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Lemma 4.1
Let assumptions of Lemma 3.1 be satisfied. Moreover, assume that

x:R— R is of class C% satisfying (6);
coefficients 4>0 and B are constant;
u € HP(YNHII), w e HXI)NHIU), b € Li(0, T; HA ()N H(I))
¥ € Ly(0,T; H4(I)) with x. =0 on ST
Thgn there exists a constant & € (0,1) such that the solution u of problem (17) satisfies the
estimate

(60)

Nt L coto7i220y) + Nt | Len 0.Ts22000) <O ol + €(1/8,04, TY + 03 (61)
with constant ¢, introduced in (56) and
3= bllyorinay + lollasgy -+ i |l saay - (62)

Proof .
An application of Lemma 2.1 to problem (17) gives the estimate

ot mt0s220 + Mot ist@r ety S IBZ O oy + JI(BZ’(X)Ja )= FRCY A
B0 205 o+ ”H;ollmu) + el gy (63)
In view of (59) the right-hand side of (63) is bounded by
(B2 (0=l T+ C(Cl, T)+ecs (64)

with constant c¢3 given by (62).
We estimate now the first term in (64) Usmg the equality

@O =2" GO + 32" (e r + 2/ (1) Yo
we have

(B2 (1)) o, T‘,Lz(l); -
<e [ ()" o | (fosnorar)” o [ (fna's]

Let us examme"the three subsequent terms on the right-hand side of (65). For the first term,
using (59), we have

/ (/f "‘d")m ar<s(f xfdr) / Vel ey

SCI/O’ ||Xx“12_m(l)d’=11

Now, applying the interpolation inequality (see (47))

6
Bty <clpoaslfr Nl + elltelina (66)

Copyright ® 2005 John Wiley & Sons, Ltd. Marh. Meth. Appl. Sci (in press}
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using (59) and the Young inequality, we get

T
h<e(er) / W} At + (1, T)
< et Ty + 1)
< M xeaellrgry + €(1/8,¢1,T), 6>0 67)

The second term on the right-hand side of (65) is treated in the following way:

/Or ( /[ (xa) dx)”’ dr g (st:p ./1’ X dx)v: /01 Wl dt

T
sm/ X ooy di =12
0

3 where in the last inequality we used (59). Now, applying the interpolat n:inequality
ettty <ll el ey ey + el (68)

using again (59) and the Young inequality, we find th

T
B <c@) [ Tl

interpolation theorem by

< /Ur(lsllxmzlll.zu) + (1 /) Naay) At

<€ 0| demex 201y + (1/6,01,T), 6>0 (70)
(69) and (70) in (65) we conclude that

(B2 (0 e iz <8l rary + €(1/8,€1,T) QY
i.in (64) we conclude the assertion. [m}
use of Lemma 4.1 we prove now

emima 14 2

% Lét tl:;e assumptions of Lemma 4.1 hold true, ¥ : R — R satisfies (19) and xo € Z*(7). Then
“the solution y of problem (17) satisfies the estimate

15 Hxll gy Selens TH MttoaelLonto,rizsery + 1) + €lixollarngy (72)
H A7)

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl Sci. (in press)
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Proof
By virtue of Lemma 2.2 the solution y of (17) satisfies
IXllmpagry < ellRlzgr + ellxollmn
< clen)() ey + M llzaomy + Udusllaom
ettty + Dtz om + llesadlen)
+elixollang (73)

where we used assumptions on ¥ and z together with L,o(I7)-norm bound (59) on y.
We estimate the individual terms on the right-hand side of (73). For the first term we have

1 lrry = ( / ’ / x:dxdt)m

TR :
<t ([ tllopar) =5

We apply now the interpolation inequality (66) together with’ estlmate (59) and next the
Young inequality to obtain

12

] %%
5 < e ( / (mexlliﬁnllleli,in +'ilxxlliu))dt)

< e TN a5+ 1

< énmuhurﬁd l/é;q,‘r)

with some constant 4> 0. ; ;
The second term on the right- hand s:de of (73) is estimated with the help of the interpolation

theorem and estimate (59) by

]I)GQ“L,_(IT) < Mol ra0my + (1N xel0my
- < Sllxaxllrpomy + (148,00, 7). 6>0

Let us examihe the third term on the right-hand side of (73). We have
12

o T

Iullzory = (/0 /Ix;’ufdxdt)
T 1/2

< (s Bl (500 Do ) [ Brelin) =

We apply now the interpolation inequalities

Bt ) 2onry < ellatesel Lty et N2ty + clliteacny (74)

Copyright © 2005 John Wiley & Sons, Ltd. Math Meth. Appl. Sci. (in press)
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1 and (66) together with estimate (59) to get
r 1/2
< cer sup (el e 55, + Hitlacn) ( / (oo gy e sy + “Xx"lz.zu))d’)

1/2

<cten?) (s0p by + 1) ([ oy -+1)
1/6 1/4

<c(e, T) (5“13 "“m”L,(l)”me"Lz([r) + 5‘-'113 "“m”l,,(l) + anz"/l,ﬁ?;r) )

< Mo llryomy + €(1/8,¢1, ') <51[1p Mt |20y + 1)

3 Next, for the fourth term on the right-hand side of (73), applying 1nterpola"n inequality
(68), estimate (59) and the Young inequality, we obtain the following ésti 3

[xtes fraemy = (/o [xiui dXd’> "
o e ([

T g ;
<cor ([ Qmllanlizele +ux,ui,(,))dz)

12

5 The fifth term on the right
theorem and (59) as foll

= (/orflﬁuidxdr)m
<sup bl (|| [2 dxde)m

< elen, T)59p (el + ellay)
<celer, T) sup Ntoe oy + cler, T)

Ily, the sixth term on the right-hand side of (73) we bound by

7 otz lzarry < e(T) 8P [t ey

Copyright @ 2005 John Wiley & Sons, Lid. Math. Meth. Appl Sci. (in press)
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Combining the above estimates in (73) we see that
lxtmgagry < elen)bllxanllaam + €(1/8, c1, Dl llieatorizaern
+c(1/8,¢1, T + cllxollarqy (7%)
Hence, choosing § sufficiently small, we obtain the assertion. O
From Lemmas 4.1 and 4.2 we can conclude immediately the following @ priori estimates

Lemma 4.3
Let the assumptions of Lemma 4.2 hold true. Then the solution u, y of system (17) and (17)

satisfies the estimates

Hemefzcatoritay + lellzee@rinay < 2

(76)

[IX"W;-'(Ir) B

with constant ¢; given by
an

2 =c(e1, TY(1 4 c3) 4 cflxoll

and c¢y,c¢; defined in (56) and (62).

5. PROOF OF THEOREM 1.1

In this section, we prove the existence of édlgitions to problem (17) and (17). To this end we
apply the Leray—Schauder fixed point:theorem “which we recall here for reader’s convenience.

Theorem 5.1 (see Reference (19; ::C};ap{er..él, Section 10, Theorem 10.17)
Let 4 be a Banach space and:% be theiclosure of a connected, bounded, open subset % of #.
Assume that ® : & x [0,1] =». 4 is a map with the following properties:

(i) The map & : %.x [0;1] '@ is completely continuous.
(ii) For all = € [, 1]?the boundary of € does not contain fixed points of ®.
(iii) @(-,0) has precisely one fixed point in 2.
Then @(, 1) has at least one fixed point in 4.

We constfuct the map
1=2(1) (78)
with a ‘parameter 1 € {0, 1] by means of the following system of problems:
1ty — Athey = tBZ' ()i + b in 1T
Ulmp =1tto, Ulio=1wm in] (79)

u=0 onST

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci (in press)
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and
X+ Tt = {0 O + (D)2 + 2" ()72 (Bux + Dz(3) + E)

+ 2" (%)% Bt + Dz(X) + E) + 22" () Te(Bita + D2 (1)) (80)
+2'(X)(Biteee + D" ()R + D7 ()} in IT
t=o=px0 in/

=0, You=0 on ST

Our goal is to show that the map & satisfies assumptions of Theorem 5.1. Firstly, we examine
problem (79). To this end let us introduce the space

TUT)= {1+ 1 € LeolO, T3 WL(I)) N La(O, T;H(ID)), elsr =0}

The basic a priori estimates for (79) are given by

Lemma 5.1
Assume that z satisfies (20), up € H*(I) NH}(I), w; € HX(I).NH( e Li(0,T; H*(I)n
H}(I)), and § € 94 (IT). Then there exists a unique soluti problem (79) such that

u € Loo(0, T; H{) n Hy(1)) 0 WL (0, ] (81)
satisfying estimate
Note w0,y + Bty (82)
where
di=|b
and @1(,-) : Ry x Ry — Ry is at
Proof
An application of Lemm:
(83)

Recalling:assiimptions on z, the first term on the right-hand side of (83) is bounded by
B2 (DT Loy
T T
<e [ 1@ e+ [ 12D + 35/ (et + 7 (0Tt 8
[
€e(TYN e llewgmy + Bl ogrry) + €1+ WEeleny N oraray (84)
From (83) and (84) we conclude (82) what completes the proof. )

Copyright © 2005 John Wiley & Sons, Ltd. Math Meth. Appl Sci. (in press)
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In the second step, we examine the continuity of the map
B1(,7) 1 M = Loo(0, TP O WL, T HAI)),  1=[0,1]
that gives a solution u of (79) for a given ¥. Let u; and u; be two solutions of (79) corre-
sponding to ¥; € O and ¥, € 9, respectively. Subtracting the corresponding equations and

denoting
U=su—w, H=p-h

we have -
Uy — AU = 2B(2'(0) — 2' (2 Nix + 2/ (2)A:] in 1T
Ulmo =0, Ulzo=0 in7 (83)
U=0 onST

The continuity of the map ®; is asserted by
Lemma 5.2
Assume that z satisfies (20) and .

Wb, <21, i=1,2 (86)
Then there exists an increasing positive function @, : R, }—FJ"R; such that the solution U of
problem (85) satisfies : 5
10z worineny + WUl ringy < @1 WH |lo, (87)

Proof :
An application of Lemma 2.1 to problem (8

Willeworanay + N o rmsan g”1"15'[(2'()-61 Y= 2 (Vi + 2 ) Elllnormay  (88)

i);._yields‘:»thc estimate

Let 20 =200(3,) — 20(32), i =0,1,2,3, 2() = 6'z. Then
(' (0) ~ 2/ (Vs + 2/ ()il = ZOTe + 2P W te + T aeFle + ZPF1aeTe
' + 2D e + 2ZPF 1M1 + 2200 ) e s
+ ZD e +20(02)15 H + 2P0 Ve e
+22P(0 ) ioe i + 2 (1) e = 1
Taking into account that z® is Lipschitz continuous and ¥, ¥z € Leo(J7), i=1,2, we obtain

. i .
W lzior ey < ox o, (x2llon, ) (EI N0H oriay + M slnorney
=

T norney HIHD=lnernem + Hﬁz)‘(zxxllu(o,mz(n))
=K
where ¢ is an increasing positive function.

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl Sci (in press)
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1 In view of the other properties of 9;(/7) it follows that

K <71 llom,» iz len, Wil lem, (89)

3 Clearly, we also have
12" Gor) — 2/ (i + 2/ G lzioiaen < @2 oy U lom, W Nlam, (90)
5 Combining (89) and (90) in (88) we conclude the assertion. a

Let us turn now to problem (80). We introduce the space
7 D7) = La(0, T; WI(I)) N Lo(0, T; H(I))

The basic a priori estimate for a solution of (80) is given by

9 Lemma 5.3
Assume  and z satisfy (19) and (20), xo € H*(J) with xo. =

11 DJTI(IT)OD;R;(IT).
Then there exists an increasing positive function ¢, : Ry x Ry x

13 solution x of (80) satisfies

0 reover, let ¥ €

— R, such that the

’ 1.:_32);:. ©1)

lxlimrgry € @2(Nxlamyarynanyur

15 where constant d, is defined in (82) and

17 Proof
By virtue of Lemma 2.2 the solutio

(3l 2o YW Ex s ar) + WEellgery + WExllizomy + 1)

el wormay + Kxollmg (92)

creasing positive function. From (92) and (82) we obtain (91). This concludes
) 0

M7y =UT) N ILUT) =)
“We examine the continuity of the map

By, 1) MUY % Lo (0, T H¥I)) N WL(O, T HA(I)) = WHIT), te[0,1)

Copyright © 2005 John Wiley & Sons, Ltd. Math Meth. Appl. Sci (in press)
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that gives a solution y of (80) for a given ¥ and u=®;(%,7). Let y, x2 be the solutions of
(80) corresponding, respectively, to

Gw), (Fa2) € MUT) x Loo(0, T HII)) 0 WL,(0, T (D))

where u; =&, (%1, 1), ua =%, 1).
Subtracting the corresponding equations and denoting

He=p -y, B=fi-%, Usw-wun
we obtain the following problem:
Hi+THeooe = {(Y"(10) = V" (@ )Eh + 0 G0) = V" ()=
+ (" () = 2" e DIBG s + D2(3)H, + 73]
+@G1) — 2" () Brsstts + Do ass + Exic + 2BTssttie
+3D7 ()7 '
+ (& (1) = 2 @MD" ()7 + DE' ) + Z'(Xz))Xnn + Bl
+ (200 = 2(eNID2" ()7 + DZ”(Z:)X)::]
Y (@) Rix + To )+ W( Xz)H
+ [(Bz" (2 )u1x + D" (32 )z(x:) + EZ"'(Xz) (93)
+3D2" (1) (7)) s o) F 2B2" (%2 Jure )
+[B2 (T2 )me +, D;"(zz Vi) + E2"(%2) + D (1) Ve

+{Bz'"(xz)xz; Bz (xz)xb.,]u +2B2" (32 )70 Uss

Hl==0 ::vm:I :
H,=0, 'H =0 on ST

Lemma 5.4
Assume.that'iy and z satisfy (19) and (20), uo € H*(I) O H{{), vy € H*(IYnH}{J), b e
Ly(0, T; HX(I) WH(I)). Moreover, let
. lxillmgry <cr, i=1,2 (94)
Then:the solution H of problem (93) satisfies
(1 o ary < B2(Er, AU omgrry + 1V pariay) (95)

with an increasing positive function $; and constant d; defined in (82).

Copyright © 2005 John Wiley & Sons, Ltd. Math Meth Appl. Sci (in press)}
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Proof
By virtue of assumptions on ¥, z and estimates (94) and (82) the right-hand side of (93); is

bounded by
1Rlkzuary S @2E1,d1 A Hamry + 1 legoiznay)
Hence, by Lemma 2.2 we conclude the assertion. W]
Let us consider now the composed map
(-, 1) =33(, &:(,7), 1) : MUT) - WP ATy cmUT), te[0,1)
that gives a solution y of system (79) and (80) for a given 3. We prove

Lemma 5.5
Let assumptions (19) and (20) for ¥ and z be satisfied, and

Yo € HYI) with yee =0 0n S, up€ H’(I)an(I-)"

w € HXI)NHII), be L0, T;HYI)N HQ(I))
Then the map ®(-, 1) has at least one fixed point in 91

Proaof
We show that assumptions (i)—(iii) of the Leray—Schaj

Firstly, by Lemmas 5.4 and 5.2, the map @( r) for
respect to . Secondly, since the imbedding W, (#%):
Chapter 6, Section 26]), the map &(-,7) is compas
into compact sets. Moreover, it is straightforwar
respect to 7 € [0, 1] uniformly with respe

This shows that & : (I T) x [0,
Condition (ii) is also satisfied by
®(-,1). Finally, for t=0 problet
(iii) is satisfied as well. Hencé;

Clearly, the fixed poi
lem (17) and (17). M
the proof.

r-fixed point theorem are satisfied.
fixed © € [0, 1], is continuous with
99t({T) is compact (see Reference {18,
i.e. it transforms bounded sets in 21
eck that ®(¥,-) is equicontinuous with

e of g priori estimates (76) for a fixed point of the map
(79) and (80) has the unique solution, so that condition
A } i O
.map ®(,, 1) is equivalent to a solution (u,x) of prob-

riori estimates (59) and (76) imply (23). This concludes
[}

6. PROOF OF THEOREM 1.2

3 x;) be two solutions of problem (17) and (17) corresponding to the same

Let (1 :
g the corresponding equations and denoting

data. Subtra
_ U=uj—u;, H=px —
‘obtaini the following system for (U, H):

U — =B[('(11) ~ 2’ Cu)x + 2 ()H;] i 17
U|1:0=0, Uli=o=0 in [ (96)
U=0 onsST

Copyright © 2005 John Wiley & Sons, Ltd Math. Meth. App!l. Sci (in press)
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Hy + DHpee = [(¥'(01) = ¥'(12)) + (2'(10) — 7' (12))(Burx + Dz(31) + E)
+2'(0)BU: + D(2(x1) = 2(2)N)ee in IT 67)
Hlwo=0 inJ
H,=0, Hw=0 onsS7

We note that according to Equation (15), boundary conditions Up =0 (see (14)), H,=0
and Hyy =0 on ST imply that

(WG = W' 0r)) + (2 (1) - 2'(x2))(Buiz + Dz(1) + E)

HHOQNBU+ D00 ~2Mh=0 on ST (98)
Multiplying (96} by U, integrating over I and by parts, in view of assumpnon on 2. we
obtain ¢ of i
2dt (/Uzdx+A/U2 ) s”/,.(’H”hxltli?xl)lU}Idx
Hence, e

d
a(“Ulﬂlz.,(n + “Ux”;.z(l))

el leaoy W ey 1 Oy
‘sonﬁruf,(}) +e) Ul 81>0 69

<|Hzlf,0) +

where we used (24) and the interpol nequahty
In turn, multiplying (97) by:H, mtegratmg twice by parts with respect to x and using
boundary conditions (97); and (98) on ST, we get

2 2
2dt/H dx+1"/H

= ﬁ(w‘(m ~VG0)) + @ (1) ~ 2 ()Y Bure + De() + E)

+H()BU: + D) — 2(0) s
el ewin, ﬂuulhwm)/l(lHl + Ul He| dx
< BallHasllf, 0y + e(1/62 W oy Iotrs o)
x(1H L + 1 Ullfyn),  82>0 (100)
where we applied assumptions on v and z, and the Young inequality.

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci (in press)
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1 Consequently, choosing J; small, in view of (24) we conclude that
d 2 2 2 2 01
G Iy + sty < el iy + WUl (101)
3 Finally, adding (99) and (101), and choosing J; sufficiently small, we obtain
d 2 2 2 2 2 2
d-t(”H”L,(l) H U0y + WU i) SeUEH N0y + WU 0y + 10l Z,00) (102)
5 Hence, by Gronwall’s inequality, H =0 and U =0 in I7. Thereby the proof is completed.
7 0O
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