk1), 

/a/ = ( a;a; )112, 

B. i3 = B;jB,j, 

BA= (B;jAijkl), 

/BI= (B;jB;j)l/2. 

The symbols "v and "v· denote the gradient and the divergence opera.tors with respect 
to the materia.I point a:. For the divergence of a tensor field we use the convention of 
the contraction over the last index, e.g. "v · e(x) = (t:;1,1(:v)). 

We use the standard Sobolev spa.ces notation Hm(n) = Wt(fl) form E N. Besides, 

HJ(n) = {v E H 1 (fl): V= Q 011 S}, 

H'f,.(rl) = {v E H 2 (fl): n· "vv = O on S}, 

where n is the outward unit norma! to S = an, denote the subspaces respectively of 
H 1 (fi) and H2 (fl), with the standard norms of H 1 (fi) and H 2 (fl). 

By bold letters we denote the spa.ces of vector- or tensor-valued functions, e.g. 

if there is no confusion we do not specify dimension n. Moreover, we write 

llallL,(f!) =li/a/ IIL,(f!), llallH 1 (f!) =lila/ IIL,(f!) + li /"va! IIL,(f!) 

for the corresponding norms of a vector-valued function a(x) = (a;(x)); similarly for 
tensor-valued functions. 
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As common, the symbol(-,·) denotes the scalar product in L2 (0.). For simplicity, 
we use the same symbol to denote scalar product.sin L 2 (0.) = (L2 (0.)t, e.g. we write 

(a,a) = j a(x)ii(x)dx, 

n 

(a,ii) = j a;(x)a;(x)dx, 

n 

(B,B) = j B;j(x)B,j(x)dx. 

n 

The dual of the space V is denoted by V', and (·, •)v• ,v stands for the duali ty pairing 
between V' and V. 
By c and c(T) we denote generic positive constants different in various instances, de­

pending on the data of the problem and dama.in fi.; whenever it is of interest their 
dependence on parameters is specified. The argument T indicates the time horizon de­
pendence. Moreover, fi denat.es a generic, sufficiently small positive constant. 

2. Assumptions and main results 

System (1.1)-(1.3) (in simplified form (1.14)-(1.16)) is studied nnder the following 

a.ssnmptions: 

(Al) fi C IR. 3 is a bounded domain with the boundary Sof class at least C 2 ; T > O is a.n 
a.rbi trary fina.I time. 

(A2) The coefficients of the ela.sticity opera.tor Q defined by (1.11) satisfy 

(2.1) µ > O, 3>. + 2µ > O ( ela.sticity range). 

These two conditions a.ssure the following: 
(i) Coercivity a.nd boundedness of the opera.tor A 

(2.2) 

where S 2 denat.es the set of symmetric second order tensors in JR.3, a.nd 

f = min{3>. + 2µ,2µ}, c = max{3>. + 2µ,2µ}; 

(ii) Strong ellipticity of the opera.tor Q (property holding true und er wea.ker a.ssumption 
µ > O, >.+2µ > O, see [Pa.wZoch02], Section 7). Thanks to this property the following 

est.ima.te holds true (see [Nec67], Lemma 3.2): 

(2.3) 

wit.h constant c depending on fi. 
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Hence, since clearly IIQullL,(fl) ś c[[ullH'(fl), it follows that the norms IIQu[IL,(fl) and 
llullH'(fl) are equivlaent on H2(n) n Hi(n). 

The next two assumptions concern the ingredients of the free energy (see (1.10) 
with r = J) 

(2.4) 
1 

f(e(u), X, Vx) = W(e(u), x) + ,f;(x) + zlVx/2. 

(A3) The elastic energy W(e(u),X) is given by (1.4)-(1.6). The interpolation function 
z : IR -+ [O, 1] in definition (1.6) of e(x) is at least of class C 1 with the property 

(1.7). Hence, 

(2.5) Oś z(x) ś 1 and lz'(x)I ś c for all XE IR. 

(A4) The chemicaJ energy ,f;(x) has the form of standard double-well potentiaJ (1.8), so 

(2.6) ,t,'(x) = x3 - x, if,"(x) = 3x2 - 1, ,t,"'(x) = 6x. 

Moreover, for simplicity it is assumed that 
(A5) The mobility tensor M and the interfacial tensor r are the identities matrices 

M = I, r = J. The second order symmetric tensor B and scal ars D, E are defined 
in (1.12). 
We note that assumptions (A3) and (A4) imply the following bounds for all e E S 2 

and XE IR: 

(2. 7) 

le(x)I ś ie. I+ lebl ś c, 

le'(x)I = lz'(x)(eb - e.)I ś c, 
1 

IW(e,x)I ś 2cle - e(x)l2 ś c(lel 2 + 1), 

IW,,(e,x)I + IW,x(e ,x) I ś c(lel + 1), 

l1(x)I ś c(x4 + 1), 1,/;'(x)I ś c(lxl 3 + 1) 

with same positive constant c. 
Moreover, by the Young inequality, we have 

(2.8) 

and 
1 4 1 

,f;(x) ~ 8X - 4· 
This shows that free energy (2.4) satisfies the following structure condition 

(2.9) 
1 1 1 1 

f(c ,X, Vx) ~ 4flel 2 + 3X4 + zlv'x/2 - f(le.1 2 + lebi2)- 4 

~ c tClcl 2 + x4 + 1Vxl2 ) - c1 
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with constants cf > O and c1 given by 

. { 1 1} Cf= mm 4f, 8 , 

This bound plays the key role in the derivation of energy estimates for problem (1. 1 )­
-(1.3) (see Section 4). 

For further purposes we recall here the following two additional propert.ies of the 
operator Q: 

Q is selfadjoint on H 2 (!:!) n H~(!:!), i.e. 

(2.10) (Qu, v) = -µ('vu, 'vv) - (X+ µ)('v • u, 'v • v) = (u, Qv) 

for u, V E H 2 (!:!) n HM!:!), 

(2.11) 

- Q is positive on H 2 (!:!) n H~(!:!), 1.e. 

(-Qu, u)= Pll'vulll,(!1) +(X+ Jl)ll'v · u11L(!1) ~ o 
for u E H 2 (!:!) n H~(!:!) . 

,~re state now the ma.in results of the pa.per. The first theorem extends the regularity 
result of [PawZaj06b], Theorem 2.2. 

Theorem 2.1. Improved time regula.rity 
Let (Al)-(A5) hold, the boundary Sof domain [! be of class C8 , and 

(2.12) 
z : IR _, [O, 1 l be of class C 3 with 

lz'(x) + lz"(x)I + lz"'(x)I :SC for all XE IR. 

111óreover, Jet the data satisfy 

b E H 1 (O, T; H 1 (!:!)) n H 2 (0, T; L2(!:!)), 

(2.13) 
Uo E H 7 (!:!) n H~(!:!) , U] E H 3 (!:!) n H6(!:!), Xo E H 8 n H'f,,(!:!), 

U2 EH~(!:!), X1 E H 4 (!:!) n H'f,,(!:!), µo E H 6 (!:!) n H'f,,(!:!) , 

U3 E L2(!:!), X2 E L2(!:!) , µ1 E H'f,,(!:!), 

where u2, x1 , µo and U3, X2, µ1 are defined by ( 1.18 ), (1.19). Then there exist functions 
(u,x,µ) such that 
(2.14) 

UE Lip([O, T]; H 2 (!:!) n H~(!:!)), u, E Lcx,(O, T; H 2 (!:!) n H~(!:!)) , 

Utt E Lcx,(O, T; H~(!:!)) , Uttt E Lcx,(O, T; L2(!:!)), Utttt E L2(D, T; (H6(!:!))'), 

XE C1([o, Tj; H'f,,(!:!)), Xt E c 1 l 2 ([0, Tj; H'f,,(!:!)), 

Xtt E L=(O, T; L2(!:!)) n L2(D, T; H'f,,(!:!)), Xttt E L2(D, T; (H'f,,(!:!))'), 

µ E Lip([O, Tj; H'f,,(!:!)), µ, E Lcx,(O , T; H'f,,(!:!)) , µtt E L2(!:!r) , 
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u(O) = uo, Ut(O) = u1, Utt(O) = Uz, Uttt(O) = u3, 

(2.15) x(O) = Xo, Xt(O) = XI, Xtt(O) = Xz, 

µ(O)= µo, µt(O) = µ1, 

w hi cli satisfy problem ( 1.14 )- ( 1.16) in the sense of the identi ties 

T T 

j (utw, TJ)cH&(O.))',H&(fl)dt + j (Ae( Utt), e(r,))dt 
o o 

T 

= j([z'(x)Hv'xl,tt + btt, r,)dt Vr, E L2(0, T; HW!)), 
o 

T T 

(Z.IG) j(xw,e)w;.,(n))',H"J.,(o.)dt = j(µtt , 6.0dt 
o o 

ve E L2(0, T; Hi(n)), 
T T T 

j (µtt, ()dt = - j (6.Xtt, ()dt + j([,//(x) + W,x(e( u), x)l,tt, ()dt 
o o o 

where 

(2.17) [z'(x)Bv'xl,,t = z111 (x )Xi Bv'x+z" (X)XttBv'x+2z"(x)x,Bv'x1 +z'(x)Bv'Xtt, 

[,f/(x) + W,x(e(u), x)l,,t = ,j/"(x)xt + ,f,"(x)xtt 

+ z"'(x)xi(B · e(u) + Dz(x) + E) + z"(x)Xtt(B · e(u) + Dz(x) + E) 

+ 2z"(x)x,(B · e(u1) + Dz'(x)xt) + z'(x)(B · e(utt) + Dz"(x)x; + Dz'(x)xtt)­

Moreover, ( u, x, µ) satisfy the following estimates: 

!lu1IIL=(o,T;L,(n)) + lle(u)IIL=(o,T;L,(n)) + ll xllL=(o,T;L,(n)) 

+ llv'xllL=<o,T;L,(o.JJ + llv' µIIL,(o.TJ + llxdlL,<o,T;(H'(nJJ'l :=::: co, 

(2.18) llullL=(o,T;Hb(O.)) + llxll L=(o,T;H'(O.)) ~ c1, 

llxllL,(o,T;H"J.,(O.JJ + llµIIL,(o,T;H'(O.)) ~ c2(T), 

fiu,, IIL,(O,T;(Hb(O.))') ~ c3(T), 

(2.19) 

llullL=(O,T;H'(O.)) + llu,IIL=(D,T:Hb(fl)) + lluttlli=(o,T;L,(n)) ~ cs(T) 

llxllc 1 12 <10.TJ;H"J.,(nJJ + llxtllL=<o,T,L,(o.JJ + ll x,IIL,(o,T;Hl-,(O.JJ 

+ llµIIL=(o,T;H"J.,(O.)) ~ c4(T), 

lluw.llL,(O,T;(Hb(O.))') + llxttllL,(o,T;(H"J.,(n))') + llµ,IIL,(O.T) ~ T 112 cs(T), 
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(2.20) 

lluJJL;p([O,T];H'(!1)) + llut/lL=(O,T;H2 (!1)) + lluttllL=(o,T;H'(!1)) 

+ llu,ttllL=(O,T;L,(!1)) '.'Ó c1(T), 

llxllc,oo,r;H,;.,<n)) + llx,llc 1 1 2 ,10,TJ;H,;.,(n)) + llxttllL=<o,r;L,(n)) 

+ llxttllL,<o,r;H,;.,<nJ) + llµ,IIL=<o,r;H,;.,<n)) '.'Ó c6(T), 

llµullL,(!1T) + llxtt,IIL,(o,T;(H,;.,(!1))') '.'Ó cs(T), 

IJutttt li L,(O,T;(H~(!1))') '.'Ó cg(T), 

with posiiive constants Ck, le = O, 1, ... , 9, given by 

(2.21) 

where 

co= c(JluollH'(!1), llu1IIL,(!1), llxoł1H 1 (n), llbllL,(O,T;L,(!1)), Cf , cJ), 

c1 = c(co, !1), c2(T) = c(c1)T112, c3(T) = c(co, llblJL,(!JT))T112, 

c4(T) = c(T112 Ei (T) + llx1 IIL,(!1))[exp a.(T)] 112, a.(T) = coT8 exp(cT), 

cs(T) = T 112 c4 (T), 

c6(T) = c(T1l 2 E2(T) + llx2/IL,(!1) + T 1l 2cJ(T))[exp(c(c1)T2c!(T))]112, 

c1(T) = T 1l 2 c6 (T), 

ca(T) = T 112 c4 (T)cB(T), 

cg(T) = c(c1 )T112 c~(T), 

E1(T) = T 112 Jlb,IIL,(!JT) + llu2IIL,(!1) + i11o(u1)IIL,(!1), 

E2(T) = T 112 llb,t/lL,(!JT) + IJu31łL,(!1) + ll1o(u2)IIL,(!1)· 

The next theorem asserts the existence of a strong solution to problem (1.14)- (1.16). 

Theorem 2.2. Strong solutions 
Let a.ssumptions of Theorem 2.1 hold. then a solution (u,x,µ) in Theorem 2.1 has in 
addition to (2.14) the following regularity 

u E L00 (0, T; H 3 (!1)), 

(2.22) X E Loo(O, T; H 4 (!1)), 

µ E L00 (0, T; H 4 (!1)), µ, E L2(0, T; H 4 (!1)). 

S11ch solution satisfies equations (1.14)1 , (1.15)i, (1.16)1 almost everywhere, boundary 
conditions (1.14)3 , (1.15)3 , (1.16) 3 and initial conditions (2.15) in the sense of appro­
pria.te trnces. Moreover, (u,x,µ) satisfy estima.tes (2.18)-(2.20) and 

llu!IL=(O,T;H3 (!1)) '.'Ó c1(T), 

(2.23) llxllL=(O,T;H'(!J)) '.'Ó c~(T)c1(T), 

The last theorem concerns the uniqueness of the solution. 
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Theorem 2.3. UniqueJJess. 

Let assumptions (Al)-(A5) hold, 

(2.24) 
z : IR-> [O, l] be of class C 2 with 

lz'(x)I + lz"(x)I ::; c for all x E IR, 

and (u,x,µ) be a solution of problem (1.14)-(1 .1 6) sucl, that 

(2.25) 

with 

llullL,(O,T;W~(!1)) + llxllL,(O,T;L=(!1)) + llxllL,(O,T;WJ(!1))::::: c(T). 

TheJJ the solutioJJ (u,x,µ) is uJJique. 

Corollary 2.1. The strong solution in Theorem 2.2 is unique. The above uniqueJJess 
result does not apply to weak solutioJJs in Theorem 2.1 since they do not satisfy tlie 

first regularity requirement in (2.25). 

3. Auxiliary results 

In this section we recall first the existence and regularity results for system (1.14)­
-( l. 16) , proved in [PawZaj06b]. Besides, we collect some known results for linear elliptic 
problems as well as some interpolation inequalities and imbeddings which are used in 

the paper. 
The first result concerns the existence of weak solutions bo (1.14)- (1.16). 

Theorem 3.1. {PawZaj06b} Weak solutions 
Let assumptions (Al)- (A5) hold true. Moreover, Jet the data satisfy 

(3.1) 
b E L2(0_T) , 

uo E H6(fl), u1 E L2(fl), xo E H 1 (fl). 

Then there exist functio11S (u,x,µ) such that 

u E Loc(0, T; H6(fł)), u, E L=(O, T; L2(fl)), u„ E L2(0, T; (H6(fł))') , 

(3.2) XE Loc(O, T; H 1 (fl)) n L2(0, T; H'Jv(fł)), Xt E L2(0, T; (H1 (fl))'), 

µ E L2(0, T; H 1 (fl)), 

(3.3) u(O) = uo, u,(O) = ui, x(O) = Xo, 
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which satisfy system (1.14)-(1.16) in the sense of the identities 

T T 

j(utt , T/)(Hb(f!))',HWlldt + j(Ae(u) , e(TJ))dt 
o 

T 

= j(z'(x)B'v'x+b,ri)dt VriEL2(0,T;HWJ)), 
o 

T T 

(3.4) j(x1,EJ(Hl(f!))',fll(f!)dt + /cvµ , vndt = o 
o o 

V( E L2(0, T; H1 (0.)), 
T T T 

j(µ,()dt = -./(t1x,()dt + j (',f!(x) + W,x(e(u),x),()dt 
o o o 

V( E L2(0, T; L2(0.)). 

Moreover, ( u, X,µ) satisfy a priori estimates (2.18) with constants co, c1 , c2(T), c3 (T) 
specified in (2.21). 

The second theorem states time regularity whcich follows from time-differentiated 

system (1.14)-(1.16) 

Theorem 3.2. {PawZa.i 06b} Time regularity 
Let (Al)-(A5) hold, the boundary Sof domain 0. be of class C4, and 

(3.5) 
z : IR ---> [O, 1 l be of class C 2 with 

lz'(x)I + lz"(x)I S:: c for all x E IR. 

Moreover, Jet the data satisfy 

b E H1 (O, T; L2(0.)), 

(3.6) Uo E H 3 (0.) n H6(0.), U] E H1(0.) , Xo E H4(0.) n H'fv(0.), 

u2 E L2(0.), X1 E L2(0.) , µo E HJ,(0.). 

Then there exist functions (u,x,µ) such that 

u E L=(O, T; H 2(fl) n H6(0.)), u, E L=(O, T; Hi(0.)), 

u„ E L=(O, T; L2(0.)), uw E L2(0, T; (Hi(0.)'), 

(3.7) XE C 112([0, T]; Hjy(0.)), Xt E L00 (0, T; L2(fl)) n L2(0 , T; H'fv(0.)) , 

Xtt E L2(0, T; (H°J,(0.))'), 

µ E L=(O, T; H°J,(fl)), µ, E L2(0.r), 
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(3.8) 
u(O) = uo, Ut(O) = u1, Utt(O) = u2, 

x(O) = Xo, x,(O) = X1, µ(O)= µo, 

which satisfy problem (1.14)-(1.16) in the sense of the identities 

T T 

j (uut, 7/)(Hb(fl))' ,Hb(n)dt + j (Ae( ut), e( TJ ))dt 
o o 

T 

= j ([z'(x)B'vxl,, + bt , TJ )dt 1/71 E L2(0, T; Hb(!:!)), 

o 
T T 

(3.9) /(xttJ)(H'j,,(nJJ',HJ,,(n1dt = j(µt,t>Odt 
o o 

Vl E L2(0, T; H'f-,(D)), 
T T T 

j(µ1 ,()dt = - j(t>x1 ,()dt + j([,/J'(x) + W,x(e(u), x)l,1,()dt 
o o o 

where 

[z'(x)B'vxl,t = z"(x)xtB'vx + z'(x)B'vxt, 

(3.10) [if/(x) + W.x(e(u), x)l,t = ,/J"(x)Xt + z"(x)Xt(B · e(u) + Dz(x) + E) 

+ z'(x)(B · e(u,) + Dz'(x)x,). 

Moreover, (u, X,µ) satisfy a priori estimates (2.18) and (2.19) with constanst c0 , c1 , 

c2(T), c3(T), c4 (T) and c5 (T) specified in (2.21). 

We recall now a standard elliptic regularity result for the problem 

(3.11) 
t>x = f in n, 
n· 'vx = O on S. 

Lemma 3.1. (see e.g. {LM72a} I, Chap. 2) Let n C IR 3 be a domain with boundary S 
of class C2+ 1, I 2 O integer, f E H 1(f!) , fn fdx = O and X E L2(f!). Then solutions of 
problem (3.11) satisfy the inequality 

( 3.12) llxllH>+'(n) S: c(ll.fllH 1(n) + llxllL,(n))-

The next result st.ates the elliptic regularity for the system 

Qu = f in n, 
(3.13) 

U=O on S, 

with the ellipt.ic operator Q defined by (1.11). The lemma presented below is a par­

ticular case of generał results due to Lions-Magenes [LionsMag72] I, Chap. 2 (see also 
Solonnikov [Sol66], §2, Thm. 2.2 for Lp approa.ch). 
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Lemma 3.2. Let l1 C IR 3 be a domain with boundary S of class C2+ 1, l 2': O integer, 
the coefflcients of the operator Q satisfy jl > O, 3; + 2µ > O. Moreover, Jet f E H1(l1) 
and u E L 2 (l1). Then solutions of problem (3.13) satisfy the inequality 

(3.14) 

For the case f E L 2 (l1) we recall also the following result due to Necas (see [Nec67], 
Lemma 3.2): 

Lemma 3.3. Let n c !R 3 be a domain with boundary Sof class C 2 , jl > O, 3; + 2jl > O, 
f E L2 (l1). then for solutions of problem (3.13) the following estimate holds 

(3.15) 

Next, we recall the Gagliardo-Nirenberg inequality (see e.g. [BIN96], Chap. III, Sec. 

15). 

Lemma 3.4. Let l1 C !Rn, n 2': 1, be a bounded domain with a smooth boundary. 
Then, for any u E W;,(!1) n Lp, (!1), there exist two positive constants c1 , c2 such that 
the following inequality holds: 

(3.16) L IID<>ullL,(!l) :c; C11/u/łt,B(fli( L l!Daul!L.,(!l))B + c21lul!L,(fl), 
lol=r ln-I=1 

provided the conditions 

1:c;p1,P2,p:c;oo, O:c;r<l, q>O, 

:2: - r = (1 - 0)!!... + 0 (!!... - 1) , :'.:1 :c; 0 :c; 1, 
P Pi P2 

with the following exception: 
ifl < p2 < oo, /- r - -f, = O, p = oo, then (3.16) does not hold for 0 = 1. 

The next is the following imbedding result (see e.g. [BIN96], Chap. III, Sec. 10): 

Lemma 3.5. Let l1 C !Rn, n 2': 1, be a bounded domain satisfying the cone property. 
Let 

1 :c; p :c; q :c; oo, ;{ = (~ - ~) f + f < 1, 

and u E H';(l1). Then D 0 u E Lq(ll), and 

(3.17) /ID 0 u/lL,(fl) :c; E1-"IID 1ul!L,(!l) + cc:-"l!uliL,(fl) 

for any € E (O, ho), where ho is the height of the cone. 

For la.ter purposes we prepa.re a.lso a. lemma which states the imbedding 

Lq(O, T; Lp(łl)) c L=(O, T; L2(l1)) n L2(0, T; TVJ (!1)). 
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Lemma 3.6. Let u. E L 00 (0, T; L2(fl)) n L2(0, T; WJ (fl)) where fl C IR 3 is a bounded 
domain with a smooth boundary. Then there exist positive constants c1 , c2 such that 

(3.18) 
11 11 11 L,(o,T;L,(l1)) :S c1 ll 11 1ł~:,2(~~T;L,(l1)) ll'vull~(o,T;L,(l1)) 

+ c2llullg(O,T;L,(l1)), 

where real num bers p, q are sub,iect to the conditions 

(3.19) O:S~:Sl, 
q 

3 2 3 
- + - = -. 
2p q 4 

Proof. According t.o the interpolation inequality (3.16), we have 

(3.20) 

with 0 satisfying 

(3.21) 0 = ~ - ~ and O :S 0 :S 1. 
4 2p 

From (3.20) it folows that 

(3.22) 

T 1/g 

llullL,(O,T;L,(l1)) :S C1 (/ llull~,(~\gll'vull~~(l1)dt) + c2llullL,(O,T;L,(l1)) 

o 

T 1/g 

:S c1 Ilu lli:::,8(0,T;L,(l"l)J ( / ll'vv ll~~(l1Jdt) + c2 llulli,(o,T;L2 (l1)) · 
o 

Hence, setting Bq= 2, that is 0 = 2/q, we conclude from (3.21) and (3.22) the assertion 
of the lemma.. • 

4. The Faedo-Galerkin approximation 

In this section we introduce first Faedo-Ga.lerkin approxima.tions of problem (1.14)­
- (1.16) and its time-differentated form. Next, we recall from [PawZaj06b] the ma.in a pri­

ori estima.tes for these approximations. After such preparations we proceed to the main 

part of the present pa.per, na.mely the exa.mination of a.n a.pproxima.tion corresponding 
to twice time-differentated problem . 
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4.1. Approximation 

( 4.1) 

,,re consider the following two eigenvalue problems 

- Qvj = AjVJ in n, 
Vj = O on S, _j E J\:I, 

where Q is the elliptic opera.tor defined by (1.11), and 

- 6Wj = AjWj in n, 
n• '\lwj = O on S, _j E J\:I. 

(4.2) 

We reca11 that, by virtue of the elliptic regularity theory, if the dema.in lł has the 
boundary of class C1, l E J\:I, then the solutions of ( 4.1) and ( 4.2) satisfy 

( 4.3) 

As showu in [PawZaj06b], aft.er normalization, the family { v j} jEN forms a basis of the 
space H~(O), orthonormal in L2 (ll) and orthogonal in H 1 (ll) scalar products. 

The family {Wj} jEN forms a basis of the space 

H'fv(n) = {w E H 2 (ll): n· 'Jw= O on S}, 

and after normalization becomes orthonormal in L2 (n), and orthogonal in H 1 (ll) and 

H 2 (0) scalar prodncts. Furthermore, we assume without loss of generality that w 1 = l. 
For m E J\:I we denote by 

Vom=span{v1,--·,vm} and Vm=span{w1,--·,wm} 

the finite dimensional subspa.ces, respectively of H~(n) and H'fv(ll), spa.nned by 

{v1,--• , vm} and {w1, ... ,wm}-
We intoduce the following Faedo-Galerkin a.pproxima.tion of (1.14)-(1.16) : For any 

m E J\:I find a triple of functions (urn, xm, µm) of t he form 

m m 

um(x , t) = Le;(t)v;(x), xm(x,t) = Lcf'(t)w;(x), 

( 4.4) 
i=l i=l 

µm(x,t) = Ldf'(t)w;(x), 
i=l 

with e;"(t), c;"(t), d;"(t) being determined so that 

( 4.5) 

(u;';, Vj) + (Ae:( urn), e:( vj)) = (z'(xm )B"Jxm + b, vj) , 

(x;",wj) + ('\lµm, '\lwj) = O, 

(µm, W1) = -(6.xm' Wj)+ (1/,'(xm) + W,x(e:(um), xm), Wj), _j = 1, ... 'm, 

um(o) = u;{', u;"(O) = u;", xm(o) = x;;', 
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where u;;', u;" E V Om and Xct E Vm are the projections respectively of Uo, U1 and Xo 
sa.tisfying for m -+ oo 

u:;1---+ uo strongly in H6(f2), 

( 4.6) u;n ---ł U] strongly in L2(f2), 

x;;' -+ xo strongly in H 1 (r!). 

A Fa.edo-GaJerkin a.pproxima.tion corresponding to time-differentiated system (1.14)­
-(1.16), studied in [PawZaj06b], is 

(u7,',,vj) + (Ae:(u;"),e:(vj)) = ([z'(xm)Bv'xml,, + b,,vj) , 

(4.7) (x7,',w;)- (µ;",6w1 ) = o, 
(µ;",wi) = (-6x;",wj) + ([,f.,'(xm) + W,x(e:(um),xm)],, ,wj), j = 1, ... ,m, 

where the explicit forms of [z'(x)Bv'xl,, and [,j.,'(x)+ W,x(e:(u), x)l,, are given in (3.10). 
System ( 4. 7) is considered with the initiaJ conditions 

( 4.8) 
um(O) = u;;', u;"(O) = u;", xm(O) = Xo, 

u7,'(0)=u2, x;"(O)=x;", µm(O)=µbn, 

where u2 E Vom, x;", µ0' E Vm are the projections respectively of u 2 , Xi and µ0 defined 
in (1.18), and such that the following convergences in the strong sense hold: 

( 4.9) 

u;;' -+ uo in H 3 (f2) n H6(n), 

x;;' -+ xo in H 4 (f2) n Hi(n) , 

x;" -+ Xi in L2(f2), 

u;" -+ UJ in Hi(n), 

u;' -+ u2 in L2(rl), 

µ;;' -+ µ in Hi(n) . 

4.2. The energy and time-regularity estimates 

It has been proved in [PawZaj06b] (see Lemmas 4.1 - 4.4) that under assumptions 
in Theorem 3.2 a solution (um,Xm,µm) of system (4.7), (4.8) satisfies the following 

uniform (in m) energy estimates 

( 4.10) 

Ilu;" IIL=(O,T;L,(11)) + Ile:( U m )IIL=(O,T;L,(11)) + llxm IIL=(O,T;L,(11)) 

+ llv'xmlli=(O,T;L,(11)) + llv'µmllL,(IlT) + llx:"IIL,(O,T;(H 1 (11))') :C::: co, 

llum IIL=(O,T;Hb(Il)) + llxm lli=(O,T;H 1(11)) :c:; Cj, 

llxmlli,(o,1;H~(l1)) + llµmlli,(o,t;H'(Il)) :c:; c2(t), 

Ilu;:',, lli,(o,t;(Hb(Il))') :C::: c3(t) for t E (O, T], 
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and time-regularity estima.tes 

llumllL=(O,t;H'(O)) + llu~IIL=(o,t;Hb(O)) + llu~,,IIL=(O,t;L,(O)) ::::'. cs(t), 

( 4.11) 
llxmllc1 t 2 ([0,t);HJ,(fl)) + llx~IIL=(O,t;L,(O)) + llx~IIL,(O,t;HJ,(0)) 

+ llµmllL=(O,t;HJ,(O)) + llu~t't' IIL,(O,t;(Hb(O))') ::::'. C4(t), 

llµ~IIL,(fl') + llx~,,lli,co,,;(HJ,(n))') ::::'. t112 cs(t) 

fort E (O, TJ, with positive consta.nts independent of m, given by 

co = co(lluo IIH' (O), llu1 IIL,(O), llxo li H' (O), llbll L, (0,t;L,(O)), c J, c't ), 

(4.12) 
c1 = c(co,D), c2(t) = c(c1)t 112, c3(t) = c(co, llbł1L,(fl'))t 112, 

c4(t) = c(t 112 E 1 (t) + llx1 II L,(fl) )[exp a.(t)] 112, a.(t) = cot 8 exp( et), 

cs(t) = t 112 c4 (t), 

where 

4.3. The improved time-regularity estimates 

In this section we a.ssume tha.t the bounda.ry S of dom a.in n is a.t least of class C 8 . We 

introduce a. Fa.edo-Ga.lerkin approximation corresponding to twice time-differentiated 
system: 

(u~,,,v1) + (Ac(u~),c(v1)) = ([z'(xm)Bv'xm],,, + b,,,v1), 

(4.13) (x;',',,wi)-(µ;',',6.w 1) = O, 

(µ;',', wj) = -(6.x;',', w1 ) + ([,p'(xm) + W,x(c( urn), Xm )],,,,Wj), j = 1, ... , m, 

where the expli cit forms of [z'(x )Bv'xl,tt and [,p'(x) + W,x(c( u), x)l,tt a.re given in 
(2.17). System ( 4.13) is considered with the initial conditions 

um(o) = uo', u;"(O) = u;", Xm(O) = Xo, 

( 4.14) u;','(O) =uf, x;"(O) = x;", µm(o) = µo', 

u;',',(O) = u';', x;','(O) = x;', µ;"(O) = µ;"' 

where u0 , u;", u 2, u';' E Vom, Xo, x;", Xz, µ0 , µ;" E Vm are the projections of the 
corresponding da.ta., with u 2,X1,µo and u3,X2,µ 1 defined in (1.18), (1.19). 
Vl!e assume tha.t the following convergences in the strong sense a.re sa.tisfied: 

u:;2---+ uo 111 H 7 (D) n Hi(n), u;11----+ U] in H 3(D) n Hi(n), 

Xo-> Xo in H 8 (Q) n H'fv(D), u;i --t U2 in H6(D), 

(4.15) x;"-> X1 in H 4 (D) n H'fv(D), m l'o -> µo 111 H 6 (D) n H'fv(D), 

ur --+ U3 111 L2(D), xf -> X2 111 L2(D), 

µ;"-> µ1 111 H'fv(D). 
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System (4.13), (4.14) represents an initial value problem for a system of ordinary dif­
ferentia! equa.tions with the nonlinear terms on the right-hand side being continuous 

functions of their arguments. Hen ce, it has a solution on an interval [O, T ml, Tm > O. 
A priori estima.tes ( uniform in m) proved in Lemma.s 4.1- 4.4 below show tha.t Tm = T. 

Lemma 4.1. Let (Al)-( A5) hold, the boundary S of domain n be of class C 8 , and 

( 4.16) 
z: IR-> [O, l] be of class C3 with 

lz'(x)I + lz"(x)I + lz"'(x)I :':'. C for a.li XE IR. 

Moreover, !et the data satisfy 

( 4.17) 

b E H1(0, T; H1(n)) n H 2(0, T; L2(!J)), 

Uo E H 7 (!J) n Hi(n), U1 E H3(n) n Hi(n), X1 E H 8 (/J) n Hi(n), 

U2 E Hi(n), XI E H 4(/J) n Hi(n), µo E H"(!J) n Hi(n), 

U3 E L2(n), X2 E L2(/J), µ1 E Hi(n). 

Then solutions (um,Xm,µm) of system (4.13), (4.14) sa.tisfy estimates (4.10), (4.11) 
with constants co,c1 ,c2(t),c3(t) and c4(t) given in (4.12), and 

Ilu~,,,, li L=(O,t;L,(!l)) + Ilu;?,, li L=(O,t;H' (!l)) :':'. c1(t), 
( 4.18) 

llx~,, IIL=(O,t;L,(!l)) + llx;?,, IIL,(0,t;Ht(!l)) :':'. c6(t), i E (O, Tj, 

with constants c6(t),c7(t) independent ofm, given by 

(4.19) 

where 

c6(t) = c(t 112 E2(t) + IIX211L,(!l) + t 112 c~(t))[exp(c(c1)t 2c!(t))] 112, 
c1(t) = t112c6(t), 

Proof. Estimates (4.10), (4.11) were proved in [PawZaj06b], Lemma.s 3.1-3.4, 4.1-4.4. 
To show ( 4.18) we proceed similarly a.s in [Pa.wZa.j06b], Lemma. 4.1. 

In the first step we estimate u;'l in terms of the L2(0, t; H 2 (!J))-norm of xrl- Setting 
u;';',(t) a.s test function in (4.13)1 gives 

(4.20) ½% /(lu'/:,1 2 + e(u';t) · Ae(u';t))dx = j([z'(xm)Bv'xm],,, + b1,) · u';t,dx. 
{l {l 

Hence, by the Cauchy-Schwa.rtz inequality, 

( 4.21) 
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Integrating ( 4.21) with respect to time leads to 

j(lu';;,12 + le(u;':l 2 )dx 
n 

'.S {i (J l[z'(xm)Bv'xml,,,,,l2dx) 112 dtr + c(E;'(t))2 

o n 
t I /2 2 I. I /2 2 

(4.22) ::; c[j (j(x';)4 lv'xml 2dx) dt'] +c[j (/(x';,,)21v'xml 2d.r) dt'] 
o n o n 

+ c[j (j(x';)21v'x';l 2dx) 112dtr + {i (J lv'x';,,l 2dx) 112 dtr 
o n o n 

4 

+ c(E;'(t))2 = c L h + c(E;'(t))2, 
k=l 

where 

Clea.rly, due to convergences (4.15), E2 (t)::; cE2 (t). We proceed to estima.te the terms 
h, k = 1, ... , 4. An application of the Holder inequality yields 

' 2 

Ii:::: [/11x;?IIL(n)llv'xmllL,(n)dt'] 
o 

'.S llx;? IIL(o,t;Ls(n)) llv'xmllL(o,t;Ls(n)) = J1' 

Now, Jet us note that by virtue of estimate (4.lO)J and the Sobolev imbedding, 

(4.23) 

Furt.her, with the help of the interpolation result in Lemma 3.6, we obtain 

which on a.ccount of estimate ( 4.11 )2 implies that 

( 4.24) 

Hence, by (4.23) and (4.24), 
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N ext, agajn with the help of the Holder ineąuality, 

, 2 

h:::; [/ llx;;',,IIL,(fl)IIVxmllL,(fl)dt'] 
o 

:::; llx;;',, IIL(o,t;L,(fl)) IIvxm IIL(o,,;L,(fl)) = J2, 

Using ( 4.23) and an interpola.tion ineąuality gives 

t 

:::; c( c1)t 112 j ( 6ill'v2 x;;',, IIL(n) + c(l / 61 )llx;;'t' IIL(n) )dt', 
o 

wlwre 61 > O. Turnig to the next term, we ha.ve 

, 2 

h '.'ó [ j llx;;'lli,<n) IIVx;;'IIL.<n>dt'] 
o 

:::; llx;;' IIL(o,t;L,(fl)) IIVx;;' IIL(o,t;La(fl)) = h 

Thanks to estimate ( 4.11 )2 and the Sobolev imbedding, 

The last term is estima.ted with the help of an interpolation ineąuality, similarly as h: 

t 

J4 '.'ó tj IIVx;;'t, lli;,/nidt' 
o 

t 

'.'ó t j(61IIV2x;;'1,IIL<n) + c(l/61)llx;;'1,IIL(n))dt', 
o 

where 81 > O. Combining the above estimates in ( 4.22), we arrive at 

llu:','tllL(n) + lle(u;';)IIL(n) 
t 

(4.25) '.'ó c(c1)(l + t) j(61IIV2x;;',,IIL<n) + c(l/61)llx;;',,IIL(n))dt' 
o 

+ c!(t) + c(E2(t))2. 
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In the second step we consider system (4.13)2, (4.13)3 rewritten in the form of the 
following equation ( due to ( 4.2)): 

(4.26) (x;';,,wj} = -(t>x;';,l>wj} + ([,t,'(xm) + W,x(e:(um),xm)].,, , .6w1). 

Testing (4.26) by x~(t) yields 

~¾ j(x;';:)2d:r + J (.6x;';:)2dx = j[,t,'(xm) + W,x(e:(um),xm)J.,,t>x;';'dx. 
n n n 

Hence, by the Young inequality it fellows that 

(4.27) ~ j(x;';:)2dx + j(t>x;';')2dx :<::'. /r,;/(xm) + W,x(e:(um) ,xm)l~ttdx . 
n n n 

lntegrating ( 4.27) with respect to time, using expression (2.17)2 for 
[,f, '(x) + W,x( e:( u), x)l,tt and the assumptions on ,j, and z, we obtain 

t 

j(x;';:)2dx + j j(t>x,,,,)2dxdt' 
n o n 

t 

(4.28) 
:<::'. c J j[(xm)2 (x';:) 4 + (xm)4(x';:,,) 2 + (X'::t,)2 + (x';:)4je:(um)l2 

o n 
+ (x;:')4 + (x~'t, )2 le:(um)l2 + (x;:')2je:(u;:')12 + ie:(u;:',, )l 2 ]dxdt' 

8 

+ j(x:;') 2 dx = c LI<;+ llx;"IIL<n)· 
n t=l 

Clearly, due to convergences (4.15), llx:;'lli,(n) :<::'. cllx2lli,(n)· 
We shall estimate now the subsequent terms I<;, i= 1, ... , 8. Applying the Holder 

inequa.lity and then using estimates (4.10)2, (4.24), yields 

t 1/3 2/3 

I<1 :<::'.J(j(xm)6 dx) (Jx;:') 6 dx) dt' 
o n n 

t 

:<::'. sup llxm IIL(n) / llx';: 111,(n)dt' :<::'. cM(t). 
t' 

o 

Next, 

I<2 :<::'. j ( j(xm )6 dx r/3 
( / (x;:'1, )6 dx y 13 dt' 

o n n 
t 

:<::'. sup llxm 111,(nJ j llx'::1• IIL(n)dt' = L2 -,, 
o 
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Estimat.ing the first fa.ctor of L2 by ( 4.10)2 and a.pplying a.n interpolation inequa.lity to 
the second one, gives 

t 

( 4.29) L2 ~ c; j(62ll'v2x.';;,,ll'i,cn) + c(l/62)llx.'Z!,,IIL(n)dt', 
o 

where b2 > O. The next term 

t 

1{3 = j llx.';;,, IIL(n)dt' 
o 

joins the second integral on the right-hand side of ( 4.29). Furt.her, aga.in by the Holder 
inequality and on account of estimates ( 4.11 )1 , ( 4.24 ), we obtain 

K4 ~ j (j(x'z;)6dxY 13 (/1e(um)l6dxY 13 dt 1 

o n n 
t 

~ suplle(umllL(n) / llx'Z!lli.(n)dt' ~ c;(t)c!(t) ~ tc!(t). ,, 
o 

Similarly, due to ( 4.24), 

t 

I<s = j llx'Z!IIL(n)dt' ~ c!(t). 
o 

Continuing, we have 

K6 ~ j (j(x';;,,)3dxY 13 (jle(um)l 6dxY 13dt 1 

o n n 
t 

~ sup lle(um)IIŁ.(n) j llx';;,, IIL(n)dt' = k ,, 
o 

Estimating t.he first fa.ctor of L6 by ( 4.11 )i and applying an interpolat.ion inequality to 
the second one, it follows that 

t 

L6 ~ tc;(t) j(62ll'v2x';;,,ll'i,(n) + c(l/62)llx;:\,IIL(n))dt', 
o 
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where 82 > O. Further, 

t 

K1 ś j llx;:' IILcrl) lle(u'; lllLcn)dt' 
o 

t 

ś s~pjje(u';)IIŁ,cn) j llx::'11Lcn)dt' ś c~(t)c;(t) ś tc!(t), 
o 

where in the last inequality we applied estimates ( 4.11 )1 ,2 and the imbedding L00 (r!) C 
H 2 (r!). The last term 

t 

Ka = j Ile( u';:1, )IIŁ,cn)dt' 
o 

is left for further treatment by means of estimate ( 4.25). In conclusion, combining the 
obtained estimates in ( 4.28), yields 

t 

llx:'t'IILcnJ + j ll 6 Xt>t•11Lcn)dt' 
o 

t 

(4.30) ś tc:(t) + c(c1)(l + tc~(t)) j(li21ł'v 2 x';t'IILcn) + c(l//i2)llx'::t>IILcn))dt' 

t 

+ c j Ile( u'z:t• )IILcmdt' + ciiXzilLcnJ· 
o 

Now we a.pply estimate ( 4.25) to the last but one term on the right-hand side of 
( 4.30). Besides, we use the inequality 

which holds true in view of the fact that fn x';;dx = O. The latter equality results from 
(4.7)z setting w1 = l (admissible by assumption). Consequently, we obtain 

t 

llx:'t' IILcnJ + j llx'::t• 11;;,<n)dt' 
o 

t 

(4.31) ś c(c1 )(1 + t2 + td(t)) jl(li1 + li2)ll'v2x'::1•IILcn) 
o 

+ (c(l/81) + c(l//i2))llx'::t' IILcn)Jdt' 
+ t(c!(t) + c:(t)) + ct(E2(t))2 + cilx2IILcn)· 
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v\lith an appropriate choi ce of constants ó1 , ó2 , e.g. 

the first term on the right-hand side of (4.31) can be absorbed by the left-hand side. 
This lea.ds t.o 

t t 

llx;';(t)lll,(n) + j llx;'.',,ll~F(n)dt' :c:; c(cl)t2c!(t) j llx;'.',,11Ln)dt' 
o o 

+ tc1(t) + ct(E2(t))2 + cilx2lil,(n)· 

Hence, by the Gronwa.ll lemma, it fellows that 

( 4.32) 

t 

llx:': 111,(n) + / llx;'.',, lltl'(n)dt' 
o 

:c:; c(t(E2(t))2 + llx2lll,(n) + tc1(t))exp(c(c1)t2c!(t)) 

:c:; ci(t) for t E (O, Tj, 

where c6 (t) is defined in (4.19). this proves estimate (4.18)2 . Applying (4.32) in (4.25) 

(with ó1 = 1) gives 

Hen ce, by virtue of Korn 's inequa.lity, we con cl u de estimate ( 4.18)!. Thereby the proof 

is complet.ed. O 

4.4. Further estimates 

Firstly, we not.e !.hat in view of the inequality 

t 1 /2 

lx,xx(t)-x,xx(t')I :c; lt-t'J 112 (J x;"txxdt") , 
t' 

estimate (4.18)2 implies t.hat x;" E C 112([0,t]; H~(r!)), and 

(4.33) 

Next, we prove the following 
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Lemma 4.2. Let assumptions of Lemma 4.1 hold. Then, fort E (O, Tj, 

(4.34) 

Proof. On account of ( 4.1 ), identity ( 4. 7)i can be rewritten in the form 

Testing the above equa.tion by u;"(t) gives 

IIQu;" lli,,cn) = ( u;';, - [z'(xm)B'vxml.t - b,, Qu;") for a.a.. t E (O, TJ. 

Hence, using the Ca.uchy-Schwartz inequality, it follows that 

( 4.35) 
IIQu~ IIL=(O,t;L,(O)) :S llu~t't' IIL=(O,t;L,(O)) 

+ ll[z'(xm)B'vxm],,,IIL=(O,t;L,(O)) + llb,,IIL=(O,t;L,(O))· 

The first term on the right-hand sicie of (4.35) is, due to (4.18), bounded by consta.nt 
c7 (t). Next, in view of (2.17)1 , using assumptions on z and then estimates (4.10), (4.33), 
we obtain 

ll[z'(xm )B'vxm],,, IIL=(O,t;L,(!1)) 

:S c(llx~VxmllL=(O,t;L,(O)) + ll'vx~IIL=(O,t;L,(O))) 

:S c(llx~IIL=(n•) IIVxmllL=(O,t;L,(!1)) + ll'vx~IIL=(O,t;L,(O)) 

:S c(cocs(t) + cs(t)) :S cs(t). 

Consequently, we a.rrive at 

Hence, by the ellipticity property of the operator Q (see (2.3)), a.ssert.ion ( 4.34) follows. 

o 
The next result provides an addit.ional regularity estimate for µ;". 

Lemma 4.3. Let assumptions of Lemma 4.1 hold. Then, fort E (O, Tj, 

( 4.36) 

where 

llµ~IIL =(O,t;H_;,(O)) :S cs(t), 

11µ~,• IIL,(O') :S cs(t) 
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Proof. Using ( 4.2) we rewrite identity ( 4. 7)2 in the form 

Testing the a.bove equa.lity by µr'(t), applying the Ca.uchy-Schwartz inequality and then 

estimate (4.18)2, lea.ds to 

(4.37) 

Let us estima.te now the mea.n value of µr'. Setting w1 = l in ( 4. 7)3 ( a.dmissible by 

assumption), using (2.17)2 and assumptions on z, yields 

( 4.38) 

I J µ;"d1:I::; I f r,;,'(xm) + W,x(e(um),xm)].,dxl 
n n 

::; cl Jrcxm)2x;" + x;" + x;"e(um) + e(u;")]dxj 
n 

::; c(llxm li L=(Il') + 1 + Ile( u m )li L= (O,T;L,(Il)) )llx;'.' li L=(O,t;L,(Il)) 

+ clle( u;'.' )li L= (O,t;L,(Il)) 

::; c(c4 (t) + 1 + c0 )c4 (t) + c5 (t) for a .a. t E (O, TJ, 

where in the last inequa.lity we applied estimates ( 4.10)1 , ( 4.11 )1 and ( 4 .11 )2. Conse­

quently, we see that estimate ( 4.36)1 results from ( 4.37) and ( 4.38) on account of the 

ellipticity property of the Laplace operator. 

To show ( 4.36)2 we test ( 4.13)3 by µ;';(t). Then, by the Ca.uchy-Schwartz inequality, 

it fellows that 

The first term on the right-hand side of (4.39) is, by (4.18)2, bounded by c6 (t). The 

bound on the second term can be obtained directly by reca.lling estima.tes on the integra.ls 

K;, i = l, ... , 8, in (4.28) (see (4.30) with 62 == 1) and then using (4.18) 1 ,2. Then it 
fellows that 

11[,f.,'(xm) + W,x(e(um),xm)l.t 1t'IILcn•) 
(4.40) ::; 2(11[,f;'(xm)l.t't 1 IILcn•) + llfW,x(e(um),xm)].,,1 1 IILcn•)) 

::; tc~(t) + c(c1 )(1 +tc~(t))c~(t) + ct 2 c~(t)::; tc~(t)c~(t)::; cii(t) 

wit.h const.a.nt c8 (t) defined in (4.36). Consequently, estimate (4.36)2 fellows . O 

Fina.Iły, we estimate the time derivatives u;';tt and x;';1• 
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Lemma 4.4. Let assumptions of Lemma 4.1 hold. Then fort E (O, Tj, 

( 4.41) 

where 

llu::'t't't' IIL,(O,t;(H)(fl))') ::Ó cg(t), 

llx::'1.'t' IIL,(O,t;(Ht,(fł))') ::Ó ca(t) 

Proof. We use standard duality arguments, similarly as in [PawZaj06b], Lemmas 3.4, 
4.4. For 1J E L2(0, T; HMfł)), we test ( 4.13)1 by 1Jm = Pm 17, where pm denotes the 

projection defined by 
m 

pm1J = 1)11,v;)v;. 
i=l 

Then intergrating with respect to time and using the Cauchy-Schwartz inequa.lity yields 

t t 

I ft u;:'t't't•,1J)dt'/ = I ft u;:'t't't',Pm17)dt'/ 
o o 

t 

= I/ {-(Ae( u;:'1, ), e(Pm17)) + ([z'(xm)B'vxml.t't' + bt't', Pm17)}dt' I 
o 

::Ó cjje(u;:'t' )IIL,(fl')I/V Pm11IIL,(fł') 

+ (ll[z'(xm)B'vxml,t•t•I/L,(fł') + llbt't'I/L,(fł'))I/Pm111/L,(fł')· 

Ma.king use of estima.tes ( 4.10)1 ,3 , ( 4.11 )2 , ( 4.18)2 and ( 4.33), we ob ta.in 
( 4.42) 

li [z'(xm )B'v xm l.t•t• IIL,(fl') 

::Ó c(l/(x;'.')2'vxmllL,(fł') + 1/x::'t• 'vxmllL,(fł') + llx::''vx::'IIL,(fł') + ll'vx::'1•1/L,(fl')) 

::; c(l/x;:' 1/L(fl') //'vxmllL,(fl') + 1/x;:',, 1/L,(o,t;L=(fł))l/'vxm IIL=(O,t;L,(fł)) 

+ llx::'IIL=<n•Jl/'vx::'IIL,(fl'J + I/Vx::'1•IIL,(n•)) 

::ó c2(t)c~(t) + coc6(t) + c4 (t)c6(t) + c6(t)::; c(c1 )t 112c~(t). 

Further, by ( 4.18)1 , 

Hence, we conclude tha.t 

t 

I j(u~'t't't', 11)dt'/::; (t1f2c1(t) + c(c1)t1/2c~(t))IIPm17jlL,(o,t;H)(fl)) 
o 

::; cg(t)ll111/L,{O,t;(H)(fl))') 
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for any 'TJ E L2(D, T; H6(fl)) , with const.ant cg(t) defined in (4.41). This proves the first 
estimate in (4.41). 

Similarly, for any ( E L2 (0, T; H'J,;(f!)), testing (4.13)2 by 

m 

C =Pm(= L)( ,w;)w;, 
t=l 

and making use of Lemma 4.3, we obł.a.in 

t t t 

I j(x';,,t,,Odt'I = I j(x';t't',Pm()dt'I = I j(µ';t, ,L'I.Pm()dt'I 
o o o 

'.'Ó llµ';t,IIL,(fl')IIL'I.Pm(IIL,(fl') '.'Ó cs(i)ll(IIL,(O,t;Ht(fl))· 

This proves the second estimate in ( 4.41). o 

5. Proof of Theorem 2.1 

By uniform in m estimates (4.10), (4.11) and those in Lemmas 4.1-4.4 it follows 
that there exists a. triple (u, X,µ) wi th 

(5.1) 

UE Loo(O, T; H2(fl) n Hl(fl)), Ut E Loo(O, T; H 2 (fl) n Hl(fl)) , 

Utt E Loo(O, T; H6(fl)) , Uttt E L00(0, T; L2(fl)) , 

Utt.tt E L2(D, T; (H6(fl))'), 

x E c 112 [0, TJ; n'J,;(fl)), Xt E c 112([o, TJ ; ni(n)), 

Xtt E Loo(O, T; L2(f!)) n L2(0, T; H'J,;(f!)), Xttt E L2(D, T; (H'J,;(fl))'), 

µ E Lip([O, TJ; H'J,;(f!)), µt E L00 (0, T; H'J,;(fl)), µtt E L2(flr), 

and a. subsequence of solut.ions (urn, xm, µm) of a.pproximate system ( 4.13) (which we 
stili denote by the same indices) such that as m---, oo: 

urn _, u, u;" _, Ut weakly - • in L 00(0 , T; H 2(f!)), 

u;';_, Utt weakly -• in L00(0,T;H6(f!)), 

u;';,_, Uttt weakly -• in L00(0,T;L2(f!)), 

u;';tt _, Utttt wealdy in L2(0, T; (Hl(f!))'), 

(5.2) 
xm _, X, x;" _, Xt wealdy - • in Loo(O, T; Hh(f!)), 

x;'; _, Xtt wealdy - • in L 00(0, T; L2 (f!)) and 

weakly in L2(D, T ; H'J,;(f!)), 

X:':t _, Xttt wealdy in L2(0, T; (Hh(f!))'), 

µm ---, µ, µ;" ---, µ1 wealdy -• in L00(0, T; H'J,; (fl)), 

µ;'; _, µu wealdy in L2 (f!T). 
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By virtue of the compactness results (see e.g. Lions [Lions69], Simon [Sim87], Sec. 8) it 
follows that for a subsequence (still denoted by the same indices) 

um --tu, u;n --t Ut strongly in L2(0, T; HW"!)) (1 C([O, TJ; HW2)) 

and a.e. in nr , 
u;'; --t Utt strongly in L 2 (S1T) n C([O, TJ; L2(!1)) 

and a.e. in nr, 

u;';t --+ Uttt strongly in C([O, T]; (Hi(n))'), 
m X ---+ X, x;" ---+ Xt strongly in L2(0, T; H 1 (Sł)) n C([O, Tj; H 1(Q)) 

(5.3) and a.e. in nr, 

x;',' ---+ Xtt strongly in L2(0, T; H 1 (Sł)) n C([O, TJ; (H°Jv(Sl))') 

and a.e. in Qr, 

µm ---+ µ strongly in L2(0, T; H 1 (Sł)) n C([O, TJ; H 1 (Sł)) 

and a.e. in nr, 

µ;"---> µ, strongly in L2(0, T; H 1 (Sł)) n C([O, TJ; H1(!1)) 

and a.e. in Qr. 

From convergences (5.3) it follows in particular that 

um(O) = u;;' ---, u(O) strongly in Hi(n) , 

u;"(O) = u;" ---> u,(O) strongly in HMn), 

u;','(O) = u;' ---+ u,,(O) strongly in L2(!1), 

u;',',(0) = u;{' ---> Uttt(O) strongly in (Hi(Sl))', 

(5.4) xm(O) = x;;' ---> x(O) strongly in H1(S1), 

x;"(O) = xi" __, x,(O) strongly in H1(S1), 

x;';(O) = x;' ---+ Xtt(O) strongly in (H°Jv(Sl))' 

µm(O) = µ;;' __, µ(O) strongly in Hl (!1) , 

µ;"(O) = µ'(' ---+ µ,(O) strongly in H1(S1), 

w hat toget.her with convergences ( 4.15) implies that 

u(O) = uo, 

x(O) = xo, 

u,(O) = u1, u,,(O) = u2, u,,,(O) = u3, 

(5.5) Xt = X1, Xtt(O) = X2, 

µ(O)=µo, µ,(0)=µ1. 

The relations (5.4) and (5.5) imply assertions (2.14), (2.15) of the theorem. 
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(5.6) 

V\Te introduce now the following weak formulation of ( 4.13): 

T T 

j (u';;,,, TJ)(HMO))',Hb(n)dt + j (Ae:( u';;), e:( TJ))dt 
o o 

T 

= j([z'(xm)BVxml,tt + btt, TJ)dt l;/rJ E L2(0, T; Vom), 
o 

T T 

J (X'::.t, 0(H'J,,(fł))',H].,(n)dt = J (µ';;,, t,,()dt I;/( E L2(0, T, Vm), 
o o 
T T T 

j(µ';;,,()dt = - j(t,,x';;_,()dt + J([,j,'(xm) + W,x(e:(um),xm)l,t,,()dt 
o o o 

Using standard procedure (see e.g. Lions-Magenes [LionsMag72] we pass to the limit 

m -+ oo in (5.6). Clearly, due to the weak convergences (5.2), all linear terms in (5.6) 

converge to the corresponding limits. Thus, it remains to examine the convergence of 

the nonlinear terms [z'(xm )BVxml,,, and [,f,'(xm) + W,x(e:( um), xm )],,, whose explicit 

expressions a.re given in (2.17). 

The convergence of these terms can be deduced by virtue of the standard nonlinear 

convergence lemma (see [Lions69], Chap. 1, Lemma 1.3). In fa.et, recalling (4.40) and 

( 4.42) we ha.ve the following uniform bounds 

(5.7) 
ll[z'(xm)BVxml,ttllL,(nT) ~ c(c1)T112 c~(T), 

11[ 1/i'(xm)l,ttłlL,(fłT) + ll[W,x(e:(um),Xm)l,ttllL,(fłT) ~ cs(T). 

Thanks to such uniform bounds and the pointwise convergences in (5.3) the nonlinear 

convergence lemma. implies that 

(5.8) 

(5.9) 

[z'(xm)BVxml,tt = z'"(xm)(x;")2 BVxm + z"(xm )x';;, BVxm 

+ 2z"(xm)x;" BVx;" + z'(xm)BVx;',' 

-+ z"'(x)x; BVx + z"(x)xttBVx + 2z"(x)x,BVx, + z'(x)BVxtt 

= [z'(x)BVxl,tt weakly in L 2 (flr), 

[1//(xm)l,tt = 6xm(x;") 2 + 3(xm)2x;',' - x;',' 

-+ 6xx; + 3x2 Xtt - Xtt = [,f,'(x)l,tt weakly in L2(flr), 
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(5.10) 

[W,x(c:(um), xm)l,tt = z'"(xm)(x;")2(B · c:(um) + Dz(xm) + E) 

+ z"(xm)x;','.(B · c:(um) + Dz(xm) + E) 

+ 2z"(xm)x;"(B · c:(u;") + Dz'(xm)x;") 

+ z'(xm)(B · c:(u;','.) + Dz"(xm)(x;")2 + Dz'(xm)x;','.) 

_, z'"(x)x;(B · c:(u) + Dz(x) + E) 

+ z"(x)xtt(B · c:(u) + Dz(x) + E) 

+ 2z"(x)Xt(B · c:(ut) + Dz'(x)Xt) 

+ z'(x)(B · c:(utt) + Dz"(x)xi + Dz'(x)xtt) 

= [W,x(c:(u),x),,, weakly in L2 (fłr). 

In view of (5.8)-(5.10), passing to the limit m _, oo in (5.6) we conclude by standard 
arguments identities (2.1 6). A priori estimates (2.18)-(2.20) result from estima.tes (4.10), 
(4.11), estimates in Lemmas 4.1-4.4 and the wea.k convergences (5 .2). This completes 
the proof of the theorem. O 

6. Proof of Theorem 2.2 

Let us consider a. solution ( u, X,µ) of problem (1.14)-(1.16) constructed in Theorem 
2.1. Our goa.l is to show tha.t this solution has regula.rity (2.22) and satisfies estimates 
(2.23). This will result. from the following three lemmas. 

Lemma 6.1. Let assumptions of Tbeorem 2.1 bold. Tben solutions u of (1.14), treated 
as an elliptic system 

(6.1) 
Qu = Utt - z'(x)B'v'x - b in nr, 

U= 0 on ST, 

satisfy u E L=(0, T; H3 (fł)), and 

(6.2) 

Proof. By virtue of the elliptic regula.rity result in Lemma. 3.2 if follows that 

llullL=(O,T;H3 (!l)) ~ c(llutt - z'(x)B'v'x - b/lL=(O,T;H'(!l)) 
(6.3) 

+ llullL=(o,T;L,(!l))) = R1, 

Thanks to estimates (2.18)2, (2.19)2 and (2.20) 1 , 

R1 ~ c(lluttllL=(o,T;H'(!l)) + ll'v'xllL=(o,T;H'(!lll 

+ llul!L=(o,T;L,(!l)) + 1) 

~ c(c1(T) + c4(T) + c1 + 1) ~ c1(T). 
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Consequently, ( 6.1) fellows. • 
From (6.2), by the Sobolev imbedding, it fellows that 

(6.4) 

With estimate (6.4) we are ready to prove a regularity of X· 

Lemma 6.2. Let assumptions of Theorem 2.1 hold. Tl1en solutions x of (1.16), treated 

as an elliptic system 

(6.5) 
6x=-µ+i/>'(x)+W,x(e(u),x) in 07, 
n· Vx = O on sr, 

satisfy x E L 00 (0, T; H 4 (f!)), and 

(6.6) 

Proof. Due to the elliptic regularity (see Lemma 3.1) we have 

(6. 7) llxll L=<o,T;H'(fłll 
~ c(II- µ + ,j/(x) + w.~Je(u),x)IIL=(O,T;H 2 (!1)) + llxllL=(O,T;H 2(!1))) = R2. 

Talcin into account that 

[,f/(x) + W,x(e(u),x)]xx = ,fi'"(x)x; + i/>"(x)Xxx 

+ z"'(x)x~(B · e(u) + Dz(x) + E) 

+ z"(x)[Xxx(B · e(u) + Dz(x) + E) + 2xx((B · e(u))x + Dz'(x)xx)] 

+ z'(x)((B · e(u))xx + Dz"(x)x; + Dz'(x)Xxx), 

recalling assumptions on i/> and z (see (2.6), (2 .1 2)), and using estimates (2.19) 2 and 
(6.4), we obtain 
(6.8) 

JJV2 [,t,'(x) + W,x(e(u),x)]IIL=(O,T;L,(!1)) 

~ cJJxlVxJ 2 + (x 2 + l)JV2 xl + JVxJ2 Je(u)J + JVxJ2 + JV 2xJle(u)J 

+ JVxJJv'e(u)J + JV2e(u)JIIL=(O,T;L,(!1)) 

~ c[Jlxlli=<nrJIIVxJIL<o,T;L,(nJJ + (llxllL<n) + l)JJV2 xllL=(o,T;L,(nJ) 

+ IJe(u)IIL=(nrJJJv'xJIL(o,T;L,(!1)) + IIVxllL(o,T;L,(!1)) 

+ lle(u )IIL=(fłT) JJV2xl1L=(O,T;L,(!1)) + IJVxJIL=(O,T;L,(!1)) llv'e( u )IIL=(O,T;L,(r!)) 

+ IIV2e(u)IIL=(O,T;L,(r!))l 

~ c[c!(T) + (c4 (T) + l)c4 (T) + c1(T)c~(T) + ci(T) 

+ c1(T)c4(T) + c4(T)c1(T) + c1(T)] 

~ c~(T)c1(T). 
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Besides, estimates (2.19) 2 imply that 

(6.9) 

JJ,t,'(x) + W.x(e(u),x)IIL=(O,T;L,(!l)) '.','. c4(T) , 

JJµJIL=(O,T;H'(l"J)) '.'::'. c4(T), 

llx/lL=(O,T;H 2(!l)) '.','. c4(T). 

Thus, it follows from (6.8) and (6.9) that 

which shows estimate (6.6). This completes the proof of the lemma. 

The next lemma proves regularity ofµ. 
• 

Lemma 6,3. Let assumptions of Theorem 2.1 hold. Then solutions µ of (1.15), treated 

as an elliptic system 

(6 .10) 

(6.11) 

6.µ = Xt m f!T, 

n· 'vµ = Q 011 sr, 

Proof. On account of the elliptic regularity (see Lemma 3.1) it follows that solutions µ 

of (6.10) satisfy 

(6.12) 
/1µ//L=(o,T;H'(!l)) '.':'. c(/lx,1/L=(o,T;H'(n)) + /lµIIL=(o,T;L,(l"J))) = R3, 

/lµ,/IL,(O,T;H 4(!l)) '.','. c(/lxtt/lL,(O,T;H 2(!l)) + /lµ,1/L,(O,T;L,(!l))) = R4. 

By virtue of estimates (2.19)2,3, (2.20)2, we have 

R2 '.','. c( cB(T) + c4(T)) '.','. cB(T), 

R3 '.','. c(cB(T) + T 112cs(T)) '.','. cB(T), 

which shows (6.11). • 
Lemmas 6.1- 6.3 imply regularity statements (2.22), (2.23). Thereby the proof of 

Theorem 2.2 is completed. D 
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7. Proof of Theorem 2.3 

Let (u1,X1,µ!) and (u2,X2,µ2) be two solutions of problem (1.14)-(1.16) corre­
sponding to the same da.ta.. Subtra.cting the corresponding equa.tions and denoting 

we obta.in the following system for (U, H, M): 

(7.1) 

(7.2) 

(7.3) 

Ult=O = o 
U = 0 

Hlt=O = o 
n-"vM=O 

in n, 
on sr, 

M = -D.H + ,f;'(xi)- ,f;'(x2) + (z'(xi)- z'(x2))(B · c(u1) 

+ Dz(x1) + E) + z'(x2)(B · c(U) + D(z(x1) - z(x2)) 

n-"vH=O 

Multiplying (7.1 )1 by U 1 , integra.ting over n and by pa.rts, using bounda.ry condition 

(7.1) 3 , yields 

(7.4) 

~¾[J1utJ2dx+ j Ac(U)·c(U)dx] 
l1 l1 

= j(z"(x.)HB"vxi + z'(x2)B"vH) · U1dx = Ri, 

l1 

where X• E (x 1 , x2 ). By a.ssumption (2.24) on z, t.he right-hand side of (7.4) is estima.ted 
with the help of the Holder inequality by 

Hence, 

(7.5) 
¾ [(IIUdii,(n) + j Ac(U) · c(U)dx] 

l1 

:S c(IIHllunJll"vx1IIL,(l'l) + ll"vHlli,<nJ)IIU1IIL,(n) = R2. 
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Now, multiplying (7.2)1 by H, integrating over f!, and twice by parts, taking into account 
boundary conditions (7.2)a, (7.3)a, we obtain 

(7.6) -- H dx- Mt-.Hdx=O. l d J 2 J 
2 dt 

fl fl 

Finally, multiplying (7.3) 1 by t-.H and integrating over n, in view of assumptions on ,/; 
and z, gives 

J Mt-.Hdx = - j(t-.H)2dx + J H(xi + X1X2 + X~ - l)t-.Hdx 
fl fl fl 

(7.7) + j z"(x.)H(B-e:(ul)+Dz(x1)+E)t-.Hdx 
fl 

+ J z'(x2)(B · e:(U) + Dz'(x.)H)t-.Hdx, 

fl 

where X• E (x1, x2 ). Conseąuently, combining (7.6) and (7. 7), it follows that 

}ft! H 2dx+ j(t-.H)2dx= J H(xi+x1x2+x~-l)t-.Hdx 
fl fl fl 

(7.8) + j z"(x.)H(B · e:(u1) + Dz(x1) + E)t-.Hdx 
fl 

+ J z'(x2)(B · e:(U) + Dz'(x.)H)t-.Hdx = Ra , 

fl 

Estimating the right-hand side of (7.8) with the help of the Young ineąuality (using 
assumptions on z) by 

Ra S::81 j(t-.H) 2dx+c(l/81)[j H 2(xf+x~+l)dx+ J H2(/e:(u 1)12+I)dx 
fl fl fl 

+ J (le:(U)/ 2 + H 2 )dx] 
fl 

with 81 > O, and then choosing 81 sufficiently small, we obtain 

d 2 2 
dtl[Hlli,(fl) + l[!-.Hl/i,(fl) 

(7.9) S:: c[(llx1 IIL(n) + IIX211L<n) + l[e:(uiJIIL(n) + l)l[HIIŁ,cn) 
+ iie:(U)ll1,(fl))]. 
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Hence, taking int.o a.ccount tha.t 

J H dx = O for t E (O, Tj, 
n 

it follows by virtne of the ellipticity property of the La.pia.ce opera.tor tha.t 

(7.10) 
d 2 2 
dtl/HIIL,en) + 1/HIIH'(n) 

:S: c(l/x11!Leni + IIX211Len) + l/e(u1)1/LenJ + 1)1/HI/Len) + 1/e(U)I/Ł,enil -

Naw, we a.pply the Young inequality to the right-hand side of (7.5) 

R2 :::; 62(1/HI/Leni + 1/'v Hl/1,(n)) + c( l /ó2)( 1/'vx1 Ili.en)+ l)I/U,/11,en) 

where Ó2 > O, and then sum up (7.5) and (7.10). As a result, choosing 62 sufficiently 

small so that the term 62(1/HI/Len) + l/'vHl/1,en)) is absorbed by 1/H/li,en)• we arrive 
a.t. the inequa.lity 

~(I/U,/11,(n) + l/e(U)/11,en) + I/Hl/1,en)) + I/Hl/}12(n) 

(7.ll) :S: c[(/lx11/L<n) + llx2IILeni + l/ 0 (u1)IIL<ni + 1)1/HI/Len) 

Denoting 

and 

+ lle(U)/11,(n) + (l/v'x11/i;.(n) + l)IIU,111,(n)l• 

D(t) = I/U,/11,(n) + j Ae(U) · e(U)dx + 1/HIIL(n), 
n 

p(t) = c[l/xiliL(n) + llx21/Leni + l/e(u1)IIL(n) + l/'vx1 lli.<n) + 1], 

it follows from (7.11) t.ha.t 

d ) ? dtD(t + 1/Hl/il'(n) S p(t)D(t). 

Hence, by the Gronwall lemma, 

t 

D(t) S D(O)exp J p(t')dt'. 

o 

Since D(O) = O a.nd, by assumption (2.25), f0' p(t')dt':::; c(T) <=,we conclude tha.t 

I/U,/11,(n) + d/e(U)l/i;,rn) + 1/HIIL(n) :S: D(t) = O for t E [O, Tj, 

tha.t. is U = O and H = O in nr. Besides, from (7.3)1 it follows immediately that M = O 
in nr. Thereby the proof is completed. O 
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