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Abstract. The goal of this paper is to derive again the generalized Cahn-Hilliard and 
Allen-Cahn models in deformable continua introduced previously by E. Fried 
and M. E. Gurtin on the basis of a microforce balance. We use a different approach based 
on the second law in the form of the entropy principle according to I. Miiller and I. S. Liu 

· which leads to the evaluation of the entropy inequality with multipliers. 
Both approaches provide the same systems of equations. In particular, our differentia.I 
equation for the multiplier associated with the balance law for the order parameter tums 
out to be identical with the Fried-Gurtin microforce balance. 



1. Introduction 

1.1. Motivation and goal 

In a line of their papers E. Fried and M. E. Gurtin [8], [9], [10], [13] have developed 
a thermodynamical theory of phase transitions which is based on a microforce balance in 
addition to the basie balance laws and a mechanical version of the second law. Parallel 
to that theory M. Fremond [5], [6] has proposed a theory based on microscopic motions 
as a tool of modelling various phase transitions, specifically shape memory and damage 
problems. Despite of different ideas Fremond's approach bears some resemblance to the 
Fried-Gurtin theory. 

Another approach to modelling phase transitions has been proposed in [l) , [2) and 
applied in [23), [24), [25]. This approach consists in exploiting the second law in the form 
of the entropy principle according to I. Miiller [21], [22) complemented by the Lagrange 
multipliers method suggested by I. S. Liu [18] . Such method leads to the evaluation of 
the entropy inequality with multipliers, known as the Miiller-Liu entropy inequality. The 
Miiller-Liu approach provides a systematic way of deriving restrictions on the interdepen­
dence of various physical quantities imposed by the second law. It represents important 
alternative to the so called Coleman-Noli approach [4) to the Clausius-Duhem inequality 
(see e.g. the more detailed accounts [20], [15)). It has been observed in [23] that assuming 
appropriate sets of constitutive variables and applying the multipliers-based approach it is 
possible to obtain generalized Allen-Cahn (Landau-Ginzburg) equations with kinetic and 
anisotropic effects which are identical with equations derived by Fried and Gurtin [8], [13) 
on the basis of the microforce balance. 

The goal of this paper is to present the multipliers-based approach and compare the 
results obtained by means of it with the results due to Fried and Gurtin. For comparison we 
take two well-know models in materials science - the Cahn-Hilliard and Allen-Cahn equa­
tions and their generalizations for deformable continua. The coincidence of results, apart 
from indicating interesting connections, supports the usefulness of the multipliers-based 
approach for deriving other phase transition models. V,/e remark that in recent years the 
Cahn-Hilliard and Allen-Cahn models in elastic solids have attracted a lot of mathematical 
interest (for up-to-date references see e.g. [3], [19], [17)) . 

The Cahn-Hilliard equation is a conservation law which describes phase separation 
process in binary alloys while the Allen-Cahn equation is a relaxation law describing or­
dering process in alloys. It is known from the materials science literature that elastic effects 
strongly influence the microstructure evolution in these processes. The chemical and elastic 
anisotropy, heterogeneity and the impact of external body forces are important factors as 
well. The Fried-Gurtin theory based on the microforce balance has allowed to encompass 
these effects into models. The generalized Cahn-Hilliard models have been derived in [13) 
while the generalized Allen-Calm models in [8), [9], [13] and analysed further in [7]. The 
generalizations included anisotropic and heterogeneous effects, additional kinetic effects, 
multicomponent and constrained order parameters as well as the effects due to deformation 
of the materiał. Thermal effects have been suppressed except of [8) where a nonisothermal 
Allen-Cahn equation neglecting deformation has been considered. For the ease of direct 
comparison we suppress here thermal effects as well. Vve point out, however, that the 

2 



multipliers-based approach can be in a straightforward manner extended to account for 
such effects. The nonisothermal Cahn-Hilliard and Allen-Cahn models in elastic solids will 
be the subject of a future work. 

1.2. Review of the generalized Cahn-Hilliard and Allen-Cahn models 

Vve review shortly the genralized Cahn-Hilliard and Allen-Cahn models derived by 
Fried and Gurtin. For consistency with our previous papers (17], [3] concerning mathemat­
ical aspects of the models we use a notation which differes from the original Fried-Gurtin 
notation. The correspondences are presented in detail in Sections 5, 6. 

In case without elasticity the Cahn-Hilliard-Gurtin system for a three-dimensional 
body represents the mass and the microforce balances (see [13], Sec. 3.4): 

X - "v. (M"vw + hx) = T, 
(1.1) 

w -g · "vw = -"v · f,'lx(X, "vx) + f,x(X, "vx) + 13-fc, 

where X is the scalar, conserved order parameter representing the volume fraction of one 
of t,wo components, w is the chemical potentia!, f = f(x, "vx) is the free energy density, 
superimposed dot denotes the materia! time derivative. Moreover, M = (Nl;j) is the 
mobility tensor, /3 2: O is the diffusional viscosity coefficient, g = (g;), h = (h;) are vectors 
accounting for anisotropic cross-coupling effects, and T is an external supply of the order 
paran1eter. The quantities M = M(Z), /3 = P(Z), g = g(Z), h = ii(Z) can in generał 
depend on the set of variables Z= {x, Dx, X,t, w, Dw} and are subject to the condition 

(1.2) h] [Dw] . /3 X,t 2: O for all var1ables Z. 

Here Dw and X,t are variables corresponding to the gradient "vw and the time derivative 
X, respectively. The relevant form of the free energy density is the Landau-Ginzburg one: 

(1.3) 
1 

f(x, "vx) = 1(x) + 2"vx · I'(x)"vx, 

where '-P(X) is a" coarse-grain" energy, a double-well potentia! whose wells define the phases, 
with the standard form 

(1.4) 

and I'(x) = (I';j(X)) is a gradient energy tensor accounting for chemical heterogeneity. 
For free energy (1.3) equation (1.1)2 becomes 

(1.5) w - g · "vw = -"v · (I'(x)"vx) + ~"vx · r'(x)"vx + flx) + /3x -

It is easy to see that forg= h = O, T = O, M = ml, I'= 11 where I is the unit tensor, 
and m, 1 are positive constants, system (1.1)1, (1.5) can be reduced to the form 

(1.6) x - ml>(-,l>x + 1'(x) + /3x) = o 
which for /3 = O represents the classical Cahn-Hilliard equation while for /3 > O the viscous 
Cahn-Hilliard equation. 
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In case elastic effects are taken into account under assumption of infinitesimal defor­
mations the relevant form of the free energy density is given by (see [13], Sec. 4.3): 

( 1. 7) 
1 

!(,;(u), x, 'vx) = W(,;(u), x) + ,t,(x) + 2 'vx · I'(x)'vx 

where 

(1.8) 
1 

W(,;(u),x) = 2(,;(u) - e(x)) · A(x)(,;(u)- e(x)) 

represents the elastic energy. Here u= (u;) is the displacement vector, ,;(u) = ½('vu + 
'vuT) is the linearized strain tensor, A(x) = (Aijkl(X)) is the fourth order elasticity 
tensor and e(x) = · (K;j(X)) is the symmetric eigenstrain tensor. Correspondingly, the 
Cahn-Hilliard-Gurtin model in elastic solids ba.sed on free energy (1. 7), (1.8) has the form 
of the mass and the microforce balances 

x - 'v · (M'vw + hx) = r, 
(1.9) 

w -g · 'vw = -'v · (I'(x)'vx) + i'vx- I''(x)'vx+1j,'(x) + W,x(,;(u),x) +(h 

coupled with the linear momentum blance 

(1.10) ii- 'v • T-V,.(,;(u),x) = b, 

where b is an external body force, and 
(1.11) 

1 
W,x(,;(u),x) = -e'(x) · A(x)(,;(u)- e(x)) + 2(,;(u)-e(x)) · A'(x)(,;(u)- e(x)), 

W,,(,;(u),x) = A(x)(,;(u)-e(x)). 

Moreover, the quantities M = M(Z), (3 = P(Z), g = [J(Z), h = h(Z) can depend on 
the set of variables Z= {,;(u),x,DX,X,t,w,Dw} and are subject to the inequality (1.2) 
for all such variables Z. In view of the fa.et that the mechanical equilibrium is usually 
attained on a much faster time scale than diffusion in Gurtin's model (see [13], Sec. 4) 
a quasi-stationary approximation of (1.10), that is neglecting the inertial term ii, has been 
assumed. 

The generalized Allen-Cahn equation derived by Fried and Gurtin (see [8], Sec. 2, [13), 
Sec. 2) represents the microforce balance 

(1.12) f3(x, 'vx, x)x + f,x(X, 'vx) - 'v . .f,v:Ax, 'vx) = T. 

Here X is a scalar, nonconserved order parameter describing ordering process in alloys, 
f = l(x, 'vx) is the free energy density, and /3 = P(x, 'vx, x) 2'. o is a kinetic coefficient 
(damping modulus). For the free energy (1.3) equation (1.12) becomes 

( 1.13) f3(x, 'vx, x)x - 'v · (r(x)'vx) + i 'vx · r'(x)'vx + 1j,'(x) = r. 
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It constitutes a broad generalization of the classical Allen-Cahn equation 

(1.14) /Jx- ,6.x + 1/J'(x) = o 

which results from (1.13) setting /3 = const > O, I'= 11, 1 = const > O and r = O. 
The Allen-Cahn-Fried-Gurtin model with elasticity ( under assumption of infinitesimal de­
formations) based on the free energy (1.7), (1.8) (see [9]) has the form of the microforce 
balance 
(1.15) 

/3(e(u), X, 'vx, x)x - 'v. (I'(x)'vx) + ~ 'vx. I''(x)'vx + ,t,'(x) + W,x(e( u), x) = T 

coupled with the linear momentum balance (1.10). Here the kinetic coefficient /3 = /J(e( u), 
X, 'vx,x):::: O and W.x(e(u),x), W.~(e(u),x) are given by {1.11). 

1.3. The multipliers-based approach 

We derive the presented above models by employing the Miiller-Liu multipliers-based 
approach. The application of this approach to phase transition problems requires a special 
procedure which has been suggested in [1], [2) and utilized in [23), [24], [25). This procedure 
consists of three main steps. 

In the first step we consider the system of balance laws with a set of constitutive 
variables relevant for the phase transition under consideration. Distinctive elements in this 
set are variables representing higher gradients of the order parameter and its time deriva­
tive. The presence of such variables is characteristic for theories involving free energies of 
Landau-Ginzburg type. In accordance with the principle of equipresence we assume that 
all quantities in balance laws are constitutive functions defined on this set of variables. 

In the second step we postulate the free energy inequality with multipliers conjugated 
with the balance laws. Again, we assume that all quantities in this inequality, including 
multipliers, depend on the same constitutive set. Next, making no assumptions on the 
multipliers, we exploit the free energy inequality by using appropriately arranged algebraic 
operations. As a result we conclude a collection of algebraic restrictions on the constitutive 
equations. 

In the third step we presuppose that the multiplier associated with the equation 
for the order parameter is an additional independent variable. Then, regarding algebraic 
restrictions obtained in the previous step, we deduce an extended system of equations 
including in addition to balance laws a differentia! equation for the multiplier. Moreover, we 
require this system to be consistent with the principle of frame indifference. The obtained 
system turns out to be identical with that resulting from the Fried-Gurtin theory based on 
the rnicroforce balance. The most interesting conclusion from the comparison with their 
theory is that our differential equation for the multiplier is identical with their microforce 
balance. In view of that, at the concept level, our postulate of treating the multiplier as 
an additional independent variable corresponds to their postulate of an additional balance 
law for the microforce. 
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1.4. Plan of the paper 

In Section 2 we introduce basie physical quantities , the balance laws, the constitutive 
equations, the entropy and the free energy inequality. The presented formulations allow 
for future extension of the theory by thermal effects. 

In Section 3 we evaluate the free energy inequality restricting ourselves to the isother­
mal situation. The main results are stated in Theorems 3.1 and 3.2. 

In Section 4 we introduce an extended model with the multiplier as an additional in­
dependent variable. The model combines various types of dynami es of the order parameter, 
in particular the conserved and the nonconserved one. The thermodynamical consistency 
of this model is examined in Theorem 4.1. 

In Section 5 we consider the extended model in case of a conserved order parameter. 
lt leads to the generalized Cahn-Hilliard system coupled with elasticity. Vve compare our 
results with the Gurtin theory. 

In Section 6 we consider the extended model in case of a nonconserved order parameter. 
Then we conclude the generalized Allen-Cahn system coupled with elasticity. Vl/e compare 
results with the Fried-Gurtin theory. 

1.5. Notation 

Vve generally follow the notation in [14]. Vectors (tensor of the first order), tensors of 
the second order (referred simply to as tensors) and tensors of higher order are denoted by 
bold letters. Tensors of the second order are linear transformations of vectors into vectors. 
The unit tensor I is defined by lu= u for every vector u; 
sr, trS, s-1 and det S, respectively, denote the transpose, trace, inverse, and determinant 
of a tensor S. 
A dot designates the inner product, irrespective of the space in question: u • v is the inner 
product of vectors u = (u;) and v = (v;), S • R = tr(STR) is the inner product of 
tensors S = (S;j) and R = (R;j), Am• Bm is the inner product of the m-th order tensors 
Am= (A?;' .. ;m) and Bm= (BI:',,;m). 
In Cartesian components, 

(Su);= S;jUj, (ST);j = Sj;, trS = S;;, u· v = u;v;, 

s . R = S,;R;;' Am . Bm = A?;' ... ;m B::' .. ,;m . 

Here and throughout the summation convention over repeated indices is used. 
The transpose of a tensor is defined by the requirement that 

u • Sv= (ST u)• v for all vectors u and v. 

By A= (Aijkl) we denote the fourth order elasticity tensor which represents a symmetric 
linear transformation of symmetric tensors into symmetric tensors . Vve write (Ae );; = 
Aijk/Ć:k/· 
The term field signifies a function of a materiał point a: E lR. 3 and time t. The superimposed 
dot j denotes the materia! time derivative of the field f (with respect tot holding a: fixed), 
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'ił and 'ił · denote the materia! gradient and the divergence (with respect to a:, holding t 
fixed). For the divergence we use the convention of the contraction over the last index, e.g. 
('il · S)i = 8Sij / 8x i · 
We write f,A = 8 f / 8A for the partial derivative of a function f with respect to the variable 
A ( scalar or tensor). Specifically, for f scalar valued and Am = ( A:7 ... i.,) a tensor of order 
m, f ,A"' is a tensor of order m with components f,A'!' . . 

Finally, for a function / = / (x, 'il x) we denote bt6 fi 6 x i ts first variation wi th respect 
to x: 

óf 
óx = f,x(X, 'vx) - 'v · f.vx(X, 'vx) . 

2. Basic quantities. Balance laws and constitutive equations. Entropy and 
free energy inequalities 

2.1. Basic quantities 

Let n C IR3 be a bounded domain with a smooth boundary S, occupied by a solid 
body in a fixed reference configuration. Let a:, E n be the materiał point. The motion ( de­
formation) of the body is denoted by y(a::, t) =a:,+ u(a::, t), where u is the displacement. 
Furt her, !et 

F ='iły= I+ 'ilu, 

subject to det F > O, be the deformation gradient, and C = FT F, in components 
Cij = (8ym/flxi)(8ym/8x1), be the right Cauchy-Green strain tensor corresonding to F . 

We study solid-solid transitions in a two-phase deformable body. We use an order 
parameter to characterize the notion of a phase and identify phase interfaces with thin 
transition zones within which the strain and the order parameter exhibit large gradients . 
To this end we consider the following fields in materia! representation: 
p - mass density, assumed constant normalized to unity, p = 1; 
S = ( Sij) - first Piola-Kirchhoff stress tensor; b = (bi) - external body force; X -
scalar order parameter; j = (ji) - order parameter flux; r - order parameter production 
(scalar); r - external source of the order parameter; e - internal energy; ą = (qi) -
energy flux; g - external heat source; 0 > O - absolute temperature; TJ - entropy; 
f = e - Br, - Helmholtz free energy. 

2.2. Balance laws and constitutive equations 

Letting p = 1, the balance laws for the linear momentum, the angular momentum, 
the order parameter and the internal energy read as follows (see e.g. [26]): 

(2.1) 

ii - 'il · S = b, 

SFT = FST, 

X+ 'il• j - r = r, 

e+'il·q-S·F'=g. 
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System (2.1) is closed by constitutive equations for the quantities S, j, r, e and ą. To model 
phase transitions we consider the set of the following variables 

(2.2) Ye:={F,x,Dx, .. . ,DMx,B,x,,}, MEN, M2::2, 

where x,, denotes a variable corresponding to the time derivative X, and 

is the m-th order tensor of variables corresponding to the m-th order gradient 

Vve use the convention D 0x = X· In (2.2) the variable F represents mechanical properties, 
B - thermal properties, X and its higher gradients - chemical properties due to materiał 
heterogeneity, and X,t - viscous effects due to heterogeneity. For later purposes we split 
the set 

(2.3) Ye = {Ye°,Y1 } 

into two subsets 

(2.4) Ye°:={F,x,Dx, ... ,DMx,B} and Y1 :={x,,} 

which distinguish between the stationary variables and the nonstationary one vanishing at 
equilibrium. V,fe assume the constitutive equations 

(2.5) S = S(Ye), j = ](Ye), r = f(Ye), e = e(Ye), q = q(Ye) 

with smooth functions S,], f, e, q. As common we do not assume the constitutive equations 
for the external sources b, rand g. Because of the presence of tensors of order higher than 
one we supplement (2.5) by the following convention: Any constitutive function defined on 
the set Ye, say ](Ye), is understood in the sense of the following extension 

](F, X, Dx, ... , Bm+ (Bm)'k•w, ... , 0, X,t) = ](F, X, Dx, ... , Bm, . .. , B, X,t) 

where Bm with 2::; m::; M stands for the m-th order tensor corresponding to Dmx, and 
( Bm )•kew denotes the skew part of Bm. 
Such extension is used for all other constitutive functions. Consequently, for instance in 
case D 2 x, we can treat the variables X,ij and X,ii as independent despite of equality 
82 x/8x;8x1 = 82 x/8x18x;. This fact is used in applying the chain rule in Theorem 3.1. 

We point out that equation (2.1 )a combines various types of dynamics of the order 
parameter: 
- mixed conserved-nonconserved (mass balance with production term) j cf O and r cf O; 

conserved (mass balance without production) j cf O and r = O; 
nonconserved (evolution law for the order parameter) j = O and r cf O. 
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Remark 2.1. In [23) it has been shown that in order to admit the free energy depending 
on Dkx, k E N, the set of constitutive variables has to include Dk-l X,t• Since our goal 
here is to construct models with the free energy depending at most on Dx we have to 
admit X,t as the constitutive variable. O 

Remark 2.2. By virtue of the duality relation (see e.g. [2), [25)) thermal properties can 
be alternatively represented by the internal energy e or the entropy T/· Then the set Y9 is 
correspondingly replaced by the sets Y. of Y~ which are defined by (2.2) with e or 7) in 
place of 0. • 

Remark 2.3. From the point of view of the axiom of frame indifference the appropriate 
measure c,f the strain is for instance the right Cauchy-Green strain tensor C (see e.g. [12]). 
However, as underlined in [13) the exploitation of the second principle is simpler using 
deformation gradient F as the constitutive variable. The restrictions imposed by the frame 
indifference are accounted for after deriving consequences from the second principle. O 

2.3. The Miiller entropy principle 

To derive restrictions on the constitutive functions (2.5) imposed by the second law 
we apply the entropy principle due to Miiller [21), [22). This principle states that there 
exists an entropy T/ and an entropy flux 1[F given by constitutive equations 

(2.6) 1) = ry(Ye ), 1fF = ł(Ye) 
with smooth functions ii, ,J,, such that for all solutions of the system of balance laws (2.1) 
with constitutive equations (2.5) ( called thermodynamic processes) defined in a space-time 
domain nto = n x (O, t 0 ) the following implication holds 

(2.7) b=O, r=O, g=O in nt• • a:=17+'v•1fF?:O in nt•. 

Remark 2.4. "\""le recall two stronger versions of the Miiller principle introduced in [2). 
They can be useful whenever the existence of Liu multipliers is proved rigorously. In 
a slightly stronger version (2.7) is replaced by the following postulate: For all thermo­
dynamic processes and all points (x, t) E nt• it holds 

(2.7') b(x, t) = O, r(x , t) = O, g(x, t) =O • a(x, t) ?: O. 

An even stronger version asserts that there exists a scalar field a 0 with a tonstitutive 
equation a 0 = 8-0 (Yo, b, r , g), such that for all thermodynamic processes defined in nto the 
following two conditions are satisfied 

(2.7") a ?: a0 in nt• and 8-0 (Yo, O, O, O)= O 

for all variables Yo. This version of the entropy principle describes the way it is used by 
Coleman and Noll [4) where, however, in contrast to the entropy principle formulated above 
it is assumed that 1[F and a 0 are given by explicit formulas. O 
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2.4. The Miiller-Liu entropy inequality 

The main step in the exploitation of the entropy principle is based on introducing the 
Lagrange multipliers with the purpose to replace the inequality in (2. 7), which holds for all 
thermodynamic processes, by an inequality ( called entropy inequality) which is satisfied 
for arbitrary fields . This idea is due to I. S. Liu [18]. 

For system (2.1) the entropy inequality reads as follows: There are multipliers 

(2.8) 

conjugated respectively with balances (2.l)i, (2.1)3 and (2.1)4 , such that the inequality 

(2.9) I)+ 'v · !li" - Au· (ii - 'v · S) - >-x(x + 'v · i - r) - >-e(e+ 'v · q - S · F) ~ O 

is satisfied for all fields u, x and B. 

Remark 2.5. Entropy inequality (2.9) implies the entropy principle with the strongest 
property (2.7"), that is for solutions of (2.1) it holds 

(2.10) a= ij + 'v ·!li"~ .\,.(Yo)· b + ~x(Yo)r + ~.(Yo)g = : ao(Yo, b, r, g). 

Hence, entropy inequality (2.9) implies all three versions of the entropy principle. D 

Remark 2.6. In a rigorous approach it has to be proved that entropy principle (2.7) 
implies entropy inequality (2.9). The proof requires a characterization of admissible sets 
of the system of partia! differentia! equations under consideration and the verification of 
the Liu lemma [18]. For particular systems this question has been addressed in [18], [2] by 
means of the Cauchy-Kowalevsky theorem. Another approach to this question is to admit 
arbitrary sources in balance equations and postulate stronger version (2.7') of the entropy 
principle (see [2], Sec. 4) . D 

As common in the literature (see e.g. [16], [27]) in the present paper we do not prove 
the entropy inequality (2.9) but take its validity for granted. 

2.5. The free energy inequality 

Assuming that the energy multiplier t(Yo) =J O for all Yo, inequality (2.9) can be 
rearranged to the following form 

(2.11) 
( e - !!....) . + 'v · (q - !li") - S · F + Au · ( ii - 'v · S) 

>-e >., >., 

>-x . . ( 1 ) · ( 1 ) + -(x + 'v . J - r) + "I - + łJf . 'v - ::; o 
Ae >., >., 

for all fields u, X, B. Further, if we assume that the multiplier >., can be identified with the 
inverse of the absolute temperature, that is >-e = 1/B, then by introducing the free energy 
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in accordance with the Gibbs relation f = e - 017, inequality (2.11) takes the form of the 
so-called free energy ( dissipation) inequality 
(2.12) 

J +'ii'· (q - 01f/) - S · F + 0>.u · (ii - 'ii'· S) + 0,\x(X +'ii'· j - r) + 170 + 1f/ · 'ii'0:::; O 

for all fields u, X, 0. 

2.6. The free energy inequality in isothermal case 

Assuming that system ofbalance laws (2.1) is satisfied at a given constant temperature 
0 = 0 > O, we can reduce set of constitutive variables (2.3) to 

(2.13) 

where 
yo:= Ye°le=e = {F,x,Dx, ... ,DMx}, M:::: 2, y1 := {x,t} . . 

Since in sucha case the relevant balance laws are (2.1)1 ,2 ,3 (with (2.1)4 satisfied identically) 
the constitutive equations (2.5) reduce to 

(2.14) S = S(Y), j = ](Y), r = f(Y). 

Correspondingly, free energy inequality (2.12) reduces to 

(2.15) j +'ii'. <.P - s. F + 5..u . ( ii - 'ii'. S) + -X(x +'ii'. j - r) ::; o 

for all fields u, X, where f = e - 017 is the free energy at 0 = 0, <.P = q - 0'[! is the free 
energy flux at 0 = 0, and 5..u = 0>.u, .X = 0-Xx ai:-e multipliers at 0 = 0. These quantities 
are given by constitutive equations 

(2.16) I = f (Y), <.P = !ł>(Y), 5..u = 5..u(Y), A = ~(Y). 

3. Evaluation of the free energy inequality in isothermal case 

3.1. Algebraic preliminaries 

Vve prepare some simplifying notations. For f = f (Y) a smooth scalar function of 
its arguments and the set Y given by (2.13), we dentoe by ar• f, i= 1, 2, 3, the algebraic 
version of the spatial derivative a f / ax; restricted to the set of variables Y 0 ( applying 
differentiation by the chain rule): 

ar I:= f,F. F,; + f,D=x. nmx,i, 

and by v'Y0 f = ( ar" /);=1,2,a the corresponding algebraic version of the gradient 'ii' f 
restricted to the set Y 0 • Similarly, for a smooth vector-valued function <P = !ł>(Y) with 
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values in !R3 we denote by ,;;7Y0 
• ip the algebraic version of the divergence V• ip restricted 

to the set yo; 

Throughout we use the summation convention with the indices i,j 
0,1, ... ,M. 
Moreover, we introduce the following subset of Y 0 : 

(3.1) yo;= {x,Dx, ... ,nM-lx} =yo\ {F,DMx} . 

1,2,3 and m 

For a function f = f (F, X, Dx) we denote by fl°Y 0 f J 8x the algebraic version of the first 
variation 8f /8x restricted to the subset Y0 : 

(3.2) 
8yof 90 . 
Bx := f,x - V · f,Dx = .f,x -c f,x,,xX,i - f,x,;x,;X,ii• 

3.2. The restrictions 

Assuming constant temperature 0 = 0 > O we consider system of balance laws 
(2.lh,2,a with constitutive equations (2.14). To derive restrictions on these equations we 
postulate free energy inequality (2.15) complemented by equations (2.16). In addition we 
impose the following structural assumption 

(A) 

where ;po, j 0 and >-0 denote stationary quantities defined by setting X,t = O in the argu­

ments Y, that is P 0 := <i;(Y0 , Y 1 )IY'={O} and similarly for j 0 ,>-0 . 

We underline that assumption (A) represents the classical form of the relation between 
fluxes ip and j (see e.g. [22]). V\Te prove the following 

Theorem 3.1. (Consistency with the free energy inequality) 
Let us consider bala.nce la.ws (2.1)1 ,2,3 with constitutive equa.tions (2.14) a.d 0 = 0 = const. 
Suppose tha.t free energy inequality (2.15) with (2.16) is sa.tisfied and assumption (A) l10lds 
true. TJ1en tl1e following relations are satisfied: 
(i) multiplier of tl1e linear mome11tum Xu = O; 

(ii) free energy f = f(F, X, Dx); 
(iii) stress tensor S = S(F, X, Dx) = f.F(F, X, Dx); 
(iv) free energy !fox 

I 

'P = ->-j - x,t[f,Dx - j (\x,,i)(Y0, rx,1)dr]; 

o 
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(v) compatibility co11ditio11s 

1 

[ - f,x,, + f c>..x,,j;)(Y0 , TX,t)dr] X,t - j;\r., = o, 
0 1F1,:1 

(3.3) 
1 [ J (\x,,J;)(Y0 , TX,t)dr] . X,t - j;\x.,1 

O 1X,1 1 .. iM 

for all i11dices i, k, I, i1 , ... , iM witl1 values equal l, 2, 3. 
Moreover, tliere exists a scalar qua.ntity a = a(Y) sucl1 tliat 

(vi) multiplier >. = >-(Y) sa.tisnes equa.tion 

(3.4) 

witli yo a.nd 8Y' f /8x defu1ed by (3.1), (3.2); 

. = o 
··'M 

(vii) tl1e qua.ntities j = ](Y), r = f(Y) and a= a(Y) sa.tisfy tl1e residual inequa.lity 

(3.5) v'Y0 >. · j + >.r - X,tii :::: O for all variables Y. 

Remark 3.1. ln view of a.ssertion (ii), 8Y 0 f /6x depends on the varia.bies {F, X, Dx, D 2x} . 
For tha.t rea.son pa.rarneter M in the set Y ha.s been a.ssumed to sa.tisfy condition M :::: 2. 
o . 

Remark 3.2. Equa.tion (3.4) resembles the expression for the chemical potentia.I in the 
cla.ssical Ca.hn-Hillia.rd theory which is given a.s the first va.riation of the free energy with 
respect to the order pararneter ( com pa.re (1.1 )2 ). In view. of that we sha.11 identify the 
nega.tive of the multiplier, denoted by w := ->., with the chemical potentia.I. O 

Proof of Theorem 3.1. By inserting constitutive equa.tions (2.14), (2.16) into free energy 
inequality (2.15) and applying the cha.in rule we arrive at the following algebra.ie inequality 

f,x,,X,tt + f,F. F,t + f,D=x. nmx,t + q;,x,,. Dx,t + y'y•. q; - s. F,t + Xu. U,tt 
(3.6) _ _ yo yo 

- .\,.. · (S,x,,Dx,,) - ,\,.. · (v' · S) + >.x,1 + >-i,x,, · Dx,1 + >. v' · j - >.r::; O 

for all varia.bies {W, Y}. Here 
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denotes the set of variables ( called higher derivatives) in which the left-hand side of (3.6) 
is linear. The evaluation of (3.6) consists in deriving consequences from the linearity in the 
variables belonging to TV. The linearity pernuts to conclude that the coefficients preceding 
these variables have to vanish identically. V{e proceed stepwise in the following order: 
Step 1. By the linearity of the left-hand side of (3.6) in U,tt it follows that the corresponding 
coefficient has to vanish, that is Xu = O. This shows (i). 
Step 2. By the linearity in the variables X,tt, (Dmx,thSmSM, we read off that f,x,, = O, 
f,D=x = O for 2 :Sm :SM, sof= i(F, X, Dx) which shows (ii). 
Step 3. The linearity in F,t implies immediately (iii). 
Step 4. From the linearity in Dx,t we deduce that 

(3.7) f,Dx + <P,x., + >-.i,x,, = O. 

V{e define now the vector lJ; by 

(3.8) 

Clearly, by virtue of assumption (A), 

(3.9) -o <P = o. 

In view of (3.8) and (3.7), 

(3.10) lJ;,x., = <P,x., + \x.,i + >-.i,x., = -f.vx + \x,,j . 

Hence, recalling assertion (ii) and (3.9) we get 

X,t 1 

(3.11) ef>= -f,DxX,t+ j(\x,,i)(Y0 ,0dĘ, = -x,t[!,vx- j(>..x,,i)(Y0 ,rx,t)d·+ 
o o 

From (3.8) and (3.11) we. conclude (iv). 
Step 5. It remains to consider the linearity in the variables DF and nM+1x. In view of 
the previous results inequality (3.6) reduces to 

(3.12) U,x + >-.)x,t + 'vy0 
• <P + >-.'vy 0 

• j - >-.r ~ O 

for all variables {Y, DF, nM+1x}, V{e rearrange now the sum of the second and the third 
term on the left-hand side of (3.12) to the form 

(3.13) 'vyo. q, + ).'yyo, j = 'vyo. q, + 'vyo. (>-.j) _ 'vyo).. j = 'vyo. ef>_ 'vyo).. j. 

Next, in view of (3.11), using the definition of the restricted divergence 9Y0 
., we see that 

(3.14) yo - yo [ 11 
• o ] 'v · <P = -X,t 'v · f,Dx - (\x,,J )(Y , TX,t)dr . 

o 
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Combining (3.13) and (3 .14) inequality (3.12) becomes 

1 

(3 .15) (.x +f,x + v7Y' · [-f,Dx + jP,x,.i)(Y0,rx,t)dr])x,t - v7Y'_x .j->.r:::; O 

o 

for all variables {Y,DF,DM+ 1x}. From (3.15), performing differentiation by the chain 
rule in terms involving v7Y' • and v7Y' (restricting now to the subset Y0) the linearity in 
the variables Fk1,i and X,i, ... iMi implies that the coefficients preceding these variables have 
to vanish for all indices i,k,l,i1 , ... ,iu = 1,2,3. This yieds assertion (v). 
Step 6. We proceed to derive conclusions from the inequality (3.15) which remains after 
taking into account (v). It reads 

I 

(3.16) [ >. + f,x - v7Y' · .f,Dx + v7Y' · j P,x,.i)(Y0 , TX,t)dr] X,t - v7Y' >. · j - >.r :::; O 

o 

for all variables Y. Now !et us define a scalar quantity ii = a(Y) given by the squared 
parenthesis in (3.16): 

1 

(3.17) - Y0 Y0 j( ")( o ) a := .X + f,x - v' · f,Dx + v' · \x,,J Y , TX,t dr. 

o 

In view of (3.2) equality (3.17) yields assertion (vi). Finally, owing to (3.17) , inequality 
(3.16) takes the form of the residua! inequality (3.5). This shows assertion (vii) and thereby 
completes the proof. O 

3.3. The restrictions in the nonconserved case 

The statement of Theorem 3.1 simplifies greatly in case of the nonconserved dynamics 
of the order parameter. Then assumption (A) reads 

if>=D, 

and we have 

Theorem 3.2. (Cons.istei1cy w.ith the free energy .inequal.ity .in tl1e nonconserved case) 
Let us cons.ider balance Jaws (2.1)1 ,2 ,3 w.ith const.itutive equatio11s (2.14) in the noncon­
served case j = O, r ,f O, at 0 = 1J = const . Suppose tl1at tl1e free energy inequality (2.15) 
witl1 (2.16) .is sat.isfied and assumpt.ion (A)NC l1olds true. Then the following relations are 
sat.isfied: 
(i) .\,. = O; 

(.i.i) f = f(F, X, Dx); 
(ii.i) s = S(F,x,Dx) = f,F(F,x,Dx); 
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(iv) ,[, = -x,d,Dxi 
(v) f ,DxF = O. 

Moreover, tl1ere exists a scalar ii = a.(Y) sucl1 tl1at 

-.\ = ó - a· 
óx ' 

(iv) 
(vii) .\r - X,ti'i 2: O for all variables Y. 

4. Model with the multiplier as an additional independent variable 

4.1. Model (M) 

Regarding Theorem 3.1 we introduce an extended model in which the multipier ,\ is 
in addition to u and x treated as an independent variable. We underline that such idea is 
admissible because theorem has been proved under no assumptions on>-. Recalling Remark 
3.2 we identify the negative of the multiplier with the chem.ical potentia! 

( 4.1) w=-.\. 

Assuming that w is a new independent variable we replace the set of variables Y by 

( 4.2) z:= {F,x,Dx,D 2x,x,1,w,Dw}. 

Here we do not consider space drivatives of order higher than 2. 
The model with the multiplier, referred to as (M), is based on the following postulates: 

(Ml) The unknowns are the fields u, x and w. 
(M2) The free energy is given by 

( 4.3) I= f(F,x,Dx) 

subject to the condition 

(4.4) f,DxF = 0. 

(M3) The fields satisfy differentia! equations 

( 4.5) 

ii- 'V· S = b, 

X+ 'V• j - r = r, 

w - f,x + 'V · f.vx + a = O, 

where the stress tensor is given by 

(4.6) s = S(F, X, Dx) = !,F(F, X, Dx), 
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consistent with the condition 

(4.7) 

Moreover, the quantities j = ](Z), r = r(Z), a = ii(Z) are subject to the dissipation 
inequality 

(4.8) D := -(Dw · j + wr + X,ta) 2 O for all variables Z . 

(M4) In addition, in accordance with the principle of frarne indifference, the constitutive 
equations 

I= }(F,x,Dx), s = S(F,x,Dx), 

{ = ł(F, X, Dx) := f,vx(F, X, Dx), 

j = ](Z), r = r(Z), a= ii(Z) 

are assumed to be invariant under changes in observer, i.e. under transformations (see e.g. 
[13], Sec. 4.2) 

I --+ I, s --+ Q s, i --+ i, e --+ e, r --t r , a --t a, 

(F,x,Dx,D 2 x,x,1,w,Dw) --t (QF,x,Dx,D 2 x,x,1,w,Dw) 

for all proper orthogonal tensors Q (QQT = QTQ = I with det Q > O). This leads to the 
following restrictions 

( 4.10) 

](F,x,Dx) = }(C,x,Dx), 

S(F,x,Dx) = FS(C,x,Dx), 

{(F,x,Dx) = {(C,x,Dx), 

](Z) =](Z), r(Z) = r(Z) , ii(Z) = ii(Z), 

where Z:= {C,x,Dx,D 2x,X,t,W,Dw} with C = FTF the right Cauchy-Green strain 
tensor. We note that by virtue of ( 4.10)2 condition ( 4. 7) is automatically satisfied (see e.g. 
[11]). 

Remark 4.1. Equation (4.5)3 is deduced from (3.4) after replacing the restricted first 
variation t?' f /lix by the first variation óf /óx, and the terms 

I 

v,-y• · J (>, ,x.,i)(Y0 , rx,t)dr - a 
o 

by a scalar a= ii(Z) . In fact, in view of (4.3) and (4.4), the first variation 

óf 5v•1 
tix = f,x - v' · f ,Dx = Sx 

is independent of the variables DF. Then, according to equation ( 4.5)3, we have a = ii( Z) . 
This shows that the above mentioned replacements are well-founded. O 

17 



4.2. The solution of a dissipation inequality 

Inequality ( 4.8) represents the standard thermodynarnical inequality 

( 4.11) -X• J(X,w) 2'. O for all variables Z= {X,w}, 

where X := (Dw, w, X,t) is a thermodynarnical force, J := (j, r, a) is a thermodynamical 
flux and w := (F, X, Dx, D 2x) is a vector of state variables. The solution of ( 4.11) can be 
characterized with the help of the following generał result due to Gurtin [13), Appendix 
B: Let J : IR q x !RP --+ IRq, p, q E N, be a smooth function satisfying inequality ( 4.11) for 
all (X,w) E !Rq x !RP. Then 

(4.12) J(X,w) = -B(X,w)X, 

where B(X, w) is for each (X, w) a linear transformation from lRq into JR.q, consistent with 
the inequality 

(4.13) X • B(X,w)X 2'. O for all (X,w) E JR.q x !RP. 

We remark that because of the dependence of B(X, w) on X, inequality ( 4.13) is weaker 
that positive semi-definiteness of B(X, w). However, w hen J(X, w) is linear in X for each 
w, then 

( 4.14) J(X,w) = -B(w)X 

with B( w) positive semi-definite. 

4.3. Thermodynamical consistency of model (M) 

We shall show that model (M) is consistent with the second law of thermodynarnics. 

Theorem 4.1. Model (M) satisfi.es tl1e followi11g free energy inequality witl1 multipliers 

(4.15) 

(!(F,x , 'v'x) + ~lit.1 2). + 'v'. (-STit. +wi-xf,'vx) 

+ Au · ( ii - S) + Ax(X + 'v' · j - r) 
+ Aw(w - f,x +V · f,'vx +a)+ As · (S - f,F) 

= Vw · j + wr + xa = -1J :SO 

for all fi.elds u, X, w, wliere 

( 4.16) Au = -it., Ax = -w, Aw = X, As = F 

are multipliers conjugated respectively witl1 equatio11s (4.5)1,2,a and (4.6). 
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Proof. Let u,x,w be a.ny fields and A.,, Ax, Aw, As be defined by (4.16). Then, after 
simple rearrangements we arrive at the following identities: 

A., · ( ii - 'v · S) + Ax(X + 'v · j - r) + Aw(w - f,x + 'v · f,v>x +a)+ As · (S - f.F) 

= -u· ( ii - 'v · S) - w(x + 'v · j - r) + x(w - f,x + 'v · f.-;;,x +a)+ F · (S - f,F) 

= [ G1u1 2 } + 'v. (ST u)- s · F] + [-wx - 'v. (wj) + 'vw. j + wr] 

+ [wx - f,xx + 'v · (xf,v>x) - f,"x · 'vx + xa] + [s · P- f.F · F] 

= - (1(F, X, 'vx) + ~lul2). + 'v. (ST u - wj + xf,'Jx) + 'vw. j + wr + xa, 

This shows the equality in (4.15) while the inequality there results by virtue of (4.8). • 
Corollary 4.1. Prom (4.15) it follows tl1at solutions of model (M) satisfy the following 
free energy ( dissipation) inequality 
(4.17) 

(1(F,x, 'vx) + ~1u1 2} + 'v · (-STu + wj - xf,v>x) = -V+ U• b +WT::; U· b + WT. 

Subtracting from ( 4.17) tl1e ba.lance equation for tl1e kinetic energy 

( 4.18) 

which follows by multiplyi11g (2.1)1 by u, we obtain 

(4.19) j + 'v. ip - s. F =-V+ WT :S WT, 

where 

( 4.20) ip := wj - xf,'Jx 

denotes tl1e free energy flux. It is of interest to note tl1at the structure of tliis flux remains 
in compatibility with assumption (A) postula.ted in Section 3. • 
Corollary 4.2. Integration of ( 4.17) over n yields 

(4.21) 

[/ (!(F,x, 'vx) + ~lu/2) dx]. +/[-(Sn)· u+ wn · i - xn · fsx]dS 

= j('vw•j+wr+xa)dx+ j(u•b+wT)dx:S j(u•b+wT)dx, 
n n n 

wl1ere n denotes tl1e unit outward normal to S = an. Hence, it follows tliat if the external 
sources va.nisl1, tl1at is b = O, T = O, and if the boundary conditions on S imply that 

( 4.22) (Sn)· u= O, wn ·i= O, xn · /,'Jx = O, 
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' 
tl1e11 solutio11s of model (M) satisfy 

(4.23) [/ (!(F,x, 'v'x) + ~/it/ 2 ) dx 1 ·::; O. 

Tl1is is tl1e Lyapu11ov relatio11 asserti11g tl1at for model (M) tbe total energy is 11011-i11crea­
si11g 011 solutio11s patl1s. • 

4.4. Model (M), in case of infinitesimal deformations 

Here we deduce the corresponding model wit.hin linearized theory appropria.te to sit­
uations in which the displacement gradient 'v'u is small. To this end it. is appropriate to 
repeat considernt.ions of Sections 2-4 assuming from the outset that the deformation is 
infinitesimal. Following arguments used in [13], Sec. 4.4, or [9], Sec. 6, we redefine F to be 
'v'u, and replace (2.l)z by the requirement tha.t S be symmetric: 

(4.24) S=ST. 

The steps leading to (Ml) - (M3) rema.in unchanged. Further, as in [13], Sec. 4.4, we 
conclude that invariance of the constitutive equations under infinitesimal rotations (i.e., 
repalcement of 'v'u by 'v'u+n with !7 skew) implies that constitutive functions can depend 
on 'v'u only through the infinitesimal strain e(u) = ('v'u + 'v'uT)/2. 
Consequently, the set of variables Z is repalced by 

z,:= {e(u),x,Dx,D 2 x,X,t,w,Dw}. 

Within linearized theory model (M), is based on the following postulates: 

(Ml) 1 The unknowns are the fields u, X, w. 
(M2)1 The free energy is given by 

I= f(e(u), X, Dx), 

consistent with the condition f,Dx< = O. 

(M3)1 The fields u, X, w satisfy equations ( 4.5), where S is given by 

S = S(e(u),x,Dx) = /,,(e(u),x,Dx), 

hence consistent with (4.24). Moreover, the quantities j = ](Z,), r = f(Z1), a= a(Z1) are 
subject to the dissipation inequality 

V1 := -(Dw • j + wr + X,ta) ~ O for all variables z,. 
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5. The Cahn-Hilliard system coupled with elasticity 

5.1. Model (M)0 in the conserved case 

We naw specify model (M), denoted by (M)e, in the conserved case j f= O, r = O. 
Then 

(5.1) ze:= z= {F,x,Dx,D2x,x,1,w,Dw}, 

and dissipation inequality ( 4.8) reduces to 

(5.2) De:= -(Dw · j + x, 1a) 2'. O for all varialbes ze. 

Recalling ( 4.12) the solution of (5.2) is given by 

(5.3) 

where M = M(ze) is a tensor in JR3, h = h(ze), g = g(Ze) are vectors in JR 3, and 
(3 = ft(ze) is a scalar. These quantities are consistent with the inequality 

(5.4) [ ~.:] • [~ ~] [ ~.~] 2: O for all variables ze. 

Equations ( 4.5), ( 4.6) together with (5.3) yield the following system of differentia! equations 
which represents model (M)e in the conserved case: 

u - "il' f,F(F,x, 'vx) = b, 

(5.5) X - "il· (M'vw + hx_) = r, 

w -g · 'vw - f,x(F,x, 'vx) +"il· l,vx(F,x, 'vx)- ()x_ = O, 

where f = /(F, X, Dx) is subject to the condition f,DxF = O. Moreover, system (5.5) is 
supplemented by inequality (5.4) and invariance restrictions (4.10). 

V./e recall that by virtue of Corollary 4.1, the solutions of (5.5) satisfy free energy 
inequality ( 4.19). For later comparison with Gurtin's theory we note that multiplying 
equation (5.5)2 by w and subtracting the result from inequality (4.19), the latter becomes 

(5.6) j - S · F - ("il· f,vx + w )x - f,vx · 'vx_ + j · 'vw :=; o. 
Finally, we specify model (M)° under assumption of infinitesimal deformations. It 

has the form 

ii- 'v · f,,(e(u),x, 'vx) = b, 

(5. 7) x. - "il· (M'vw + hx_) = r, 

w -g. 'vw - f,x(e(u),x, 'vx)- "il' f,vx(e(u),x, 'vx)- f3x = o, 
with f = /(e(u),x,Dx) satisfying f,Dx• = O, and the quantities M = M(Zi°), h = 
k(Zf), g = g(Zf), (3 = P(Zi°) consistent with the inequality (5.4) for all variables 

Zf := Z1 = {e(u),x,Dx,D 2 x,X,t,w,Dw}. 

V./e point out that the Calm-Hilliard-Gurtin model (1.9), (1.10) is a special case of system 
(5.7) corresponding to free energy (1.7), (1.8). 
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5.2. The Gurtin theory 

To see in detail the connections between the presented multipliers-based approach 
and the microforce balance approach to the Cahn-Hilliard model with elasticity we recall 
here the main postulates of Gurtin's theory [13] . We use our notation with the following 
correspondences to the notation of [13]: 
x H p order parameter, w H µ chemical potentia!, j +--> h mass flux, r +--> m external mass 
supply, h +--> a, g +--> b cross-coupling terms, M H A mobility tensor, A +--> C elasticity 
tensor, f +--> ,p free energy. 
The other notation is the same. Moreover, in [13] the following additional fields are con­
sidered as prinutive quantities: 
e - microstress (vector), 1r - interna! microforce (scalar), 1 - external Hllcroforce. 
The postulates in [13] are: 
( G 1) The unknowns are the fields u, X, w . 
(G2) The underlying laws are the linear momentum balance in quasi-stationary approxi­
mation 

(5.8) -"il· S = b, 

the angular momentum balance (2.lh, the mass balance (2.l)J (r = O) 

(5.9) x + "il ·i= r, 

and the microforce balance 

(5.10) " • e + 1r + , = o. 
(G3) The second law is assumed in the form of the dissipation inequality (see [13], eq. 
(4.6)) 

(5.11) j +"il. (-ST u+ wj - xe)::; u. b +WT+ X'Y, 

which in view of (5.8)- (5 .10) is equivalent to (see [13], eq. (4.7)) 

(5.12) j - s · P + (1r - w)x - e · 'vx +i · 'vw::; o. 

(G4) The set of constitutive variables (in case without kinetics) is 

Zo := {F,x,Dx,w,Dw} 

and constitutive equations are (see [13], eq. ( 4.8)) 

(5.13) f = ](Zo), s = S(Zo), j = ](Zo), e = ł(Zo), 1r = 1r(Zo). 

(G5) The constitutive equations (5.13) are invariant under changes in observer, i.e., under 
transformations 

(5.14) 
J->J, S->QS, j->j, e-,e, 1r->1r, 

(F,x,Dx,w,Dw)-> (QF,x,Dx,w,Dw) 
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for all orthogonal tensors Q. This leads to the restrictions 

(5.15) 
f(Zo) = f(Zo), S(Zo) = FS(Zo), ](Zo) =](Zo), 

i(Zo) = i(Zo), it(Zo) = it(Zo) 

with Zo := (C,x,Dx,w,Dw), C = pTp_ Vve add that restricted relations (5.15) are 
not used in the generał development of the theory in [13] which is simpler in terms the 
deformation gradient F (see Remark 2.3). 
'\"'le outline the main results proved in [13]: 

- The compatibility of constitutive equations (5.13) with dissipation inequality (5.12) 
implies the following restrictions 

(5.16) 

(5.17) 

I= l(F, X, Dx), s = S(F, X, Dx) = !,F(F, X, Dx), 

e = i(F,x,Dx) = f,vx(F,x,Dx), 

71' = it(F,x,Dx,w) = w - f,x(F,x,Dx), 
j =-MDw 

with tensor M = M(Zo) consistent with the inequality 

(5.18) Dw • M Dw 2: O for all variables Zo. 

- Balance laws (5.8)-(5.10) together with relations (5.16), (5.17) yield the system (see 
[13], eq. (4.15)) 

(5.19) 

- "v · f,F(F, X, "vx) = b, 

X - "v · (M"vw) = r, 

w -f,x(F,x, "vx) + "v · f:vx(F,x, "vx) +,=o. 

We note that this system is identical with (5.5) provided ii = O, g = h = O, /3 = 1 = O 
and the set ze replaced by Z0 • 

- The considerations in [13], Sec. 3.4, 4.1 allow to deduce that inclusion of the kinetics 
in the constitutive variables, that is replacement of the set Z0 in (G4) by 

(5.20) Z:= {F,x,Dx,X,t,w,Dw}, 

leads to relations (5.16), and 

(5.21) 

71' = w - f,x(F,x,Dx) + 'll'dis, 

j = -(MDw+hx,1), 

'll'dis = -(g · Dw + /3x,t), 
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where 1r dis represents dissipative part of the interna! microforce, and the quantities 
M = M(Z), h = h(Z), g = g(Z), (J = P(Z) are consistent with the inequality (5.4) 
for all variables Z. Then balance laws (5 .8)-(5.10) together with relations (5.16) , (5.21) 
yield the system which is identical with our system (5.5) if ii= O, 1 = O, and the set 
Z in place of ze. 

We summarize the comparison of the presented results by the following conclusions: 
• The generalized Cahn-Hilliard models with elasticity obtained by two approaches have 

the same structure. The only differences are: 
- additional constraint on the free energy f,DxF = O in model (M)e; 
- different sets of state variables: ze given by (5.1) in model (M)e and Z given 

by (5.20) in the Gurtin model. 
• The term f,vx(F,x, Vx) in differentia! equation (5.5)a for the chemical potentia! 

corresponds to the microstress while the term w - f ,x(F,x, Vx) to the interna! mi­
croforce. 

• The quantity a in (5.3) corresponds to the dissipative part of the interna! microforce. 
• The free energy inequality (5.6) coincides with dissipation inequality (5.12) postulated 

in [13] . 
• Our postulate of treating the multiplier (chemical potentia!) as an independent vari­

able corresponds to Gurtin's postulate of an additional balance law for the microforce 
and the assumption that system is far from equilibrium. The differentia! equations for 
the chemical potentia! and the microforce balance are identical. 

6. The Allen-Cahn system coupled with elasticity 

6.1. Model (M)Nc in the nonconserved case 

Here we specify model (M), denoted by (M)Ne, in the nonconserved case j = O, 
r ,/ O. Then the constitutive set Z reduces to 

(6.1) zNC := {F,x,Dx,D 2 X,X ,t , w}, 

and dissipation inequality ( 4.8) to 

(6.2) DNO := -(wr + X,ta)?: O for all variables zNe _ 

By (4.12) the solution of (6.2) is given by 

(6.3) [r]=-[bu 
a b21 

b12][w] 
b22 X,t ' 

where scalar coefficients bk1 = bkl(zNC) are consistent with the inequality 

(6.4) [ w] [bu 
X,t . b21 b12 ] [w] > O for all variables zNC_ 

b22 X,t -
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Consequently, equations (4.5), (4.6) together with (6.3) yield the following system which 
represents model (A1)NC in the nonconserved case: 

(6.5) 
u- V. !,F(F,x, Vx) = b, 

X+ b11w + b12x = T, 

w - f,x(F, X, Vx) +V· /,vx(F, X, Vx) - b21 w - b22x = O, 

where f = f(F, X, Dx) is subject to the condition f,DxF = O. 
System (6.5) is supplemented by inequality (6.4) and the invariance restrictions (4.10). 
Vve recall that according to Corollary 4.1 the solutions of (6.5) satisfy free energy inequality 
( 4.19) which now can be written in the form 

(6.6) i - s. F - f.vx. Vx - (V· f.vx)X = -DNC + WT :S WT. 

From (6.5)2 and (6.5)3 we can deduce a generalized Allen-Cahn equation. Specifically, 
it the coefficients bk1 are independent of w, i.e. bk1 = bk1(F, X, Dx, D 2x, X,t) and satisfy 

(6.7) bu > O, b22 2:: O, b12 = b21 = O, 

then system (6.5)2,3 upon eliminating w reduces to 

(6.8) /Jx + f,x(F, X, Vx) - V· f,vx(F, X, 'vx) = f, 

where f = T/bn and fJ = /3(F,x,Dx,D2x,X,t) > O is given by 

(6.9) 
1 

fJ = -b + b22-
11 

Moreover, dissipation (6.2) reduces to vNc = fJX~t· 
In case of infinitesimal deformations system (6.5)1 , (6.8) is replaced by 

(6.10) 
u - V· f,,(e(u),X, Vx) = b, 

fJx + f,x(e(u), X, Vx) - V· /,vx(e( u), X, Vx) = f, 

where f3 = fi(e(u),x,Dx,D 2 x,X,t) > O. Vve point out that the Allen-Cahn-Fried-Gurtin 
model (1.10), (1.15) is a special case of (6.10) corresponding to free energy (1.7), (1.8). 
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6.2. The Fried-Gurtin theory 

For comparison we outline here the ma.in results of the Fried-Gurtin theory [9] focusing 
on its special case when the order parameter is unconstrained and scalar-valued (see [7]). 
We remark that the theory of [9] covers more generał case where the order parameter 
is vector-valued and constrained. We use our notation with the correspondences to the 
notation of [9] indicated in Section 5.2 where now x <--> cp stands for a nonconserved order 
parameter. 
The postulates in [9] are: 
(FGl) The unknowns are the fields u and X· 
(FG2) The underlying laws are the linear and angular momentum balances (2.1)1,2 and 
the microforce balance (5.10). 
(FG3) The second law is assumed in the form of the russipation inequality (see [9], eq. 
(2.13)) 

(6.11) (1 + ~1u1 2) · + 'v • (-sru-xe):::: u• b+ x,, 

which on account of (2.1)1 and (5.10) is equivalent to (see [9], eq. (2.14)) 

(6.12) i - s. P - e. 'vx + 1ł"x :::: o. 

(FG4) The set of constitutive variables is given by 

(6.13) z= {F,x,Dx,X,t) 

and constitutive equations are 

(6.14) 1 = fez), s = s(z), e = e(z), 1ł" = ir(z). 

(FG5) Constitutive equations (6.14) are invariant under observer changes similarly as in 
(5.14). 

We outline the ma.in results obtained in [9] : 
- The consistency of constitutive equations (6.14) with dissipation inequality (6.12) 

requires relatioilS (5.16) and 

(6.15) 
7r = - f,x(F, X, Dx) + 7rfa, 

1ł"dis = ird;,(F, X, Dx, X,t) = -/3(F, X, Dx, X,t)X ,t 

where /3 = /J(F, X, Dx, X,t):::: O is a kinetic coefficient. Then (6.12) yields a dissipation 
balance (see [7], eq. (3.6)) 

(6.16) i- s . F- e. 'vx+ 1ł"X = -/3(F,x, 'vx,x)x = 1ł"dis:::; o 

which isolates a part of the interna! microforce 1ł"dis as the sole source of dissipation 
in the theory. 
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- Balance laws (2.1)1 , (5.10) together with relations (5.16), (6.15) yield system (see [9] , 
eq. (4.1)) 

(6.17) 
ii, - v' . f,F(F,x, v'x) = b, 

/3(F, X, v'x, X)X + f,x(F, X, v'x) - v' · f,'vx(F, X, v'x) - 'Y = O 

supplemented by the invariance restrictions. 
We note that (6 .17) coincides with (6.5) 1 , (6.8) up to the difference in the constitutive 
dependence of /3. 
As in Section 5 we summarize the comparison by the following conclusions: 

• The generalized Allen-Cahn models with elasticity obtained by two approaches have 
the same structure. The only differences are: 
- additional constraint f,DxF = O in model (M)NC; 
- a broader constitutive dependence /3 = f3(F,x,Dx,D 2 x,X,t) in model (M)Nc_ 

• Allen-Cahn equation (6.8) corresponds to the microforce balance where f,'vx(F, X, v'x) 
represents the microstress while -U,x + /3x) the interna! microforce. 

• Our free energy inequality (6.6) is consistent with the dissipation inequality (6.12) 
postulated in [9]. 

References 

[1] H. W. Alt, I. Pawłow, Thermodynamical models of phase transitions with multicom­
ponent order parameter, in: Trends in Applications of Mathematics to Mechanics, M. 
D. P. M. Marques, J . F. Rodrigues (Eds), Pitman Monographs and Surveys in Pure 
and Applied Mathematics 77, Longman, New York 1995, 87-98. 

[2] H. V-I. Alt, I. Pawłow, On the entropy principle of phase transition models with a 
conserved order parameter, Adv. Math. Sci. Appl. 6, No 1 (1996), 291- 376. 

[3] L. Bartkowiak, I. Pawłow, The Cahn-Hilliard-Gurtin system coupled with elasticity, 
Research Report , Systems Research Institute, RB/2,2004, 46 pp. (submitted). 

[4) B. D. Coleman, W . Noll, The thermodynamics of elastic materials with heat conduc­
tion and viscosity, Arch. Rational Mech. Anal. 13 (1963), 167-178. 

[5] M. Fremond, Non-Smooth Thermomechanics, Springer, Berlin, 2002. 
[6] M. Fremond, S. Miyazaki, Shape Memory Alloys, CISM Courses and Lectures 351, 

Springer, V\Tien, 1996. 
[7] E. Fried, G. Grach, An order-parameter-based theory as a regularization of a sharp­

-interface theory for solid-solid phase transitions, Arch. Rational Mech. Anal. 138 
(1997), 355-404. 

[8] E. Fried, M. E . Gurtin, Continuum theory of thermally induced phase transitions 
based on an order para.meter, Physica. D 68 (1993), 326-343. 

[9] E. Fried, M. E. Gurtin, Dynamie solid-solid tra.nsitions with phase chara.cterized by 
an order parameter, Physica. D 72 (1994), 287-308. 

[10] E. Fried, M. E. Gurtin, Coherent solid-state phase transitions with a.tomie diffusion: 
A thermomechanical treatment, Journal of Statistical Physics 95 Nos 5/6 (1999), 
1361-1427. 

27 



[11] M. E. Gurtin, Topics in Finite Elasticity, CBMS-NSF Regional Conference Series in 
Applied Mathematics 35, Philadelphia, 1981. 

[12] M. E. Gurtin, An Introduction to Continuum Mechanics, Academic Press, New York, 
1981. 

[13] M. E. Gurtin, Generalized Ginzburg-Landau and Cahn-Hilliard equations based on a 
microforce balance, Physica D 92 (1996), 178-192. 

[14] M. E. Gurtin, Configurational Forces as Basic Concepts of Continuum Physics, Ap­
plied Mathematical Sciences 137, Springer, New York, 2000. 

[15] R. A. Hauser, N. P. Kirchner, A historical note on the entropy principle of Miiller and 
Liu, Continuum Mech. Thermodyn. 14 (2002), 223-226. 

[16] N. P. Kirchner, K. Hutter, Thermodynamic modeling of granular continua exhibiting 
quasi-static frictional behaviour with abrasion, in: Modeling and Mechanics of Gran­
ular and Porous Materials, G. Capriz, V. N. Ghionna, P. Giovine (Eds), Birkhauser, 
Boston, 2002 (Chapter 3). 

[17] Z. Kosowski, I. Pawłow, Unique global solvability of the Fried-Gurtin model for phase 
transitions in solids, Topological Methods in Nonlinear Analysis, 24 (2004), 209-237. 

[18] I. S. Liu, Method of Lagrange multipliers for exploitation of the entropy principle, 
Arch. Rational Mech. Ana!. 46 (1972), 131-148. 

[19] A. Miranville, Generalized Cahn-Hilliard equations based on a microforce balance, 
Journal of Applied Mathematics, No 4 (2003), 165-185. 

[20] W. Muschik, C. Papenfuss, H. Ehrentraut, A sketch of continuum thermodynarnics, 
J. Non-Newtonian Fluid Mech. 96 (2001), 255-290. 

[21] I. Miiller, Die Kiiltefunktion, eine universelle Funktion in der Thermodynamic viscoser 
warmeleitender Fliissigkeiten (German) [The coldness function, a universal function 
in thermodynan1ics of viscous, heat conducting fluids], Arch. Rational Mech. Ana!. 40 
(1971), 1-36. 

[22] I. Miiller, Thermodynamics, Pitman, London, 1985. 
[23] I. Pawłow, Thermodynamically consistent models for media with microstructures, 

Adv. Math. Sci. Appl. 10, No 1 (2000), 265-303. 
[24] I. Pawłow, Diffuse interface model of solid-liquid phase transition with interna! energy 

as an order parameter, Adv. Math. Sci. Appl. 10, No 1 (2000), 305-327. 
[25] I. Pawłow, Three-dimensional model of thermomechanical evolution of shape memory 

materials, Control Cybernet. 29, No 1 (2000), 341-365. 
[26] M. Silhavy, The Mechanics and Thermodynamics of Continuous Media, Springer, 

Berlin, 1997. 
[27] K. Wilmański, Thermomechanics of Continua, Springer, Berlin, 1998. 

28 








