





APPLICATION OF UNCERTAIN VARIABLES TO
A PROJECT MANAGEMENT UNDER
UNCERTAINTY'

Z, Bubnicki

Systems Research Institute of Polish Academy of Sciences, Laboratory of Knowledge Systems and Artificial
Intelligence, Podwale St. 75, 50-449 Wroclaw, Poland,
Tel: +48 71 320 33 28 Fax: +48 71 320 38 84 E-mail: zdzislaw.bubnicki@pwr.wroc.pl

Keywords: uncertain systcms, uncertain variables, project managemnent, operation systemns, knowledge-based
systeins

Abstract

The paper concemns task and resource allocation in a complex of operations which may be considered as a past of
the knowledge-based project inanagement system. The brief overview of concepts and results concerning the
allocation problem under uncertainty described by uncertain variables is presented. The quality of the decision
based on an expert’s knowledge is considered. An application of two-level decompasition of the complex and
the allocation taking into account uncertain and random parameters in the description of the operations are
discussed. Three simple examples illustrate the presented approach.

1 Introduction

The paper deals with selected problems of task and resource allocation in a project management [sce e.g. 14, 15],
based on an uncertain knowledge. For decision making in a wide class of uncertain systems, a concept of
uncertain variables has been developed [3, 4, 8, 13]. The uncertain variable is describcd by a certainty
distribution given by an expent and characterizing his/her opinion of approximate values of the variable. The
purpose of this paper is to show how the uncertain variables mnay be applied to task and resource allocation in the
project considered as a complex of opcrations described by a relational knowledge representation with unknown
parameters. The considerations are based on the general methods concerning the application of uncertain
variables to the control of the complcx of operations [5]. In Sect. 2 a brief description of the uncertain variables
used in the next sections is presenied. The details may be found in [4, 8], and the applications to related problems
—-in|[6, 9, 11).

2 Uncertain variables and decision problem
In the definition of the uncertain variable X we consider two soft properties (i.c. such properties ¢(x) that for

ooz “=

the fixed x the logic value v[p(x)]€{0,]]}: “¥ = x” which ineans “X is approximately equal to x” or " x is
the approximate value of X¥”, and “X € D, ” which mneans “X¥ approximately belongs 1o the set 2. or “the
approximate valuc of ¥ belongs to D, ”. The uncertain variable X is dclined by a set of values X (rcal number
vector spacc), the function /i{x)=v(¥ £ x) (i.e. the certainly index that ¥ = x, given by an cxper() and the
following definitions for D, Dy, D, c X :

max i(x) for D, #©@

V(x € Dx) = qxely
0 for D, =, (emptyset)

WEED,)=1-wTED,),

¥ This paper is a modified and extended version of the work presented at 16" Int. Conf. on Systems Cuginecring, Coventry
University, September 2003,




V(X €Dy vXE Dy)=max{v(X € D)), v(x € Dy},
v(X € Dy AX E Dy)
_minp(x €Dy}, v(XE D)} for DynDy =D
_{ 0 for Dy nD;=2.
The function h(x) is called a certainty distribution.

C-uncertain variable ¥ is dcfined by the set of values X, the function h(x) =v(X = x) givcn by an expert,
and the following dcfinitions:

vC(EEDX)zé[v(f'é D) +1-v(X €D )
where D =X - Dy,

v (X€ D) =1-v . (XED,),

Vo (XED vXE D) =v (X EDyuDy),

V(X ED AXE DY) =v (XE Dy Dy).

The application of C-unccrtain variable means better using of the expert’s knowlcdge, but may be more
complicated from the computational point of view. Let us consider a static plant with the input vector v e U and
the output vector yeY , described by a relation R(w, y;x) cUxY where the vector of unknown paramecters

xe X is assumed to be a value of an uncertain variable described by the certainty distribution 4#(x) given by an
expert. I[ the relation R is not a function then the value ¥ determines a sct of possible outputs
Dyux)y={yeY:(u,y)e Ru,y,x)}. (2)

For the requirement ye D), c ¥ given by a uscr, we can formulate the following decision problem: For the

given R(u,y,x), A(x) and D, onc should find the decision u* maximizing the certainty index that the set of

possible outputs (2) approximately belongs to D), (i.e. belongsto D, for an approximate value of X ). Then
u* = argmaxv([D, ;X)) E D, }
uel/

=arg max max h(x 3
& well xeD (v) @) ®
where
Dy(uy={xeX: Dy(u;x) c Dy}.
This formulation of the dccision problem will be used in the next scctions in the formulation of allocation
probleins for the project under consideration.

3 Task and resource allocation in the complex of parallel operations

In the deterministic casce the complex of parallel operations is described by a sct of functions
Ty =pi(uy), i=12,.k, @

"= max{Ty,T,....Tx } = maxg; (u;) 4 D(u) (5)
i

where 7; is the execution time of the i-th operation, ; for each i is the size of a task in the problem of task
allocation or the amount of a resource in the problemn of resource allocation, 7 is the cxecution time of the
whole complex and u = (u),uy,...,u,)e U . Theset U R¥ is determined by the constraints

/l w20, iu, =U (6)
ielk i=1

where U is the total size of (hie task or the total amount of the resource to be distributed among the operations.
The function ¢; is an increasing function of #; (and g;(0)=0) in the casc of tasks and decreasing function of
u; in the casc of resources. The complex of the parallel operations may be considered as a specific decision

(control) plant (Fig. 1) with (he input vector » and a single output y =T, described by a function @(u)



determined according to (5).

uy Plant

U U A y=T
=) Allocation . >

w | O O

Figurc 1. Complex of parallel operations as a decision plant

Let us consider a complex of parailel operations described by inequalities
<@y, x), i=12,...k (©)

where u; is the size of a task assigned to the j-th operation, x; e R'isa parameter and ¢; is a known increasing
function of ;. The parameter x; is unknown and is assumed to be a value of an uncertain variable ¥; dcscribed
by a centainty distribution /,;(x;) given by an expert. Now the relational knowledge representation, consisting
of (7) and the relationship T = max(Ty, Ty, ..., T;), is completed by the functions A, (x;). We assume that
Xy, ¥,..., X arc independent uncertain variables, i.c.
hy(x) = minh,;(x;) where x=(x(,x,...,%).
i
The description of the complex is analogous for the resource allocation problem. When w; is the amount of a

resource assigned to the i-th operation, ¢; is a decreasing function of ; and U denotes the total amount of the

resource to be distributed. According to the general formulation of the decision problem presented in Sect. 2, the
allocation problem may be formulated as an optimization problem consisting in finding the optimal allocation

#° which maximizes the cerainty index of the soft property: “the set of possible values T approximately belongs
to [0,a]” (i.e. belongs to {0,a] for an approximate value of x ).

Optimal allocation (decision) problem: For the given ¢, , h,; (i ef,—k), U and ¢ find

ut = argmaxv(u)

uel

where

VW) =viDp D E O} =v[Tw.HZal. @)
The soft property “ Dy (#;%) S [0,a]” is denoted here by “T(u,X) <a ”, and Dy (u;x) denotes the set of
possible values 7 for the fixed u, detcrmined by the inequality 7' < max o, (4;,x;) . The property “ T(u, %) <@ ”

i

means that the maximum possible value of the execution time 7' is approximately (i.e. for the approximate value
of ¥)lessorequalto a .

According to (8)
v(u) = v{[7} (41, 5)) S| AlTp (uq, %3) S ]
Ao ATy (g 5 ) 2]} @a)
Then
u = arg mnax min v; (u;) 9
uell i
where

vi(u)=vili(w;, %) S a)

D..:‘Rl;v.,i .
=vip, (u;, %) Sal=vi¥%, €Dy ;)] xi ()= € R0, x) S @)

Finally
vi(u;)= max hy(x;) (10)
x; €D, (u;)
and
u':argmﬂx min - max g (x) an

well| i x;eDyu;)

The value v;(n,) denotes the certainty index that in the i-th operation an approximate value of the exccution




time is less than « . The procedure of finding the optimal allocation u" is then the following:
1. To determine v, (u;) using (10).

2.Fo dctcrmine ' according to (9), subjcct to constraints (6).
It may be proved {5] that for the optimal solution v; (u;) =V, (u;) == (u;) .

. * . . —
In many cascs an cxpert gives the value x; and the interval of the approximate values of X;:

* L . . . .
x; ~—d; <x; < x; +d;. Then we assume that A,;(x;) has a tr form pr d in Fig. 2 where d; <x; .

Lct us consider the relation (7) in the form 7; < x;u; where x; >0 and u; denotes the size of a task. In this
case, using (10) it is easy to obtain the following formulas for the functions v;(u;):

1 for u,-_i_
i
vi(ug)= J——(£~x;)+l for —g—;Suls .a (12)
d;u; X; x; —d;
0 for ;2 ‘a
x; ~d;

» . -
x; ~d; x; x; +d; X

Figure 2. Example of the certainty distribution

For the relations 7; < x;u;! where u; denotes the size of a resource, the functions v; (u;) have an analogous

form with u,-‘1 in (he place of ; :

*d
0 for u; P
* ‘a
1 * . X —d,- Xi (13)
Vi) = Z(au, —-x;)+1 lor p SuiS;
! L
X
1 for u 2=t
a

Example 1
Let us consider the resource allocation for two operations (4 =2), Now in the maximization problem (9) the

decision u; may be found by solving the equation v; (1)) = v, (U —u;), and u; =U~- u; . Using (13) we obtain
the following resuit:

L. For
LS L
asxl-a’1+x2—d2 (14)
U
v(u)=0 forany u; .
2. For
* L] * *
Xy —dy+xq —dy < 1N as)
U - U
wc obtain
o adU+xydy —xyd
u _ el xndy - Nd) (16)

a(dy +dy)




v(u‘):i[aul‘ —x;]+l, an
d,

3.For
* *
Xy + Xy
Pt S 18
a 7 (18)

we obtain v(u‘) =1 forany uy satisfying the condition

Ll *
x X
—lSulsU——z.
a a

In the case (14) a is too small (the requirement is too strong) and it is not possible to find the allocation for
which v(u) is greater than 0. In the case (15) we obtain one solution maximizing v(u) . For the numerical data

U=9,a=05, x{ =2, x; =3, d| =dy =1, using (16) and (17) we obtain »; =3.5, uy =5.5 and v =0.75
what means that the requirement 7" < o will be approxiinately satisfied with the certainty index 0.75.
In the case of C-uncertain variable, according to (1) one should deterinine

W = arginaxv, (1)
where
v, ()= %{v(u) +1-v[T W, %) S al}.

The optimization problem is now much more complicated and should be considered in the different intervals of
« . For example, if

L * * *
X +x L F +dy +x; +d,

7 (19)

then u = u: in (16) and
. 1 .
ve(u )=1—2—‘,)(au:x~xl). (20)

For the numerical data U =9, =06, xl' =2, x; =3, dy =d, =1 the inequality (19) is satisfied. Then,
using (20) we obtain ) = 3.67, uy =533 and v, (") =09.

4 Quality of decisions based on the expert’s knowledge

Let us assuine that the exact descriptions of the operations have a form of the equations

T = fiu), i=L2.k.
If the functions f; are known, it is possible (sce e.g. [1,10]) to determine the optimal decisions i; minimizing
the execution time 7' = max{7},1,,...,7; } and satis{ying the constrains (6). If the functions /; are not known by

a designer of the system, the nonoptimal decisions u: based on the expert’s knowledge described in the previous
section are detcrmined and applied. Consequently, the cxecution time is the following

T = max{fy uy), /o () Si (1))
To evaluate the result of the decisions based on the imperfect knowledge given by an expert, one may introduce
a quality index

T a
= ¢
where 7 is the exccution time obtained by applying the optimal decisions ;. The index (0 may be used (o
investigate how the quality depends on forms and parameters of the certainty distributions %, (i.c. on the
knowledge given by an expert), and to compare different experts.
Example 2
Consider the task allocation for two operations (k = 2) described by

1y = au, Ty =azu,.




1t is casy to show that
7= Uaya,
ay +ay
Assume that

dy _dy s

s

X X
Using (12), it may be shown (see [13]) that

* L]
* xU * Xy o
ul = _.2—. N uz =
X +X,

under the assumption

k)

*
Xy +X,

* % * ¥
Uy x,(1-) << Ux) xp
* x - - * *
Xy +x, x| +xy
Using T and T~ = max(a,u;,azu; }, we obtain the following final result

e+l

» for 0<d<1
Q—L— £+d
T se+h for &321
e+
where

a7 a7l
X X a
s=22 2L g=—L.
112 ﬂl [12

1t is worth noting that the quality index Q strongly depends on & for small values & .

S Decomposition and two-level management

The determination of the decision «" may be difficult for £ > 2 because of the great computational difficullies.
To decreasc these difficultics we can apply the decomposition of the complex into two subcomplexes and
consequently to oblain two-leve]l management system (Fig. 3). This approach is based on the idea of
decomposition and two-level control presented for the deterministic case [1]. On the upper level the value U is
divided into U, and U, assigned to the first and the second subcomplex, respectively, and on the lower level

the allocation ", £ for the subcomplexes arc determined. Let us introduce the following notation:
n, m ~ the number of operations in the [irst and the sccond conplex, respectively, n+m =k,

7@ ) T2 _ the execution times in the subcomplexes, i.c.
7O = max(11,7,,...,T,) TP = max(Ty 1, Tpazsee s Tom) »

u D N u® — the allocations in the subcomplexcs, i.e.

U ¢
Distribution of U
among subcomplexes

y\(/ 2

Allocation in Allocation in
subcomplex 1 subcomplex 2

u® e

L Subcomplex 1 J [ Subcomplex 2 j

1 2
u® =(y,...1,), u® =15 Upam) -




























