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Abstract. The goal of this paper is to derive again the generalized Cahn-Hilliard and
Allen-Cahn models in deformable continua introduced previously by E. Fried
and M. E. Gurtin on the basis of a microforce balance. We use a different approach based
on the second law in the form of the entropy principle according to I. Miiller and I. S. Liu
- which leads to the evaluation of the entropy inequality with multipliers.

Both approaches provide the same systems of equations. In particular, our differential
equation for the multiplier associated with the balance law for the order parameter turns
out to be identical with the Fried-Gurtin microforce balance.



1. Introduction

1.1. Motivation and goal

In a line of their papers E. Fried and M. E. Gurtin [8], {9], [10], [13] have developed
a thermodynamical theory of phase transitions which is based on a microforce balance in
addition to the basic balance laws and a mechanical version of the second law. Parallel
to that theory M. Frémond [5], [6] has proposed a theory based on microscopic motions
as a tool of modelling various phase transitions, specifically shape memory and damage
problems. Despite of different ideas Fremond’s approach bears some resemblance to the
Fried-Gurtin theory.

Another approach to modelling phase transitions has been proposed in [1], [2] and
applied in {23], {24], [25]. This approach consists in exploiting the second law in the form
of the entropy principle according to I. Miller [21], [22] complemented by the Lagrange
multipliers method suggested by I. S. Liu [18]. Such method leads to the evaluation of
the entropy inequality with multipliers, known as the Miiller-Liu entropy inequality. The
Miiller-Liu approach provides a systematic way of deriving restrictions on the interdepen-
dence of various physical quantities imposed by the second law. It represents important
alternative to the so called Coleman-Noll approach [4] to the Clausius-Duhem inequality
(see e.g. the more detailed accounts [20], [15]). It has been observed in [23] that assuming
appropriate sets of constitutive variables and applying the multipliers-based approach it is
possible to obtain generalized Allen-Cahn (Landau-Ginzburg) equations with kinetic and
anisotropic effects which are identical with equations derived by Fried and Gurtin [8), [13]
on the basis of the microforce balance.

The goal of this paper is to present the multipliers-based approach and compare the
results obtained by means of it with the results due to Fried and Gurtin. For comparison we
take two well-know models in materials science — the Cahn-Hilliard and Allen-Cahn equa-
tions and their generalizations for deformable continua. The coincidence of results, apart
from indicating interesting connections, supports the usefulness of the multipliers-based
approach for deriving other phase transition models. We remark that in recent years the
Cahn-Hilliard and Allen-Cahn models in elastic solids have attracted a lot of mathematical
interest (for up-to-date references see e.g. [3], [19], [17]).

The Cahn-Hilliard equation is a conservation law which describes phase separation
process in binary alloys while the Allen-Cahn equation is a relaxation law describing or-
dering process in alloys. It is known from the materials science literature that elastic effects
strongly influence the microstructure evolution in these processes. The chemical and elastic
anisotropy, heterogeneity and the impact of external body forces are important factors as
well. The Fried-Gurtin theory based on the microforce balance has allowed to encompass
these effects into models. The generalized Cahn-Hilliard models have been derived in [13]
while the generalized Allen-Cahn models in [8], [9], [13] and analysed further in [7]. The
generalizations included anisotropic and heterogeneous effects, additional kinetic effects,
multicomponent and constrained order parameters as well as the effects due to deformation
of the material. Thermal effects have been suppressed except. of [§] where a nonisothermal
Allen-Cahn equation neglecting deformation has been considered. For the ease of direct
comparison we suppress here thermal effects as well. We point out, however, that the
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multipliers-based approach can be in a straightforward manner extended to account for
such effects. The nonisothermal Cahn-Hilliard and Allen-Cahn models in elastic solids will

be the subject of a future work.

1.2, Review of the generalized Cahn-Hilliard and Allen-Cahn models

We review shortly the genralized Cahn-Hilliard and Allen-Cahn models derived by
Fried and Gurtin. For consistency with our previous papers [17], [3] concerning mathemat-
ical aspects of the models we use a notation which differes from the original Fried-Gurtin
notation. The correspondences are presented in detail in Sections 5, G.

In case without elasticity the Cahn-Hilliard-Gurtin system for a three-dimensional
body represents the mass and the microforce balances (see [13], Sec. 3.4):

X—V - (MYVw+ hy)=r,
w—g-Vw==V-fv,0,Vx)+ fx(x.Vx) + 8%,

where x is the scalar, conserved order parameter representing the volume fraction of one
of two components, w is the chemical potential, f = f(x,Vx) is the free energy density,
superimposed dot denotes the material time derivative. Moreover, M = (M;j) is the
mobility tensor, # > 0 is the diffusional viscosity coefficient, g = (gi), h = (h;) are vectors
accounting for anisotropic cross-coupling effects, and r is an external supply of the order
parameter, The quantities M = M(Z), 8 = ﬂ(Z) g = §(Z), h = h(Z) can in general
depend on the set of variables Z = {x, Dx, x,+,w, Dw} and are subject to the condition

(1.2) [Dw] . N% h} {Dw] > 0 for all variables Z.
xe ] 197 Bllxe

Here Dw and x,; are variables corresponding to the gradient Vw and the time derivative
X, respectively. The relevant form of the free energy density is the Landau-Ginzburg one:

(1.1)

(1.3) F(x: Vx) = ¥{x) + Vx I'(x)Vx,

where ¥(x) is a ”coarse-grain” energy, a double—well potential whose wells define the phases,
with the standard form

1
(14) P00 = (-0,
and I'(x) = (T'i;(x)) is a gradient energy tensor accounting for chemical heterogeneity.
For free energy (1.3) equation (1.1); becomes

1 .

(1.5) w—g- V==V (I(x)Vx) + 5V - I"(0)Vx +4'(x) + x-
It is easy to see that for g = h =0, 7 =0, M =ml, I' = vI where I is the unit tensor,
and m, 7 are positive constants, system (1.1);, (1.5) can be reduced to the form
(1.6) X = mA(=yAx + ' (x) + Bx) =0
which for § = 0 represents the classical Cahn-Hilliard equation while for # > 0 the viscous
Cahn-Hilliard equation.



In case elastic effects are taken into account under assumption of infinitesimal defor-
mations the relevant form of the free energy density is given by (see [13], Sec. 4.3):

(17) Fle(u)x Vx) = We(w),x) + () + 3 9% TV
where
(18) W (e(w), x) = (e(ax) = 00) - AG (e (ar) = ()

represents the elastic energy. Here u = (u;) is the displacement vector, e(u) = 3(Vu +
VuT) is the linearized strain tensor, A(x) = (Aijr(x)) is the fourth order elasticity
tensor and £(x) = (&;;(x)) is the symmetric eigenstrain tensor. Correspondingly, the
Cahn-Hilliard-Gurtin model in elastic solids based on free energy (1.7), (1.8) has the form
of the mass and the microforce balances

x—V-(MVw+hy)=r,

1.9
(1) w—g-Vw=~V-(I'(x)Vx)+ %Vx IOV 9 () + Wi (e(n), x) + 8%

coupled with the linear momentum blance
(1.10) i~V We(e(u),x) =0,

where b is an external body force, and
(1.11)

Wl (), ) = ~2'(x) - AG) (e () — 20 + 5 (e(w) — 2(x)) - A ()(e (a0) — (),
We(e(), x) = AGe)(e(w) - 5(0).

Moreover, the quantities M = M(Z), 8 = B(Z), ¢ = §(Z), h = h(Z) can depend on
the set of variables Z = {e(u), x, Dx, x,:, w, Dw} and are subject to the inequality (1.2)
for all such variables Z. In view of the fact that the mechanical equilibrium is usually
attained on a much faster time scale than diffusion in Gurtin’s model (see [13], Sec. 4)
a quasi-stationary approximation of (1.10), that is neglecting the inertial term 1i, has been

assumed.
The generalized Allen-Cahn equation derived by Fried and Gurtin (see [8], Sec. 2, [13],

Sec. 2) represents the microforce balance

(1.12) BOGYVX X)X+ F0GVX) =V fox(x, VX)) =T

Here y is a scalar, nonconserved order parameter describing ordering process in alloys,
f = flx,Vx) is the free energy density, and 8 = B(x,Vx,x) > 0 is a kinetic coefficient
(damping modulus). For the free energy (1.3) equation (1.12) becomes

. 1
(1.13) B0GVX XX =V - (TOOVX) + 5 VX - TV +9' () = 7.
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It constitutes a broad generalization of the classical Allen-Cahn equation
(1.14) Bx —7Ax+4'(x) =0

which results from (1.13) setting f = const > 0, I" = vI, ¥ = const > 0 and 7 = 0.
The Allen-Cahn-Fried-Gurtin model with elasticity (under assumption of infinitesimal de-
formations) based on the free energy (1.7), (1.8) (see [9]) has the form of the microforce

balance
(1.15)

Ble), X, VXK = 7+ (TOOVX) + 5V IOV + 900 + Wixle(a)x) = 7

coupled with the linear momentum balance (1.10). Here the kinetic coefficient § = F(e(u),
X Vx>x) 2 0 and Wy (e(u), x), We(e(u), x) are given by (1.11).

1.3. The multipliers-based approach

We derive the presented above models by employing the Miiller-Liu multipliers-based
approach. The application of this approach to phase transition problems requires a special
procedure which has been suggested in [1], [2] and utilized in [23], [24], [25]. This procedure
consists of three main steps.

In the first step we consider the system of balance laws with a set of constitutive
variables relevart for the phase transition under consideration. Distinctive elements in this
set are variables representing higher gradients of the order parameter and its time deriva-
tive. The presence of such variables is characteristic for theories involving free energies of
Landau-Ginzburg type. In accordance with the principle of equipresence we assume that
all quantities in balance laws are constitutive functions defined on this set of variables.

In the second step we postulate the free energy inequality with multipliers conjugated
with the balance laws. Again, we assume that all quantities in this inequality, including
multipliers, depend on the same constitutive set. Next, making no assumptions on the
multipliers, we exploit the free energy inequality by using appropriately arranged algebraic
operations. As a result we conclude a collection of algebraic restrictions on the constitutive
equations.

In the third step we presuppose that the multiplier associated with the equation
for the order parameter is an additional independent variable. Then, regarding algebraic
restrictions obtained in the previous step, we deduce an extended system of equations
including in addition to balance laws a differential equation for the multiplier. Moreover, we
require this system to be consistent with the principle of frame indifference. The obtained
system turns out to be identical with that resulting from the Fried-Gurtin theory based on
the microforce balance. The most interesting conclusion from the comparison with their
theory is that our differential equation for the multiplier is identical with their microforce
balance. In view of that, at the concept level, our postulate of treating the multiplier as
an additional independent variable corresponds to their postulate of an additional balance

law for the microforce.



1.4. Plan of the paper

In Section 2 we introduce basic physical quantities, the balance laws, the constitutive
equations, the entropy and the free energy inequality. The presented formulations allow
for future extension of the theory by thermal effects.

In Section 3 we evaluate the free energy inequality restricting ourselves to the isother-
mal situation. The main results are stated in Theorems 3.1 and 3.2.

In Section 4 we introduce an extended model with the multiplier as an additional in-
dependent variable. The model combines various types of dynamics of the order parameter,
in particular the conserved and the nonconserved one. The thermodynamical consistency
of this model is examined in Theorem 4.1.

In Section 5 we consider the extended model in case of a conserved order parameter.
It leads to the generalized Cahn-Hilliard system coupled with elasticity. We compare our
results with the Gurtin theory.

In Section 6 we consider the extended model in case of a nonconserved order parameter.
Then we conclude the generalized Allen-Cahn system coupled with elasticity. We compare
results with the Fried-Gurtin theory.

1.5. Notation

We generally follow the notation in [14]. Vectors (tensor of the first order), tensors of
the second order (referred simply to as tensors) and tensors of higher order are denoted by
bold letters. Tensors of the second order are linear transformations of vectors into vectors.
The unit tensor I is defined by Tu = u for every vector u;

ST, trS§, S and det S, respectively, denote the transpose, trace, inverse, and determinant
of a tensor S.

A dot designates the inner product, irrespective of the space in question: u - v is the inner
product of vectors u = (u;) and v = (v;), S - R = tr(STR) is the inner product of
tensors S = (S;j) and R = (R;;), A™ - B™ is the inner product of the m-th order tensors
A™ = (A7 ;) and B™ = (B ;).

In Cartesian components,
(Su)i = Sijuz, (ST)ij = Sji, trS=Su, u-v=uu,
S.R=5;;R;;, A™ .-B™ = A:'T,..imB?:...im

Here and throughout the summation convention over repeated indices is used.
The transpose of a tensor is defined by the requirement that

u-Sv = (STu) - v for all vectors u and v,

By A = (Aijir) we denote the fourth order elasticity tensor which represents a symmetric
linear transformation of symmetric tensors into symmetric tensors. We write (Ae);; =
Aijkignt. :

The term field signifies a function of a material point = € R*® and time ¢. The superimposed
dot f denotes the material time derivative of the field f (with respect to ¢ holding z fixed),
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V and V- denote the material gradient and the divergence (with respect to @ holding t
fixed). For the divergence we use the convention of the contraction over the last index, e.g.
(V- S)i =085i;/0z;.

We write f 4 = 8f/0A for the partial derivative of a function f with respect to the variable
(sca.la_r or tensor). Specifically, for f scalar valued and A™ = (A7 ; ) a tensor of order
m, f,am is a tensor of order m with components f, AT

Finally, for a function f = f(x, Vx) we denote by 6 7 / Ox its first variation with respect

to x:
s
3){ = fx(x, V) =V - fox(x: Vx)-

2. Basic quantities. Balance laws and constitutive equations. Entropy and
free energy inequalities

2.1. Basic quantities

Let §2 C R3 be a bounded domain with a smooth boundary .S, occupied by a solid
body in a fixed reference configuration. Let @ € £ be the material point. The motion (de-
formation) of the body is denoted by y(®,t) = @ + u(x,t), where u is the displacement.
Further, let

F=Vy=1+4+Vu,
subject to det F' > 0, be the deformation gradient, and C = FTF, in components
Ci; = (Oym /0z;)(Oym [0z ;), be the right Cauchy-Green strain tensor corresonding to F.

We study solid-solid transitions in a two-phase deformable body. We use an order
parameter to characterize the notion of a phase and identify phase interfaces with thin
transition zones within which the strain and the order parameter exhibit large gradients.
To this end we consider the following fields in material representation:

p — mass density, assumed constant normalized to unity, p = 1;

S = (9i) — first Piola-Kirchhoff stress tensor; & = (b;) — external body force; y —
scalar order parameter; j = (j;) — order parameter flux; r — order parameter production
(scalar); 7 — external source of the order parameter; e — internal energy; ¢ = (gi) —
energy flux; ¢ — external heat source; § > 0 — absolute temperature; 5 — entropy;
f = e — 67 — Helmbholtz free energy.

2.2. Balance laws and constitutive equations
Letting p = 1, the balance laws for the linear momentum, the angular momentum,
the order parameter and the internal energy read as follows (see e.g. [26]):
w—-V-S=b,
SFT = FSsT,
Xx+V-j—r=r,
E+V-q—S - F=g.

(2.1)
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System (2.1) is closed by constitutive equations for the quantities S, j,r, e and g. To model
phase transitions we consider the set of the following variables

(2.2) Yo:={F,x,Dx,...,DMx,0,x.:}, MecN M>2,
where x,: denotes a variable corresponding to the time derivative y, and
D7x = (Xirocimirsim=1,23, 0Sm <M

is the m-th order tensor of variables corresponding to the m-th order gradient

o™y
Ty = <_.___> .
Oxiy - - Oxir 1y im=1,2,3

We use the convention D%y = y. In (2.2) the variable F represents mechanical properties,
@ — thermal properties, y and its higher gradients — chemical properties due to material
heterogeneity, and x; — viscous effects due to heterogeneity. For later purposes we split
the set

(23) Yo = (¥§,71)
into two subsets
(2.4) Y, == {F,x,Dx,...,DMx,0} and Y':= {x,}

which distinguish between the stationary variables and the nonstationary one vanishing at
equilibriumn. We assume the constitutive equations

(2.8) 5=5(Yy), j=3(Ys), r=7(Ys), e=&Y¥s), q=a(Ys)

with smooth functions § s _5', 7, €, §. As common we do not assume the constitutive equations
for the external sources b, 7 and g. Because of the presence of tensors of order higher than
one we supplement (2.5) by the following convention: Any constitutive function defined on
the set Vs, say 7(Y), is understood in the sense of the following extension

.;(F7X)DX7"'1Bm+(Bm)5kew7"')€7X,t)=5(F7X1DX,"',Bm,---)91x,1)

where B™ with 2 < m < M stands for the m-th order tensor corresponding to D™y, and
(B™)*ke¥ denotes the skew part of B™.
Such extension is used for all other constitutive functions. Consequently, for instance in
case D%y, we can treat the variables xi; and x ;i as independent despite of equality
8%x/0z;0x; = 82x/0z;0z;. This fact is used in applying the chain rule in Theorem 3.1.
We point out that equation (2.1)3 combines various types of dynamics of the order

parameter:

— mixed conserved-nonconserved (mass balance with production term) j % 0 and r # 0;

— conserved (mass balance without production) j # 0 and r = 0;

— nonconserved (evolution law for the order parameter) j = 0 and r # 0.
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Remark 2.1. In [23] it has been shown that in order to admit the free energy depending
on DFy, k € N, the set of constitutive variables has to include D*-1y .. Since our goal
here is to construct models with the free energy depending at most on Dy we have to
admit x; as the constitutive variable. O

Remark 2.2. By virtue of the duality relation (see e.g. [2], [25]) thermal properties can
be alternatively represented by the internal energy e or the entropy 7. Then the set Y is
correspondingly replaced by the sets Y, of ¥; which are defined by (2.2) with ¢ or 77 in
place of . O

Remark 2.3. From the point of view of the axiom of frame indifference the appropriate
measure of the strain is for instance the right Cauchy-Green strain tensor C (see e.g. [12]).
However, as underlined in [13] the exploitation of the second principle is simpler using
deformation gradient F' as the constitutive variable. The restrictions imposed by the frame
indifference are accounted for after deriving consequences from the second principle. (3

2.3. The Miiller entropy principle

To derive restrictions on the constitutive functions (2.5) imposed by the second law
we apply the entropy principle due to Miiller [21], {22]. This principle states that there
exists an entropy n and an entropy flux ¥ given by constitutive equations

(2.6) n=4(Ys), ¥=W(Y)

with smooth functions %, ¥, such that for all solutions of the system of balance laws (2.1)
with constitutive equations (2.5) (called thermodynamic processes) defined in a space-time
domain 2% = Q x (0,ty) the following implication holds

(2.1 b=0, 7=0, ¢=0in Q°=2>0:=7+V . ¥ >0 in Q.

Remark 2.4. We recall two stronger versions of the Miller principle introduced in [2].
They can be useful whenever the existence of Liu multipliers is proved rigorously. In
a slightly stronger version (2.7) is replaced by the following postulate: For all thermo-
dynamic processes and all points {x,t) € 2% it holds

(2.7) b(z,t) =0, 7(x,t)=0, g(z,t)=0=o(x,t)20.
An even stronger version asserts that there exists a scalar field oq with a constitutive

equation o9 = 69(¥%, b, 7,9), such that for all thermodynamic processes defined in % the
following two conditions are satisfied

(2.7) o >0 in Q% and ¢(Y,,0,0,0) =0
for all variables Y. This version of the entropy principle describes the way it is used by

Coleman and Noll [4] where, however, in contrast to the entropy principle formulated above
1t is assumed that ¥ and o are given by explicit formulas. O



2.4. The Miiller-Liu entropy inequality

The main step in the exploitation of the entropy principle is based on introducing the
Lagrange multipliers with the purpose to replace the inequality in (2.7), which holds for all
thermodynamic processes, by an inequality (called entropy inequality) which is satisfied
for arbitrary fields. This idea is due to L. S. Liu [18].

For system (2.1) the entropy inequality reads as follows: There are multipliers

(2.8) . Ay = ’A\u(Yb‘)a Ay = j‘x(YG): A = j‘e(Yé')

conjugated respectively with balances (2.1)1, (2.1)3 and (2.1)4, such that the inequality
(29) A4V T Ay (it —V-S) =M+ V- j—r)~A(é6+V-g=S - F)>0
is satisfied for all fields =,y and 6.

Remark 2.5. Entropy inequality (2.9) implies the entropy principle with the strongest
property (2.7"), that is for solutions of (2.1) it holds

(2.10) o=0+ V-2 Xu(Ye) b+ A (Yo)r + Xe(Ya)g =: 60 (Ya, b, 7, g).
Hence, entropy inequality (2.9) implies all three versions of the entropy principle. O

Remark 2.6. In a rigorous approach it has to be proved that entropy principle (2.7)
implies entropy inequality (2.9). The proof requires a characterization of admissible sets
of the system of partial differential equations under consideration and the verification of
the Liu lemma (18]. For particular systems this question has been addressed in [18], [2] by
means of the Cauchy-Kowalevsky theorem. Another approach to this question is to admit
arbitrary sources in balance equations and postulate stronger version (2.7') of the entropy
principle (see [2], Sec. 4). O

As common in the literature (see e.g. [16], [27]) in the present paper we do not prove
the entropy inequality (2.9) but take its validity for granted.

2.5. The free energy inequality

Assuming that the energy multiplier 3.(Y3) # 0 for all ¥p, inequality (2.9) can be
rearranged to the following form

) 4y (¢- TV s i+ (a-v. 9
Ae Ae Ae
(2.11)

Ay 1

) Y
v - — . <
Ae(xﬁLV J r)+n<Ae> +v V(Ae) <0

for all fields u, x, 8. Further, if we assume that the multiplier A. can be identified with the
inverse of the absolute temperature, that is A, = 1/6, then by introducing the free energy

+
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in accordance with the Gibbs relation f = e — 87, inequality (2.11) takes the form of the
so-called free energy (dissipation) inequality
(2.12) _

f+V (q=08) =S F+0A (4 =V-S)+0A(x+V j~r)+70+W¥ V<0

for all fields «, x, 6.

2.6. The free energy inequality in isothermal case

Assuming that system of balance laws (2.1) is satisfied at a given constant temperature
8 =0 > 0, we can reduce set of constitutive variables (2.3) to

(2.13) Y = Yolous = {¥, Y1),

where
V=¥ lpes = {F.x.Dx,...,DMx}, M>2, Y':={x.}.

Since in such a case the relevant balance laws are (2.1),3,3 (with (2.1)4 satisfied identically)
the constitutive equations (2.5) reduce to

(2.14) S=8(), =) r=#Y).
Correspondingly, free energy inequality (2.12) reduces to
(2.15) FAV- @S F4+A, (6-V - S)+AX+V-5-r)<0

for all fields u, x, where f = ¢ —_6717 is the free energy at 6 = 8, ® =q- 9V is the free
energy flux at § = 4, and A, = 0A,, A = 0X, are multipliers at & = ¢. These quantities

are given by constitutive equations

(2.16) F=fY), S=8Y), A= (Y), A=)

3. Evaluation of the free energy inequality in isothermal case

3.1. Algebraic preliminaries

We prepare some simplifying notations. For f = fi (Y') a smooth scalar function of
its arguments and the set Y given by (2.13), we dentoe by 3,-Y°f, 1 =1,2,3, the algebraic
version of the spatial derivative 8f/87; restricted to the set of variables Y% (applying
differentiation by the chain rule):

8 fi=fr -Fi+ fpmy D™y

and by VY'f = (8¥ Df),‘=1,g’3 the corresponding algebraic version of the gradient Vf
restricted to the set ¥'°. Similarly, for a smooth vector-valued function & = $(Y) with
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values in R® we denote by VY. B the algebraic version of the divergence V - @ restricted
to the set ¥
0
VY. & =85 Fi+ & pny D™x,.

Throughout we use the summation convention with the indices 7,7 = 1,2,3 and m =

0.1,..., M.

Moreover, we introduce the following subset of ¥0:
3.1) Vo= {x,Dx,...,DM'x} =Y°\ {F, DMx}.

For a function f = f(F, x, Dx) we denote by S?Df/cSX the algebraic version of the first
variation &f /6y restricted to the subset Y%

§7°f - .
(3.2) bx = f =V - fioy = fx— f,x,.'x/\’ti - f,,\',.-x,,v\’,ji'

3.2. The restrictions

Assuming constant temperature § = > 0 we consider system of balance laws
(2.1)1,2,3 with constitutive equations (2.14). To derive restrictions on these equations we
postulate free energy inequality (2.15) complemented by equations (2.16). In addition we
impose the following structural assumption

(‘4) ¢0 —_ */\0]'0

where #°, j° and A\° denote stationary quantities defined by setting x: = 0 in the argu-
ments Y, that is ¢° := $(V?, Y)ly1={0} and similarly for 5, A°.

We underline that assumption (A) represents the classical form of the relation between
fluxes @ and j (see e.g. [22]). We prove the following

Theorem 3.1. (Consistency with the free energy inequality)
Let us consider balance laws (2.1);,2,3 with constitutive equations (2.14) ad § = 8 = const.
Suppose that free energy inequality (2.15) with (2.16) is satisfied and assumption (A) holds
true. Then the following relations are satisfied:
(i) multiplier of the linear momentum X, = 0;
(ii) free energy f = f(F,x, Dx);
(iii) stress tensor S = S'(F, x,Dx) = fr(F,x,Dx);
(iv) free energy flux

1

& = —\j — xulf.ox ~ / (o) (Y0, 7x.0)dr);
0

12



(v) compatibility conditions

1
[ ~dait [ (A,x,gm(‘Y‘%rx,f)dr] Xt — i = 0,
2 Fry
0

(3.3) 1
{/()‘,x,z].i)(YorTX,t)dT] Xt _ji)‘:x,ilu,iM =0
0

Xoigeing

for all indices i, k,1,41,...,im with values equal 1,2,3.
Moreover, there exists a scalar quantity @ = a(Y") such that
(vi) multiplier A = A(Y') satisfies equation

61'/0f 1
70 .
(3.4) —A =gt v -/(A,x..J)(Y",Tx,:)dT —a
0

with Y0 and §¥° f/6x defined by (3.1), (3.2);
(vii) the quantities j = j(Y), r = A(Y) and & = &(Y') satisfy the residual inequality

(3.5) VYA G+ Ar - x>0 for all variables Y.

Remark 3.1. In view of assertion (ii), §7° f/6x depends on the variables {F,x, Dy, D%x}.
For that reason parameter M in the set ¥ has been assumed to satisfy condition M > 2.

O

Remark 3.2. Equation (3.4) resembles the expression for the chemical potential in the
classical Cahn-Hilliard theory which is given as the first variation of the free energy with
respect to the order parameter (compare (1.1);). In view. of that we shall identify the
negative of the multiplier, denoted by w := —A, with the chemical potential. O

Proof of Theorem 3.1. By inserting constitutive equations (2.14), (2.16) into free energy
inequality (2.15) and applying the chain rule we arrive at the following algebraic inequality

Fxaxat+ fp Fut fomy D"xu+ @y, Dxe+ VY @ ~S Fyt Xy uy
(36) _ — yo . ye .
~Au (S,X_,Dx,g) = Au (VY -S)FAx e+ /\],X" “Dx:+AV" - 5-A2r<0
for all variables {1¥,Y'}. Here
W o= {uu, X0, (DX )1<mens, Fey DF, DM¥1y)
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denotes the set of variables (called higher derivatives) in which the left-hand side of (3.6)
is linear. The evaluation of (3.6) consists in deriving consequences from the linearity in the
variables belonging to W. The linearity permits to conclude that the coefficients preceding
these variables have to vanish identically. We proceed stepwise in the following order:
Step 1. By the linearity of the left-hand side of (3.6) in 2 ¢ it follows that the corresponding
coefficient has to vanish, that is A, = 0. This shows (i).

Step 2. By the linearity in the variables x,it, (D™ 1)2<m<M, we read off that f,, =0,

fpmy=0for2<m <M, so f= f(F,X,DX) which shows (ii).
Step 3. The linearity in F; implies immediately (iii).
Step 4. From the linearity in Dy ; we deduce that

(3.7) fox+®x, +Mx, =0
We define now the vector @ by

(3.8) $:=d+)j.
Clearly, by virtue of assumption (4),

(3.9) #° = 0.

In view of (3.8) and (3.7),

(3.10) Py =Px, tAxd + A x, = —fDx+Ax.7

Hence, recalling assertion (ii) and (3.9) we get

Xt

1
(311) S =—fpyx:+ /(/\,x,,j)(YU,f)df = _X,t[f,Dx - /(/\,x,,j)(YU»TX,t)dT :
a

0

From (3.8) and (8.11) we conclude (iv).
Step 5. It remains to consider the linearity in the variables DF and DM*1y, In view of
the previous results inequality (3.6) reduces to

(3.12) (Fx+ x4+ VY @42V jar<o

for all variables {Y, DF, DM+1y}, We rearrange now the sum of the second and the third
term on the left-hand side of (3.12) to the form

(313) VY .04V =V .4+ V 0=V N =V -V N

Next, in view of (3.11), using the definition of the restricted divergence VY., we see that
1
(3.14) VY. é = —X,tVYO . [f,px - /(A,x'tj)(YD,TX,t)dT .
0
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Proof. Let u, x, w be any flelds and Ay, Ay, Ay, 4s be defined by (4.16). Then, after
simple rearrangements we arrive at the following identities:

Ay (B =V S+ Ax+V g —r)+Aulw— fy + V- foy+a)+ 4s-(S—-fF)
= (4-V-S)—wx+V - j-r)+x(w—fx+V- fox+a)+F-(S~fr)

= [(%]142) +V.(8T4) —S~F} +{-wx ~ V- (wj)+ V- j+wr
+[w)&—f,xk.’+V'(X’f,Vx)—f,Vx'vf(“‘)ea]‘}‘[S'F’“f,F'F]
—(f(F,X,vX)+;,ﬁpz> + V- (8Ti —wj + xfoy) + Vw - j + wr + xa.

This shows the equality in (4.15) while the inequality there results by virtue of (4.8). O

Corollary 4.1. From (4.15) it follows that solutions of model (M) satisfy the following

free energy (dissipation) inequality
(4.17)

(f(F,x,vX)+5lulz> + Vo (=STi+wj — %fvy) = =D+ -b+wr <iv-b+wr.

Subtracting from (4.17) the balance equation for the kinetic energy

(4.18) (ém]?) -V (STa)+ S F=4-b,
which follows by multiplying (2.1); by %, we obtain

(4.19) f+V. -8 F=-D+4wr <wr,
where

(4.20) P :=wj — xf oy

denotes the free energy flux. It is of interest to note that the structure of this flux remains
in compatibility with assumption (A) postulated in Section 3. O

Corollary 4.2. Integration of (4.17) over Q yields

[ (rF w0+ 31it?) de . [y ictvni - in- fodas
(4.21) & 5
:Q/(Vw-j+wr+)'<a)dz+ﬂ/(u-b+w‘r)da: Sﬂ/(u~b+w‘r)dz,

where n denotes the unit outward normal to S = 90. Hence, it follows that if the external
sources vanish, that is b = 0, 7 = 0, and if the boundary conditions on S imply that

(4.22) (Sn)-u=0, wn-j=0, xn fv,=0,
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5. The Cahn-Hilliard system coupled with elasticity

5.1. Model (M) in the conserved case

We now specify model (M), denoted by (M), in the conserved case § # 0, r = Q.
Then

(51) ZC :’—_Z:{F»X7DX1D2X’XJ1U)’DU)}7
and dissipation inequality (4.8) reduces to
(5.2) DC = —(Dw -7+ x.1a) > 0 for all varialbes Z€.

Recalling (4.12) the solution of (5.2) is given by

9 MRS

where M = N (Z€) is a tensor in R, h = R(ZY), g = g(Z°) are vectors in R?, and
B = B(Z°) is a scalar. These quantities are consistent with the inequality
(5.4) [Dw] - []WT h] [Dw] >0 for all variables Z€.
xe] 97 B x

Equations (4.5), (4.6) together with (5.3) yield the following system of differential equations
which represents model (M)© in the conserved case:

ﬁ—V'f’F(F,X,vX) = b,
(5.5) X—-V-(MVw+hy)=r,

w—g- V= [ (F,x.VX)+ V- fo (F,x,Vx) - fx =0,
where f = f(F,x, Dx) is subject to the condition f.oxr = 0. Moreover, system (5.5) is
supplemented by inequality (5.4) and invariance restrictions (4.10).

We recall that by virtue of Corollary 4.1, the solutions of (5.5) satisfy free energy
inequality (4.19). For later comparison with Gurtin's theory we note that multiplying
equation (5.5); by w and subtracting the result from inequality (4.19), the latter becomes
(5.6) f=8-F—(V-fox+wx—Ffox Vx+7 -Yuw<o.

Finally, we specify model (M)¢ under assumption of infinitesimal deformations. Tt
has the form

-V f,€(5(u))X) VX) = ba
(8.7) =V - (MVuw+hy)=r,

w—-g- Vuw ~ f’x(E('ll.), X VX) -V f,Vx(E(u):X,vX) - ﬂX = 07
with f = f(e(u),x, Dx) satisfying f pye = 0, and the quantities M = M(ZC), h =
h(ZF), g =3(ZF), B = [}(ZIC) consistent with the inequality (5.4) for all variables

Zlc = ZI = {E(u)l X DX1 D2X1 Xty Wy D‘IJ)}

We point out that the Cahn-Hilliard-Gurtin model (1.9), (1.10) is a special case of system
(5.7) corresponding to free energy (1.7), (1.8).
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for all orthogonal tensors Q. This leads to the restrictions

f(20) = f(Z0), 5(20)=F5(20), 3(Z0)=3j(Zo),

(5.15) ! e _
&(Zo) = &(20), 7(Zo) =7(20)

with Zp := (C,x, Dx,w,Dw), C = FTF. We add that restricted relations (5.15) are
not used in the general development of the theory in [13] which is simpler in terms the
deformation gradient F' (see Remark 2.3).
We outline the main results proved in [13]:
-— The compatibility of constitutive equations (5.13) with dissipation inequality (5.12)
implies the following restrictions
(5.16) f=f(F.x.Dx), S=5(FxDx)=fr(F,xDx),
£= E(F1X7DX) = f.DX(F1X1DX)a

W:ﬁ(F,X,DX,w) :w—f,X(FrX1DX)7

5.17
(317) j=-MDuw

with tensor M = M (Z,) consistent with the inequality
(5.18) Dw-MDuw >0 for all variables Z,.

— Balance laws (5.8)—(5.10) together with relations (5.16), (5.17) yield the system (see
[13), cq. (4.15))

-V f,F(F1X7vX) = bv
(5.19) x—V-(MVw)=r,

w = fx(F,x, VX) + V- fox(F,x, Vx) +7=0.
We note that this system is identical with (5.5) providedit = 0,g =h =0,8=7=0
and the set Z€ replaced by Zo.

~— The considerations in [13], Sec. 3.4, 4.1 allow to deduce that inclusion of the kinetics
in the constitutive variables, that is replacement of the set Zp in (G4) by

(520) Z = {F,X,DX,X’;,‘IU,D‘IU},
leads to relations (5.16), and

”:w_va(F)X7DX)+7rd{sv
(5.21) j=—-(MDw+hx,),
Tdis = —(g - Dw+ ﬂxxt)y
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where Tais Tepresents dissipative part of the internal microforce, and the quantities
M = M(2), h=Hh(Z),g =8(Z), f = B(Z) are consistent with the inequality (5.4)
for all variables Z. Then balance laws (5.8)—(5.10) together with relations (5.16), (5.21)
yield the system which is identical with our system (5.5) if & = 0, v = 0, and the set
Z in place of Z€.

We summarize the comparison of the presented results by the following conclusions:

o The generalized Cahn-Hilliard models with elasticity obtained by two approaches have

the same structure. The only differences are:
— additional constraint on the free energy f pyr = 0 in model (M);
— different sets of state variables: Z€ given by (5.1) in model (M) and Z given
by (5.20) in the Gurtin model.

¢ The term f vy (F,x, Vx) in differential equation (5.5)3 for the chemical potential
corresponds to the microstress while the term w — f(F, x, Vx) to the internal mi-
croforce.

e The quantity a in (5.3) corresponds to the dissipative part of the internal microforce.

o The free energy inequality (5.6) coincides with dissipation inequality (5.12) postulated
in [13].

o Our postulate of treating the multiplier (chemical potential) as an independent vari-
able corresponds to Gurtin’s postulate of an additional balance law for the microforce
and the assumption that system is far from equilibrium. The differential equations for
the chemical potential and the microforce balance are identical.

6. The Allen-Cahn system coupled ‘with elasticity

6.1. Model (M) in the nonconserved case

Here we specify model (M), denoted by (M)VC, in the nonconserved case j = 0,
r # 0. Then the constitutive set Z reduces to

(61) ZNC = {F,X,DX,D2X,X!¢,U)},
and dissipation inequality (4.8) to
ZNe,

(6.2) DVY = —(wr + x1a) > 0 for all variables

By (4.12) the solution of (6.2) is given by

. HERERAIME

where scalar coefficients by = l;kl(Z N C) are consistent with the inequality

(6.4) w b b b >0 for all variables ZVC.
) Xt ba1 D22 X, t
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Consequently, equations (4.5), (4.6) together with (6.3) yield the following system which

represents model (M)V® in the nonconserved case:

w—~V-fr(F,x,Vx)=b,
(6.5) X +buw+ by =1,

w— [ (F,x,Vx)+ V- fox(F,x, Vx) = byyw — baax =0,
where f = f(F, x, D) is subject to the condition f p,r = 0.
System (6.5) is supplemented by inequality (6.4) and the invariance restrictions (4.10).
We recall that according to Corollary 4.1 the solutions of (6.5) satisfy free energy inequality
(4.19) which now can be written in the form

(6.6) f—S-F—f,vx~V)'(—~(V-f,Vx))3=—-DNC+wTSwr,

From (6.5); and (6.5);3 we can deduce a generalized Allen-Cahn equation. Specifically,
it the coefficients by are independent of w, i.e. by = bp(F, x, Dx, D?x, x,1) and satisfy

(8.7) bii >0, b2 20, b1z =05 =0,
then system (6.5)2,3 upon eliminating w reduces to
(68) ﬂX+f.x(F1X7VX)—v'f,VX(F7X1vX)':%7

where 7 = 7/byy and # = B(F,x, Dx, D%x, x,:) > 0 is given by

1
11

Moreover, dissipation (6.2) reduces to DPNC = gx%.
In case of infinitesimal deformations system (6.5);, (6.8) is replaced by

ﬁ, - V 'f,:(e(u)aX1vX) = b7

(6.10) B+ Fxle(w) x, V) — V- Fox(e(), o V) = 7

where § = ﬁ(s(u),x, Dx, D%y, x.:) > 0. We point out that the Allen-Cahn-Fried-Gurtin
model (1.10), (1.15) is a special case of (6.10) corresponding to free energy (1.7), (1.8).
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6.2. The Fried-Gurtin theory

For comparison we outline here the main results of the Fried-Gurtin theory [9] focusing
on its special case when the order parameter is unconstrained and scalar-valued (see {7]).
We remark that the theory of [9] covers more general case where the order parameter
is vector-valued and constrained. We use our notation with the correspondences to the
notation of [9] indicated in Section 5.2 where now x « ¢ stands for a nonconserved order

parameter.

The postulates in [9] are:

(FG1) The unknowns are the fields u and x.

(FG2) The underlying laws are the linear and angular momentum balances (2.1);,2 and

the microforce balance (5.10).
(FG3) The second law is assumed in the form of the dissipation inequality (see [9], eq.

(213))

(6.11) (r 3P ) +9- (8T = i@ < im
which on account of (2.1); and (5.10) is equivalent to (see [9], eq. (2.14))
(6.12) f~8 F—-¢ Vi+mx<o.

(F'G4) The set of constitutive variables is given by

(613) Z = {F7X7DX7X,t)

and constitutive equations are

(6.14) f=£2), §=52), ¢=£2), n=#2)

(FG5) Constitutive equations (6.14) are invariant under observer changes similarly as in
(5.14).

We outline the main results obtained in [9]:
~— The consistency of constitutive equations (6.14) with dissipation inequality (6.12)

requires relations (5.16) and

™= YX(F7X7DX) + mgis,

(6.15) :
Tdig = Trdis(F,XyDX7X,t) = _ﬁ(F1X; DXyX,f)th

where f = B(F, x, Dx, X,t) = 0is a kinetic coefficient. Then (6.12) yields a dissipation
balance (see [7], eq. (3.6))
(616) j_S'F_e'VX+W).(=—ﬂ(F,X,VX,X.))'(=7T,ﬁ3SO

which isolates a part of the internal microforce m4;s as the sole source of dissipation
in the theory.
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— Balance laws (2.1);, (5.10) together with relations (5.16), (6.15) yield system (see [9],
eq. (4.1)) )

ﬁ—V'f‘F(F,X,VX) :b)

6.17
(6-17) B3 Vi 0% + Fx(Fy 30 V) — V- frox(Fyxs Vi) = = 0

supplemented by the invariance restrictions.
We note that (6.17) coincides with (6.5);, (6.8) up to the difference in the constitutive
dependence of 5.
As in Section 5 we summarize the comparison by the following conclusions:

¢ The generalized Allen-Cahn models with elasticity obtained by two approaches have
the same structure. The only differences are:
— additional constraint f pyr = 0 in model (M
— a broader constitutive dependence f = [;(F, x, Dx, D*x,%,1) in model (M)NC.
¢ Allen-Cahn equation (6.8) corresponds to the microforce balance where f,vy(F, x, Vx)
represents the microstress while —(f,, + fx) the internal microforce.
o Our free energy inequality (6.6) is consistent with the dissipation inequality (6.12)
postulated in {9].

we;
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