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Lemma 4.1 
Let assumptions of Lemma 3.1 be satisfied. Moreover, assume that 

x : IR -+ o;i is of class C3, satisfying ( 6 ); 
coefficients A> O and B are constant; 

UoEH3(I)nHJ(J), U1 EH2(I)nHJ(I), bEL1(0,T;H2(I)nHJ(])) 
(60) 

3 X EL2(0,T;H4(J)) with x,=0 on sr 

Then there exists a constant ó E (O, I) such tbat the solution u of problem ( I 7) satisfies the 
5 estimate 

lluxx,IIL~co.r;L,(l)) + llu=IIL~co.r;L,(I)) .;;;óllX=IIL,(I') + c(l/ó, c1, T) + c, (61) 

7 with constant c1 introduced in (56) and 

c, = llhlli,co,r;H'(I)) + lluo IIH'(l) + 1łu1 IIH'(l) (62) 

9 Proof .. (""''''? . 
An application of Lemma 2.1 to problem ( I 7) gives the estimatf \ 

Hun, IIL~(O,T;L,(/)) + llu=IIL~(O,T;L,(/)) ,s;; IIBz'(x)XxllL,(D,T;L2J{)f) /t(.Bz!(hx. ),,-IIL,(O,T;L,(/)) 

+ llbllL,(O,T;H'(f)i±l/4'~JIHi(f) + 1łu1 IIH'(/) (63) 

11 In view of (59) the right-hand side of (63) is b~f~~J~{ 

ll(Bz'(x)Xx)xxllL,(D,T;L,(I))'+ ~(i\, T) + c, (64) 

13 with constant c, given by ( 62 ). f( :.:, •• i 
We estimate now the first term in (pf). trI0wthe equality 

15 (z'(x)Xx).a7i;;ci)~ ~3z"(x)XxXxx + z'(x)Xxn 

we have 

ll(Bz'(x)Xx)xxllL,(D,rEim i 

,s;;c [J.:.(J~~y~::+ [ (1(x,x,,.)2dx r dt+ [ (lx;,,dx r dt] (65) 

17 Let us exall)ińet~~ ,:~ subsequent terms on the right-hand side of (65). For the first term, 
we haye 

[ (ltdx r dt,;;; s~p (lx;dx r [ llx.llLu>dt 
r 

,s;;c1 J. 11 x.llLcndt=I1 

19 Now, applying the interpolation inequality (see (47)) 

IIXxllL~(/) ,s;;cllX=IIY,)n IIXxll~)n + cllx, lli,(l) (66) 

Copyright c:, 2005 John Wilcy & Sans, Ltd. Math. Meth. Appl. Sci (in prcss) 
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using ( 59) and the Young inequality, we get 

11 ,,,; c(ci) 1T IIX=lll;~l) dt + c(c1, T) 

,,,; c(c1, T)(IIX=lll;~1ri + I) 

,,,; óllX=IIL,(l'J+c(l/ó,c1,T), ó>0 

The second term on the right-hand side of (65) is treated in the following way: 

J.T (i )1/2 ( )1/2 T 

0 /XxXxr)2 dx dt ,,,; s~p fi dx J. IIXxrlli-cn dt 

,,,; C11T IIXxrllL-(l)dt=l2 

where in the last inequality we used (59). Now, applying the 

IIXxrllL-Cl) ,,,;cllX=lll;~l)IIXxlll;~l) + 
using again (59) and the Young inequality, we find !hat .••• 

Ii,,,; c(ci) [ IIX=ll~\;J. •. ::t~:~ij;.T) 

,,,; c(c1, T)(II~/ +ro 

(67) 

(68) 

,,,; óllX=lliif<if c(l;IJ'.c1,T), ó>0 (69) 
;:i~~l~::::.. '·•t!:r.i" 

7 Finally, the third term on the ri&!lfhai:\d(Jide of (65) is estimated with the help of the 
interpolation theorem by fi .o. ' 

9 

15 

i/2\-,;~'1r (óllX=IIL,cn + c(l/ó)llx.lli,cn)dt 

, (69) and (70) in (65) we conclude that 

i'(x)Xx)xxllL,(O,T;L,(/)) ,,,;óllX=lli,(J'J + c(l/ó,c1, T) 

Henceit~k~ij7 in ( 64) we conclude the assertion. 

-~-- ··,.. -A~ of Lemma 4.1 we prove now 

a 4.2 

(70) 

(71) 

• 

the assumptions of Lemma 4.1 hold true, ,p: R • R satisfies (19) and Xo E H2([). Then 
sol uti on X of problem ( 17) satisfies the estimate 

(72) 

Copyright Cl> 2005 John Wiley & Sons, Ltd. Matk Metk Appl. Sci (in press) 
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Proof 
By virtue of Lemma 2.2 the solution X of (I 7) satisfies 

llxllw,'·'W>,;; cllRlli:,(I'> + cllxollw(/) 

,;; c(c, )(llx;IIL,(I') + llx..llL,(I') + llx;u,IIL,(I') 

+ llx.,u,IIL,(I') + IIXxuxxllL,(I') + lluxxxllL,(I')) 

+cllxollwrn 

15 

(73) 

3 where we used assumptions on ,J, and z together with L00 (JT)-norm bound on X· 
We estimate the individual terms on the right-hand side of (73 ). For the term we have 

( 
T )1/2 

llillL,(I') = 1 lx.;dxdt 

,;; s~p IIXxllL,(I) (for IIXxllL(l) 

5 We apply now the interpolation inequality (66) togetner_,,}Vrt1gęst1mi1te (59) and next the 

7 

9 

Young inequality to obtain /\\, 
T /)} 1/2 

J, ,;; ce, (1 (11Xx=ll1./n11X:l~\Q +ll4,IIZ,rn)d1) 

,;; c(c,, T)(IIXx=IIK~dJf l) 

"'óllXx= IIL,(I')•*:iw~;~d;) 

with some constant ,5 > O. / ,,,}' \,: • 
The second term on the righ!,ha~? si4p of (73) is estimated with the help of the interpolation 

theorem and estimate (59) J•f ·· ·· · 

)li2[1::I}~; ~bllXx=IIL,(I') + c(J/'5)11XxllL,(I') 

,;; '511Xx=lli:,r1r> + c(l/'5, c1, T), ó>O 

term on the right-hand side of (73 ). We have 
.. -., ., 1/2 

ii4~~11Lw> = ([ j x.;u; dxdt) 

,;; (s~p llu,llt~rn) (s~p IIXxliL,rn) (for IIXxllL(I) d1)
112 

=J2 

11 We apply now the interpolation inequalities 

llu,IIL~<I> ,;;cllu=ll1.1nllu,llt1n + cllu,IIL,(I) (74) 

Copyright C 2005 John Wiley & Sons, Ltd. Mach. Mech. Appl Sci. (in press) 
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and (66) together with estimate (59) to get 

(1T )1/2 
Ji,;; ce, s~p(llu=IIY.1nllu,llt1n + llu,IIL,(IJ) 0 (IIX=IIY,/n11Xz11%ln + llx,llz.cn)dt 

,;; c(c,,T) hp llu=IIY.1n+ 1) ([ IIX=IIY./ndt+ 1f 
,;:; c(c,, T) hp llu=IIY.1n11X=IIY,~,,J + s~p llu,,,IIY.1n + X=IIY,~1,J + 1) 
,;:; c5IIX=IIL,(I'J + c(l/ó,c,, T) (s~p lluxallL,(/) + 1) 

Next, for the fourth term on the right-hand side of (73), applying interpli,~bn inequality 
(68), estimate (59) and the Young inequality, we obtain the following;ęs!iiąę.t~;, 

T 1/2 ., \j ,, 

llx,,u, IIL,(I'J = (1 l i,,u; dx dt) 

/Jw· 
.·.·. .·· t;wJ+l) 

,;:; "l!~HĘ{)j + c(l/c5,c,, T) 

;!' ,,·:ipt'i~ (73) is estimated with the help of the interpolation 

iil;,,,) = (f 1 iu;. dx dl r 
,;:; s, llu„IIL-(/) ([ l idxdtr 
,;:; c(c,, T)sup(llu=IIL,(I) + llu,IIL,(J)) 

I 

,;:; c(c,, T) sup llu=IIL,(/) + c(c,, T) 
I 

lly, the six.th term on the right-hand side of (73) we bound by 

llu,.,IIL,(J'J,;:;c(T)sup llu,.,lk,cn 
I 

Copyright C 2005 Joho Wiley & Sons, Ltd. Math. Meth. App/. Sci (in press) 
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Combining the above estimates in (73) we see that 

llxllw;•'ur>,;; c(c, )(óllX=ll,,w> + c(1 /ó,c,, T)lluxallL~{O,T;L,(/)) 

+ c(1/ó,c,, T)] + cllxollH'U> 

Hence, choosing ó sufficiently small, we obtain the assertion. 

17 

(75) 

o 
3 From Lemmas 4.1 and 4.2 we can conclude immediately the following a priori estimates 

Lemma 4.3 
5 Let the assumptions of Lemma 4.2 hold true. Then the solution u, x of system ( 17) and ( 17) 

7 

9 

11 

13 

15 

17 

19 

21 

23 

satisfies the estimates 

lluxx,IIL~(O,T;L2{/)) + llu=IIL~(O,T;L,{/)) ,;; C2 

llxllw:·'W> ,;;c2 

with constant c2 given by 

C2 =c(c1, T)(l + c,) + "IUUIIH·'(I.li 

and c1,c3 defined in (56) and (62). 

5. PROOF OĘ t'<:>gEM 1.1 

(76) 

(77) 

In this section, we prove the existencegf~,, :~1i';!1;,;; •problem (17) and (17). To this end we 
apply the Leray-Schauder fixed point:Jhęrrenfwhich we recall here for reader's convenience. 

Theorem 5.1 (see Reference []9 f 6h~pte;~, Section JO, Theorem JO.I]) 
Let !?4 be a Banach space an<j;,'i.i' ifo:• , t.hę:\olosure of a connected, bounded, open subset " of !14. 
Assurne that tJ?: !?4 x [O, 1] 4f@. 1s il map with the following properties: 

(i) The map tJ? : %i rą; l]'.4~ is completely continuous. 
(ii) For all r E (P,)J'!hnfoundacy of " does not contain fixed points of tJ?. 

(iii) tł?(,, O) ha~{prę~j§ely one fixed point in !14. 
Theo p(,,J}$as at least one fixed point in !14. 

We c?Pii;t ; ~ :ap 

w\th a parameter r E (O, I] by means of the following system of problems: 

Uu-Au==rBz'(x)i,+b in JT 

ul,=o = uo, u,l,=o = u, in I 

u=O on sT 

(78) 

(79) 

Copyright C 2005 John Wilcy & Sons, Ltd. Mark Metk App/. Sci (in press) 
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and 

x, + rX= = t{,/,"'(x)~ + 1//'(x)ia +z"'(x)~(Bu, +Dz(x) +E) 

+z"(x)ia(Bu, +Dz(x) +E)+ 2z"(x)x,(Bu,, +Dz'(x)x,) (80) 

+z'(x)(Bu= +Dz"(x)~ +Dz'(x)ia)} in IT 

xl,=o = xo in I 

Xx = o, X,,, = o on sr 

Our goal is to show that the map <I> satisfies assurnptions of Theorem 5.1. Firstly, we examine 
3 problem (79). To this end !et us introduce the space 

m1(I') ={X: XE Loo(0, T; W:X,(I)) nL2(0, T;H3(J)), Xxlsr 

5 The basie a priori estimates for (79) are given by 

7 

9 

11 

13 

15 

17 

i::::~ ~h~t z satisfies (20), Uo E H 3(J) nHJ(I), U1 E H2(I nt-J~i b E L1(0 T· H 2(1) n 
HJ(J)), and x E !)J!1(J'). Theo there exists a unique soluti · p('pf&blem (79) ;udh that 

· ·.· :::;;c ... 

u E L00(0, T;H3(1) nHJ(J)) n W:X,(0, ĘfiHti(i HJ(J)) (81) 

satisfying estimate 

where 

···:::::tJ;::· 
.. :::::::{ii::::·- ··r";i:• 

•. ~J1<11x11!!1l,(l'),d1) 

d1 = 1/b/_lfi\~;iffe/{J) +'liuol/H'(l) + l/u11/H'(I) 

a#)~c~i,is~; positive function. 

( 81 ) and the estimate 

(82) 

i(x)XxllL,(O.T;/P(/)) + 1/bl/L,(O.T;/P(l)) + 1/uol/n'(l) + 1/ui//H'(l) (83) 

Recallipgi:a;~lifo_ptitms on z, the first term on the right-hand side of (83) is bounded by 
}:::·· .. 

. i'±' (x)x, IIL,(O.T;H'(l)) 

,;;c J.T l/z'(x)x,/11,,cn dt + c J.T l/z111(x)x; + 3z'(x)tcia + z'(x)kl/L,(/) dt 

,;;c(T)(l/x, 1/L_(l') + 1/Xx!ILwil + c(l + IIXx!IL-(l'))llxllL,(O.T;H'(I)) (84) 

From (83) and (84) we conclude (82) what completes the proof. o 

Copyright C 2005 John Wiley & Sons, Ltd. Math Meth Appl Sci (in press) 
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In the second step, we examine the continuity of the map 

<li1(-, r): !JJ!1 ----t Loo(0, T;H'(I)) n W;,,(0, T;H2(1)), r= [O, I] 

that gives a so]ution u of (79) for a given X· Lei u1 and u2 be two solutions of (79) corre­
sponding to Xi E !JJ!1 and x, E !JJ!1, respectively. Subtracting the corresponding equations and 
denoting 

we have 
U11 -AU,,= rB[(z'(x1) - z'(x,))X1x + z'(x,)H,] in 1T 

U/,=o = O, U,/,=o = O in I (85) 

U=0 on sr 
9 The continuity of the map <li1 is asserted by 

Lemma 5.2 
11 Assume that z satisfies (20) and 

llxdl!Ul, ,;;;c,, i= 1.2 

I 3 Then there exists an increasing positive function q,1 : 

(86) 

problem (85) satisfies 

15 IIU,IIL-(0,T;H'(l)) + IIU/IL-(0,T;H~(/)) (87) 

Proof .·•••·· . i 
17 An application of Lemma 2.1 to problem ($5).yieląif the estimate 

19 

21 

li U, IIL-(0,T;H'(I)) + li UIIL-(O,T;H'(I)) §•1/Ję[(i!~.bf- z' (X,) fox + z' (x, )H,] IIL,(O,T;H'(I)) (88) 

Let zU) =zU>(x,) - zU>(x,), i= 0,4;2;3, ;h\{x)= if.;>z. Then 

[(z'(x1) - z'(x,))x,, + <(f2)il,1„ib z(3>x/, + z(3)(x2)(X1x + X>xfoxllx + zC2lx,xxXlx 

+z<'l(x,)xi,H,, + 2z<')X1xXlxx + 2z(2)(x,)xi„H, 

+zP)Xlxxx +z(3)(x2)xi,.Hx +zC2l(x,foxxHx 

+ 2z<'l(x,)x,,H,, + zP>(x,)H= = I 

Taking jntołiccqyrit that z(3l is Lipschitz continuous and Xi,Xu E L00(J'), i= 1,2, we obtain 

/ifl/Litd.r;L,(fl)) ,s;; q,(llx11/!Ul„ llhll!Ul,) (t 11a~H//L,(O,T;L,(/)) + IIHx1xxl/L,co.r;L,(I)) 

+ 1/Hx,xxx 1/L,(O,T;l,(/)) + llllxXlxx 1/L,(O,T;l,(I)) + IIH,xixx IIL, (O,T;l,(I))) 

e:K 

where q, is an increasing positive function. 

Copyright C 2005 John Wiley & Sons, Ltd. Math. Meth. App/. Scl (in press) 
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In view of the other properties of !JJl1 (17 ) it follows that 

(89) 

3 Clearly, we also have 

ll(z'(xi) - z'(ii)fo, + z'(ii)H,lli,co,T;I.,(J)) .-;;<p(llxdl!vt„ lfoll!vt,)IIHllrot, (90) 

5 Combining (89) and (90) in (88) we conclude the assertion. o 

7 

9 

li 

13 

Let us tum now to problem (80). We introduce the space 

!Dl2(17) = L4(0, T; WJ(!)) n L2(0, T; H 2(1)) 

The basie a priori estimate for a solution of (80) is given by 

~:::: :
3 

and z satisfy (19) and (20), Xo E H2(1) with Xnx =0 ' t ~~i-eover, !et i E 
!Dl1(Ir) n !Dl2(Jr). . . .· 

Theo there exists an increasing positive function <p2 : IR+ x IR]i,x ~i -t R+ such that the 
solution X of (80) satisfies · ····· ··· 4{ .. ::Ji:t::; __ ··.·.· · 

llxll W:·'w> .-;; '1'2Cllxllrot,c1r>nrot,c1,q/itI;Ji~; 

15 where constant d1 is defined in (82) and 

(91) 

.. )t'···•:\\:,. 

d 2 _::;)l.xilllłg,<g!ii 
17 Proof ,. '<;,.y .,,. 

19 

21 

-!:.t 

By virtue of Lemma 2.2 the solutiollc,}l{'.cPro!llęirt (80) satisfies 

. "1{,>cx: + ~ + x:,;, 
.. JT 

] 1/2 
x.;,l,, +X:+,;=+ l}dxdt + llxoliJP(/) 

'cliilli~w>)(liizllLw> + IIXxll1.,(l') + llialli,(l') + I) 

(92) 

As,,ah\:inci;lasing positive function. Ftom (92) and (82) we obtain (91). This concludes 
- ~- o 

''}" 
23 l!łWi, examine the continuity of the map 

<1?2(·, ·, T) : !JJl(J7) x L00(0, T;H'(I)) n W~(0, T;H2(1)) -t wt•1(J7 ), TE [O, I] 

Copyright Il> 2005 John Wiley & Sons, Ltd. Math. Meth. Appl Sci (in press) 
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that gives a solution X of (80) for a given x and u=<I>,(x,r). Let X1, x2 be the solutions of 
(80) corresponding, respectively, to 

3 (xi,u,), (x,,u,) E !m(JT) x L00(0,T;H3(1))n W!.,(O,T;H2(1)) 

where u1 = 4'>1(x1, t), u2 = <I>1(x2, r). 
5 Subtracting the corresponding equations and denoting 

7 
H = XI - x,. fl = Xi - X,, U =U1 - u, 

we obtain the following problem: 

H, + rH= = r{(i/t"'Cx, l - i/t111fo)lxf, + Ci/t"Cx1) - i/t"Chllxi= 

+(z111(xi)-z111(x,))[Bxf,u1, +Dz(x,)xfx +Exf,] 

+(z"(xi) - z"(x,))[Bx,=ulx + Dz(x, )XI= 

+ 3Dz' Cxi )xfxl 

+ (z'(x,) - z'(x,))[3Dz"(x,)xf, + D(z'.(fi};i '(xl5)x,= + Bu,x=] 

+ (z(x1) - z(x,))[Dz111(x,)ir, + Df'.'.(~;)ii:J > 
+ i/t"'Cx,)Cx1x + x,,)il, + i/t"Cx,)liiLf 

+ [(Bz111(x,)u1, + Dz111fo~(i;)i't E;;;;(x,) 

+3Dz"(x,)z'(x2))(fo:+ i:2x)ł':!~z"(x,)u1=Jfl, 
+ [Bz"(x,)u1x -t:Pfi:ci:5i{t) + Ez"(x,) + D(z'(x,))']il= 

+ [Bz111(x,)xł:+ .ąz;;<¼2)x2=]U, + 2Bz"(x,)x2xU= 

+Bz'fo)((!F'=* in IT 

Hl,-o = o •ifo} 
H, 7 Qi +J!2~ on sr 

(93) 

Lemma 5. 4,( ·. ? 
AssumąJhat<if, .. arid z satisfy (19) and (20), u0 E H 3(/) n HJ(J), u, E H 2(1) n HJ(J), b E 

T\ fi'(J1riifJ(I)). Moreover, Jet 

llx,11!111w> ,;;z:" ; = 1, 2 

sol uti on H of problem (93) satisfies 

IIHllw:·'(fT) ,;;rp,(c,,d,)(IIHll!!Jl(/1 ) + IIUIIL~(O,T;H'(I))) 

with an increasing positive function rp2 and constant d1 defined in (82). 

(94) 

(95) 

Copyright Cl 2005 John Wilcy & Sans, Ltd. Matk Metk Appl. Sci (in press) 
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Proof 
By virtue of assumptions on t/J, z and estimates (94) and (82) the right-hand side of (93)1 is 

3 bounded by 

IIRIIL,cnrJ $ ii>2(c1, dt)(IIHll!IJlc1rJ + UUIIL-co.r;H'c1n) 
5 Hence, by Lelllllla 2.2 we conclude the assertion. o 

7 

9 

li 

13 

15 

17 

19 

21 

23 

25 

27 

29 

Lei us consider now the composed map 

<I>(,,r)=<I>2(·,<I>1(·,t),t): !JJt(Jr) • w/·'(IT)c !JJt(Jr), t E [0,IJ 

thai gives a solution x of system (79) and (80) for a given X- We prove 

Lemma 5.5 
Lei assumptions (19) and (20) for tjJ and z be satisfied, and 

Xo E H 2(J) with Xo, = O on S, uo E H 3(J) 

u1EH2(J)nHJ(J), bEL2(0,T;H2(I) 

Then the map <I>(·, I) has at least one fixed point in !JJt. 

Proof 
We show !hat assumptions (i)-(iii) of the Leray-Sc ' 

Firstly, by Lellllllas 5.4 and 5.2, the map <P(·, t), for 
respect to r. Secondly, since the imbedding W2 , .. tJ;: ) is compact (see Reference (18, 
Chapter 6, Section 26]), the map <I>(·, t) is ,. '• i.e. it transforms bounded sets in !JJt 
inio compact sets. Moreover, it is straigh eck thai <I>(x, ·) is equicontinuous with 
respect to r E (O, I J uniformly with r 

1bis shows thai <I>: !JJt(JT) x [O, IJ. . completely continuous, i.e. (i) is satisfied. 
Condition (ii) is also satisfied by :rjrtue ofiq ,priori estimates (76) for a fixed point of the map 
<I>(-, I). Finally, for r = O probleitj (79J and (80) has the unique solution, so thai condition 
(iii) is satisfied as well. He1:1,9S; J(t\J)rhas at least one fixed point in !JJt. O 

Clearly, the fixed point( ~t1Jhe,, 1map <P(·, I) is equivalent to a solution (u,x) of prob­
lem (17) and (17). M . 'yef/,: ą,priori estimates (59) and (76) irnply (23). This concludes 
the proof. ·· i>\\." O 

6. PROOF OF THEOREM 1.2 

x2) be two solutions of problem (17) and (17) corresponding to the same 
e corresponding equations and denoting 

u= Ut - u,, H = Xt - X2 

the following system for ( U, H): 

U11 -AU== B[(z'(xt)- z'(Xi))Xtx +z'(x2)H,] in Jr 

Ul,=o = O, U,l,=o = O in I 

U=0 on ST 

Copyright C, 2005 John Wiley & Sons, Ltd. 
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H, + rH= = [(1//(x1) - 1//(x2)) + (z'(x,) - z'(x2))(Bu1x + Dz(x1) + E) 

+z'(xi)(BU, +D(z(xt)-z(x,)))]= in IT 

Hl,-o=0 in I 

H,=0, H==0 on sT 

23 

(97) 

We note that according to Equation (15), boundary conditions Uxx=0 (see (14)), H, =0 
and H= = O on sr imply that 

((1//(xi) - ,J,'(x2)) + (z'(xt) - z'(xi))(Bu,, + Dz(x,) + E) 

+z'(xi)(BU, +D(z(xt)-z(x,)))], =0 on sr (98) 

3 Multiplying (96)1 by U„ integrating over I and by parts, in view ore::ass:111J11pno,n on z, we 
obtain 

5 ½fi (1 V;'dx+A 1 U;dx) 

Hence, 
d ,, I 2 dt(IIU.IL,ui + IU,IIL,cl)) 

'- c( li X1, Ili~([)) IIHIIH1(IJJl 0)1:::;j} 
,;;ó, IIHxxllZ,cl) + ~ul ~))~;~; + cllU.lli,(/)> ó, >0 (99) 

7 where we used (24) and the interpą!i~JHj9e~~ality. 
9 In tum, multiplying (97)1 by ];I, in!~griiting twice by parts with respect to x and using 

boundary conditions (97)3 a9c:1{9Ś}pp\S'r, we get 

½fi lit~ ~tłi1x dx 

~~[(~)~X,;_ ,J,'(x2)) + (z'(x1) - z'(x2))(Bu1, + Dz(x1) + E) . 

i +~'(xi)(BU, +D(z(xt)- z(xi)))]Hxx dx 

·.· ,;;c(llx, Ili~(/), llu,,lli~(I)) jclHI + IU,l)IHxxl dx 

,;;ó2IIHxxlli,cn + c(l/ó2, llx, lli~cn, llu,, lli~cn) 

x(IIHlli,(ll + IIV,lli,cn), ó, > 0 

where we applied assumptions on oJ, and z, and the Young inequality. 

(100) 

Copyright C> 2005 John Wiley & Sons, Ltd. Math Meth. App/. Sci (in press) 
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Consequently, choosing ó2 small, in view of (24) we conclude that 

fi1iHIIE,(1) + IIH„111,(1) o;;c(IIHlli.tn + IIU,llr,(J)) (101) 

3 Finally, adding (99) and (101), and choosing ó1 sufficiently small, we obtain 

5 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

29 

31 

33 

35 

37 

39 

41 

fi<IIHllf.<n + IIU,111,(n + IIU,111.(n)o;;c(IIHlll,(n + IIU,111.u> + IIU,111.cn) (102) 

Hence, by Gronwall's inequality, H = O and U= O in 1r. Thereby the proof is completed. 

• 
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SUMMARY 

In !his paper, we prove the classical solvability of a nonlinear l:ó'f;;,;;6'ł\;,,of byperbolic-parabolic type 
arising as a model of pbase separation in deformable binaryf a!Jóy~i,,._Tbe system is govemed by the 
nonstationary elasticity equation coupled with the Cabn-Hilliiirdiquatión. The existence proof is based 
on the application of the Leray-Scbauder fixed point theoren\fi\ljd standard energy methods. Copyright 
C 2005 John Wiley & Sous, Ltd. .··.•· 

KEY WORDS: pbase separation; Cabn-Hilliard eq\!)lti;~:(twJiationary elasticity; Leray-Schauder tbeorem; 
classical solvability .·.·.-- ... ····· · 

I. 1NTRODUCTION 

19 This paper is concerned , wi&rthe.• classical solvability of a one-dimensional ( 1-D) initial­
boundary-value probleni ' fą\:,. !)yPftbolic-parabolic system arising as a model of phase sepa-

21 ration in deformabl~. binaj'y klioys. Such alloys are nonsimple materials characterized by an 
evolving microsti}itll/#~,• di'iven by thermomechanical elfects. In view of exceptional proper-

23 ties they find ip~/iy,ippiications in modern technologies (see References [1,2]). The system 
under consid$r~tfoq óbmbines the linear momentum balance, represented by the nonstationary 

25 elasticity ęqiiątjoll)coupled with the mass balance described by the Cahn-Hilliard equation. 
Such I?I$61eizj Is'a special simple version of 3-D model of phase separation in elastic solids 

•:C0ri:ęspońdence to: Irena Pawłow, Systems Research Institute, Polish Academy of Sciences, Newelska 6, 01-447 
·warSśw, Poland. 
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proposed by Gurtin (3). It refers to the 1-D setting and a homogeneous situation in which all 
materiał parameters except the eigenstrains are assumed to be the same for both phases. 

In recent years, phase separation process dńven by thermomechanical elfects attracted a lot 
of modelling, mathematical and numerical interes!, see e.g. References (1-13) . 

The mathematical results in the above-mentioned papers were concemed with the existence 
of weak solutions for various variants of phase separation model. In most papers, a quasi­
stationary approximation of the elasticity system was assumed, i.e. the inertial term in the 
linear momentum balance was neglected. Such assumption is justified provided the time scale 
of mechanical elfects is much faster !han !hat of diffusion. 

The phase separation model with nonstationary elasticity was considered in References 
(10,13), and is studied in the present paper as well . From the mathematical point of view the 
nonstationary elasticity leads to a hyperbolic system instead of the elliptic oąe and thereby 
makes the analysis more complicated. Apart from the mathematical intere~tbą. its own the 
obtained results can be applied to phase separation processes with coipJ1.lfrąJ:!li mechanical 
and diffusive time scales. We underline that the previous studies on th~,:Ca~Hi:Iliard system 
coupled with elasticity were concemed with the existence and properifo~ of :Weak solutions. 
The classical solvability of the single Cabn-Hilliard equation in 1 ,p''łffi'4 J''D case was studied 
by Elliott and Zheng (14) . ;; · 

In the present paper, we extend the classical solvabili it ' foAhe 1-D Cabn- Hilliard 
equation coupled with nonstationary elasticity. 

The existence proof is based on the Leray-Schaud . theorem and the classical 
existence results for linear hyperbolic and parabolic s. Moreover, we use standard 
energy estimates and Sobolev's imbeddings w _:ę,!1. i case provide sufficiently high 
regularity of solutions. We point out that · ee) space dimensions, the problem shows 
features that cannot be found in the 1-D s~_. _:' •.,.,J/łh-ticular, the equations are then coupled 
not only through the right-hand sides but qugh the boundary conditions. For that rea-
son the arguments used in the prese ot extend to such a case. We shall address 
the 3-D problem in a separate · 

We describe now the probie 
binary a - b alloy. Assume 

•'•>- em. Let us consider an elastic bar made from a 
_li_@' occupies the interval [O,LJ in the reference configu­
"'''6-mechanical loads, e.g. instantaneous cooling below a 
arion process develops reflected by the morion of phase 

ration. If the bar is exp · 
critical temperature, t 
interfaces and drastic 

Like the Land 
morphology in microscale. 

phase transitions Gurtin's model uses an order parameter x to 
. In case of a binary a - b alloy the order parameter is related 

lion of one of the two phases, characterized by dilferent crystalline 
onents. Here we shall identify X = - 1 with the phase a and X = I with 

to be deformable and its longitudinal morion be described by a 

y(x, t)=x+u(x, t) 

"\i\wliere x denotes position, I the time, u(x, t) the displacement and y(x, t) the placement. 
43 In addition to x and u, the independent variable in the model is the chemfoal potentia! 

dilference between the components µ (shortly referred to as chemical potentia!). 

Copyright C> 2005 John Wilcy & Sons, Ltd. Math Meth Appl. Sci (in press) 
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The model expressed in terms of u, X and µ, with some prescribed initial and boundaty 
conditions, has the form 

u. - (W:,(c, x)), = b in 1r =I x (O, T) 

u=O on ST =Sx(O,T) 

Xt -Mµ,, =0 in IT 

xl,-o = Xo in I 

µ,= 0 on ST 

µ = -rx,, + i/J'(x)+ W:xCc.Xl in 

(1) 

(2) 

Xx = 0 on ST .··,,Ni '"'· (3) 

Here 1=(0,L) is the interval with the boundary S={O} y{L):,?t .;:.d!' is an arbitrary fixed 
time, u : JT ...; IR is the displacement, x : JT ...; IR is the otdegpai;ameter, µ : 11 ...; IR is the 
chemical potentia!, and c = u, is the strain. Further, l'f'.(e;;t) iś\he elastic energy given by 

(4) 

where A > O denotes the elasticity constant ,aiiJ,;:~:to be the same for both phases. The 
quantity l(x) denotes the eigenstrain defil)ęd \:,y ········ · 

(5) 

with €a and €b denoting constanl~ii:n~:!1iłs of phases a and b, l=lb -l,, and z(x) being 
11 a sufficiently smooth interpolą\jortifyli9j;ion with values in the interval [O, 1 ], satisfying 

13 

15 

17 

19 

.-:(/•" .-:}: ···:::::::::::. 

z(x);;;;Ofór.t,;;; -1 and z(x)=I for x;,,1 (6) 

Moreover, i/J(x) is ą dJ,~1::;i,:i;potential with two minima at x = - 1 and I. 
Generally, i/J is A pqlynómial of even degree 2 p + 2, p;,, I, with strictly positive dominant 

coefficient. A "(~fg!(rti>Wii example is the polynomial of fourth order 

i/J(x)=½(!-x2J2 (7) 

The co\kt:t;;~ •: O and r > O represent the mobility and the gradient energy coefficients. We 
assuiiie !henfto be the same for both phases. 

•:J'i!laljy, b represents the body force and u0, u1, Xo are initial conditions for the displacement, 
·•· the'·velocity and the order parameter. 

21 . ··· w,; point out that in generał the coefficients A, M and r can be different in each phase. 
· ·.Then their dependence on the order parameter is usually accounted for lilce in ( 5 ). Since such 

23 dependences introduce too many complexities and related mathematical difficulties ( especially 
the case A(x)) their investigation requires separate studies. 

Copyright C 2005 John Wiley & Sons, Ltd. Math Meth App/. Sci (in press) 
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The free energy density underlying system (I)-( I) has the Landau--Ginzburg--Cahn-Hilliard 
form accounting for elastic effects 

J(o, X, x.,)= W(o,X) + tfr(x) + ½rx; (8) 

The three terms on the right-hand side of (8) represent, respectively, the elastic energy, 
5 the exchange (separation) energy and the interfacial energy. We note !hat for W given by 

(4)-(6) and tfr(x);;. - c, free energy (8) satisfies the structural bound 

7 (9) 

with some constants cf > O and c1;;. O. This bound plays the essential role in deriving energy 
9 estimates for (I)-( I). 

11 Later on for simplicity we assume thai M = I. Theo, problem 

13 

15 

17 

19 

(I)-( I) reduces to the form 

Un -Au== Bz'(x)x, + b in JT 

Xt - µ= = 0 in JT 

xl,=o = Xo in I 

µ, =0 on sr 

(10) 

(!I) 

(12) 

lt is convenient to transform (10)-(10) inio the Cahn-Hilliard 
µ does not appear explicitly, that is the problem is expressed in 

first boundary condition for X is given by (12)2• To determine the 
e thai 

b=O on sr (13) 

·w of Equation (10)1 and boundary conditions (10)3, (12h, il follows thai 

~\k~ ·-J~ Urx; = o 
2 I ''Fiirther, making use of the equality 

on sr (14) 

µ, = - rX= + tfr"(x)x, +z"(x)x,(Bu, +Dz(x) +E) +z'(x)(Bu= +Dz'(x)Xx) (15) 

Copyright C 2005 Jobo Wiley & Sons, Ltd. Math Meth Appl Sci (in press) 
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we see !hat conditions (11)3, (12)2 and (14) imply 

X==0 on S' 

5 

(16) 

3 Now, inserting µ fcom (12)1 into (11) 1 and taking into account conditions (14) and {16), we 
convert system (10)-(10) inio the following equivalent form: 

Un - Auxx = Bz'(x)x., + b in IT 

ul,-o = uo, u,1,-o = u1 in I 

u=0 on ST 

X,+ rX= = 1//"(x)x; + 1//'(x)x.,, +z"'(x)x;(Bu, +Dz(x) +E) 

+z"(x)x.,,(Bu, +Dz(x) + E) + 2z"(x)x.,(Buxx 

+z'(x)(Buxxx +Dz"(x)x; +Dz'(x)x.,,) 

= R in IT 

xl,-o = Xo in I 

Xx = o, 'X.xxx = o on sT 

(17) 

(18) 

5 The main results of the paper are stated in the,:/~'iilio/ing existence and uniqueness theorems. 

7 Theorem I.I (Existence) 

9 

Assume that ,/i 

1" : IR -t R is a pQl~Jffii!).l of even degree 2 p + 2, p ;,, I 

with strjctly 'pq~jpYb dominant coefficient (19) 

z: IR -t [O, I] iŚ6t"b1;~tc3with z"' Lipschitz continuous, satisfying (6) (20) 

···ą'o,;~c:ients A>0, r>O, B,D,E are constant 

UoEH3(I)nHJ(I), u, EH2(I)nHJ(I) 

Xo E H2(I) with X0x = O on S 

b E L,(0, T;H2(J) n HJ(I)) 

any T>0 there exists a solution (u,x) of problem (17) and (17) such that 

u E L00{0, T;H3(I) nHJ(I)) n W!,(0, T;H2(I) n HJ(I)) 

XE Wi4''(JT) 

(21) 

(22) 

Copyright C 2005 John Wiley & Sons, Lid. Matk Metk AppL Sci (in press) 
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satisfying a priori estimates 

llullL~(O,T;H'(J)) + llu,IIL~c•.T;L,(/)) + llxllL~(O,T;H'(J))nL~W) ,;; c, 

llullL~(O,T;H'(J)) + llu,IIL~(O,T;H'(J)) + llxllw:·'(I'),;; C2 

with positive constants c1, c2 given by 

c, =c (co,c1,M,L, Jxo(x)dx) 

c2 = c(c,, T)(1 + llbllL,co,r,wc1n + lluollwcn + Ilu, IIH'cn) + llxollwcn 

and 

( 1 i I' 2 
Co= z Ilu, IIL,(J) + 11 W(uo,, xo)IIL,(I) + lli/J(xo)IIL,(/)2 llx0xllL,(/) + 

wbere c 1 , c1 are defined in (9). 

Remark I.I ''"° 

(23) 

In view of L00(JT)-norm estimate (23 )1 on x it follows tha(:~ilfow appropriate choice of the 
data the values of x can remain within the closed inte!:l{alJ'.ij;J] for t E [O, T]. 

.. ;:;::,' :=:·'' ··::p ·-··· '~:-, .r;· 
Remark 1.2 

11 Estimates (23) imply that the chemical poten · 6§ (10) satisfies µ EL2(0,T;H2(1)) 
and 

13 

Theorem 1. 2 ( Uniqueness) . ··.·.····· 
15 Let assumptions (19) and (20) h~1\Ftnie,lnd (u,x) be a solution to problem (17) and (17) 

17 

19 

21 

27 

such that ) 

with 

i; W!,(J)), XE Loo(0, T; W!,(J)) 

(24) 

·zed as follows. In Section 3, we derive energy estimates. The crucial 
are established in Section 4. The proofs of Theorems I.I and 1.2 are 

ections 5 and 6. 
\):gbout the paper, we use the following notations: J = (0,L) c IR, 11 =1 x (0,t), 

.0,T]; X1,Xx,fu, ... , denote, respectively, time derivative D,x and space derivatives 
,J=l,2, ... ; 

F ( )=oF(e,x) 
,, e,x oe ' 

Copyright C 2005 Joho Wilcy & Sons, Ltd. 

F = oF(e,x) 
,X OX , 1/J'(x) = di/J(x) 

dx 
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We use the standard Sobolev spaces notation as in Reference (15]. In particular, W24•1(J7 ) 

denotes the Sobolev space with the norm 

4 

3 llxllw•·•w> = L lld.xllL,W> + IID,xllL,W> 
l /=0 

For simplicity we write 

5 H 1(I) = W{(l), I E I'\/ 

Further, W~(O,T;H1(I)), IE I'\/, l,;;;p,;;;oo, denotes the space with the norm 

7 llxllw;co,r;n1c1n = IIXIIL,co.r;n1c1n + IID,xllt,co.r;n1c1n 

By c we denote a generic positive constant dilferent in various instanceśi(;henever it is 
9 of interest its dependence on parameters is indicated. Moreover, by a generic, 

sufficiently small, positive constant. 

I I 2. AUXILIARY RESULTS 

In this section, we present some auxiliary existence resą.Its•,,/Jki'\i;;l; hyperholic and parabolic 
I 3 problems !hat will be used in the subsequent sectio~, First fet us consider the following 

problem: ···· 

in I (25) 

15 

(26) 

17 and the right-hand 

flsr =0 (27) 

I 9 The followiQg ,fo~~;'_;;;;..,sents a particular version of the abstract existence result for evolu­
tion equatioti~ of i)le second order in time that can be found e.g. in Reference (16, Volume I, 

21 Chapter3l and Reference (17, Chapter II, Theorem 4.1, 4.2]. 

Lemmil2,L• •• 
23 Assun\e. thai 

f EL1(0,T;H2(I)nHJ(I)), u0 E H 3(I)nHJ(l), u, EH2(I)nHJ(I) (28) 

25 Then problem (25)-(27) has a unique weak solution u such that 

u E L00 (0,T;H3(I) nHJ(I)), u, E L00(0, T;H2(I) nHJ(I)) 

Copyright C 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci (in press) 
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satisfying estimate 

llu,//L~co.r;L,(/l) + llu,1/i~co.r;L,(I)) 

+ Ilu,,, lli~co.r;L,(I)) + Ilu= lli~co,r;L,(I)),;; c (29) 

with constant c given by 

3 c = llf/lL,(O,T;L,(I)) + Ilf xx//L,(O,T;L,(I)) + /lu0xl/L,(I) + 1łu0xxxlli,(I) + Ilu, ll1.,c1) + 1łu1„ł11.,cn (30) 

Proof 
5 We use tbe Faedo-Galerkin method. Let H=L,_(I), V=HJ(I) and a(·,·) be a bilinear form 

on V given by 

7 a(u,v)=(u„v,) 

where (·,·)and /I· li denote the scalar product and the norm in 
9 Further, assume !hat the basis {w1}1eN of V consists of the eig,el)ji.i#9tjo"1Nior 

-WJxx = AJWJ in I 

11 Such family w1 E Cg"(/) is orthonormal in H and omml!cma1 

(w1, w,)= "1• 

a(w1, w,)= ,tJóJ1; Vj~lc 
13 Let V„ denote the finite-dimensional su 

The approximate solution to probl~i 
- ':,-'spanned by w1, •• • , w,. . 
) is defined by 

15 

=(f,w1)+(fxx,WJrx), j=l, ... ,m 

u'"(O)=u0, u,"(O)=uj 

(31) 

(32) 

(33) 

(34) 

17 ({;sp. uj) is the projection in H 3(I) n V (resp. H 2(I) n V) of u0 (resp. u,) 
. sfying 

u0 -+ uo strongly in H 3(I) 

uj -+ u1 strongly in H2(I) for m -+ oo 
(35) 

Clearly, by standard arguments system of ordinary differentia! equations (34) has a unique 
21 solution {gr(t)},-1, .. .,m such that or.of: E C([O,T]) and g'::, eL,(O,T). 

Copyright C 2005 John Wiley & Sons, Ltd. Math. Meth. App/. Sci (in press) 
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To derive a priori estimates for u"' we multiply (34) 1 by gj,(t) and sum over j from I 
to m. As a result we obtain the identity 

3 ½ ficllu:"11 2 + llu.:'.,11' + llu;'ll2 + llu.:',,,11') =U.u:")+ Cf,,, u.:',,) 

Hence, by the Holder inequality, 

(36) 

5 ½ fic11u:"ll 2 +llu.:'.,ll 2 +1łu;'i1 2 +llu.:',,ll 2 ) o,; Cllfll+llf „ll)(llu:"ll 2 +llu.:',,ll 2 +llu;'ł1 2 +11u;;,11 2 ) 112 

7 

wbich implies thai 

fic11u:"ll2 + llu.:',,112 + llu;'ł1 2 + llu.:',,,112) 112 .,; 11111 + Ilf „11 

Integrating (37) with respect to t E (O, TJ yields 

(llu:"11 2 + llu.:',,11' + IIU:112 + llu.:',,,112)'12 .,; fo'Clltll + llf„11)~!:. 

(37) 

+(llu~ł12+/lu4,Jl2(Jl~!l2+/lu~ł1)112 (38) 

9 In view of (35) inequality (38) implies the uniform in T•••••~~&i\Jh 

11 with constant c given by (30). _./ •/···.•·. ·· .. 
From (39) it follows thai there exists a fuµ6tipn u{with 

13 

15 

3 _ :,:::t>. -t: . '\{(/:" 2 
u E L00(0, T; H (/) n ~)i y { EL;;,,(0, T; H (I) n V) 

and a subsequence of u,., stil! denoteifb~ •• -.1~•~\ J[:ne index, such that 

u"'-+ u w:!~ly,• \ ln L 00 (0,T;H3(J)) 

ur.cft .~6akł~-' in L00(0, T; H2(I)) 

(40) 

(41) 

Using standard argumel\ts (ą!~~,g(keference [16, Volume I, Chapter 3.8]) we can pass to the 
I 7 limit with m -+ oo in_ (3q) iihd (34) to conclude the function u is a solution of the problem 

in the following serii~; 
·-..,. r ···· . 

• \ l[a(u, 1/) + a(u,,, 1/.a) - (u„ 1/,) - (uxx,, 1/m)] dt 

= 1T[(f, 1/) + (f ,,, '7,,)] dt + (u1, 1/(0)) + (u,,,, 1/.a(O)) (42) 

19 functions I/ E C([O, T];H3(I)) n V) such thai 

1/, E C([O, T];H2(I) n V) and 1/(T)= O, 1/xr(T)=0 

2 I Moreover, from (39) and ( 41) it follows that the solution constructed above satisfies esti-
mate (29) with constant c given by (30). This completes the proof. • 
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Remark 2.1 
In standard approach (16,17] problem (25) is approximated by 

(,4':,wj)+a(um,w;)=(f,wj), J=l, . .. ,m 

3 
(43) 

which yields the existence of the solution u E L00(0, T;HJ(I)) with u, E L00(0, T;L2(1)). 
5 Since our purpose is to prove the existence of more regular solution we add to ( 43) the 

identity 

7 (u~, W;a) + a(u~, W;a) = (f .a, Wj.u), j = J,,.,, m (44) 

This identity results from ( 43 )1 by multiplying its both sides by "], using pr9p'erties (3 I) and 
9 (32) of the basis { Wj he N and taking into account the identity · · ·· 

II wherefm=I:,':,CJ,w1)w1• 

13 The second result presented below concems the existenc 
the following initial-boundary value problem for the follf\?'.\~[.; 

?\k: 

(45) 

According to Lions-Magenes [16, -i ···• 
15 holds true. 

J· 
:V 

17 compatibility condition x0x = O on S and g E L2(Jr). 

21 

25 

Finally, Wll,l 

use in our ::·ii~i 
Sectio~ii!~Y':li;;,;/i'" 

-:..::~ 

ution x E W24•1(JT) such that, with some constant c>O, 

; "dagliardo-Nirenberg interpolation inequality which we shall frequently 
ln 1-D case it takes the form (see e.g. Reference [18, Chapter III, 

/ID' fl!L,cl) .;;cllflll;~/)IID' fllf„cl) + cllflli„cl) (47) 

1 ~ Pt,]>2,p~oo, O~r<l 

_!_ _ r = (1 -0)_!_ + 0 (_!_ - 1), ~I ~_.::0,;; 1 
P P1 Pi 
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3. ENERGY ESTIMATES 

In this section we derive energy estimates for problem (17) and (17). To this purpose it is 
3 convenient to use its primary form (I)-( I). 

Lemma 3.1 
5 Let f(o, X, Xx) be given by (8) and satisfies structural bound (9). Moreover, !et the data be 

such thai 

7 

9 

Il 

13 

15 

17 

19 

21 

23 

W(uox.Xo), t/J(Xo) E L,(J), X0r E L2(1), u, E L2(1) 

b E L1(0, T;L2(/)) 

Then a solution ( u, X,µ) of problem (I)-( I) satisfies estimate 

½ /lu, IIL~co.r;L,c1» + cf (llcliL~co.r;L,CJ)) + llx,IIL~co.r;L,(J))) 
with a positive constant c0 independent of T, given by 

(48) 

(49) 

Co= G11udltcn + IIW(u0r,Xo)IIL,(/) + llt/J(xo)!IL,(/) + ~113~ 11;111:1%..JIJiitco.r;L,(/)) + c'., r 
Proof <·• \ . ··•••••••· 

Assume that solutions of (1)-(1) are sufficiently regulifrCMultlplying (1)1 by u„ integrating 
over I and by parts, and using ( I )J we get •··•·• 

_21 _dd ju; dx + l ~ę.fk, i.•·.;j€;.$iL jbu, dx 
t I I .. ·••••·•···•·•••· ·•• I 

(50) 

Further, multiplying (2)1 by µ, integratfu~ ~j), pfus and using (2)3 yields 

.1~;;,:~ f µ;dx=O (51) 

Finally, multiplying (3 )1 bj Si,; jri;~~ating by parts and using (3 )2 we obtain 

- f~l t;t[ ::,c1x+ j \Y'(x)x,dx+ j ~,(q)x,dx=O (52) 

Summing up.{50;~(57) .'-"e arrive at the energy identity 

½fiJurth+fiJ[w(o,X)+t/J(x)+irx;] dx+M fµ;dx= f bu,dx (53) 

Integiątgtg (53) over (O, t) for t E (O, T) gives 

~ju;dx + jJ(q,x,)dx +Mj µ;dxdt' 
2 I 1 I' 

= i lu; dx + 1 f( u0r, Xo, X0r) dx + i, bu,, dx dt' (54) 
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where f is defined by (8). By virtue of condition (9) the left-hand side of (54) is bounded 
from below by 

½llu,IILc1> + c1ll0 IIL c1> + c1ll.xxllLcn + Mllµ,IIE,cn•) - cf 

Finally, using ( 48) and the estimate 

11. bu,, dxdt'I,,; llu,,lli-co,1;L,(J))llblli,co,1;L,(J)) 

11 2 2 ,,: 4 lu,,1łi_(o,1;L,(J)) + llblli,co#,(J)) 

5 we arrive at the assertion, 

We note some important implications of energy estimate ( 49). In 
7 property of system (2) 

9 the mean value of x is preserved 

ijx(t)dx=O 
dt I 

1 x(t)dx= 1 xo(x)dx for al 

11 Hence, by the Poincare inequality, 

13 where 

15 

o 

(55) 

(56) 

17 

(57) 

. r, by the Poincare-Friedńchs inequality it follows from (49) that 

(58) 

19 4. A PRIORI ESTIMATES 

to energy estimates (49), (56)-(58) we have 

llu,lli-co,r;L,(J)) + llulli_(o,T;H'(I)) + llxlli-co,T;H'(J))nL-W) ,,;c, (59) 

with constant c1 given in (56). Making use of (59) we derive now the crucial a priori 
23 estimates, 
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