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13.3 Special Cases and Examples 

In many cases an expert gives the value x; and the intcrval of the approximate values of "i; : 

x;-d; S.x; s.x; +d1 • Then we assume thai hx;(x;) has a triangular fonn presented in Fig. 13.3 wherc 

d1 S. x;. Lei us consider the relation (13.11) in the fonn 7; S. x;u; where x; > O and u; denotes the size of a 
task. In !his case, using (13.17) and (13.19) it is easy to obtain the following formulas for the functions v;(u;) 

and v;(u;) : 

for 

o for 

O for 

for 

hx; 

u,s ~ 
X; 

~ S, U; S, ~ 
X; X; -d, 

a 
U;~-.-- , 

x1 -d; 

U;~~ 
X; +d; 

(13.23) 

~!>U; S. ~ (13.24) 
X; +d; X; 

U;~ ~ . 
X; 

Figurc 13.3. Example of the certainty distribution 

For the relations T; s. x;if 1 where u; denotcs the size of a resource, the functions v; (u;) and '';(u;) have an 

analogous fonn wiU1 u11 in place of u; : 



O for 

I • 
v,(u,)= -(a u, -x,)+I for 

d; 

Example 13. I. 

for 

for 

v,(u,)= --'- (au --x' )+I for d; , I 

O for 
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x; -d 
U;$;---' 

a x~ -d. x; _, __ , '5. u, '5,- (13.25) 
a a . . 

x, 
U;';?:.~ 

. 
u,-5,!i... 

a 
X~ X~ +d· _!_-5,u, '5.-1--1 (13 .26) 
a a 

x; +d1 u,:?:--- . 
a 

Lei us consider tlte rcsource allocation for Iwo operations (k = 2) . Now·in the maximization problem (13.13) the 

decision u; may be found by solving the equation v1 (u1) = v2 (U -u1) and u; = U - u; . Using (13.25), we 

obtain tlte following result: 
I. For 

v(u) = O for any u1 . 

2. For 

we obtain 

3. For 

• l • • v(u )=-[au1 -xi)+I. 
c1, 

X~ +x; 
a:?:--­

U 

we obtain v(u •) = I for any u1 salisfying tlte condition . . 
-=l-5,u1 -5.U-!1. . 
a a 

(13.27) 

(13.28) 

(13.29) 

(13.30) 

(13.31) 

In the case (13.27) a is 100 small (the requirement is too strong) and it is not possible Io find tlte allocation for 
which v(11) is grcatcr tlllm O. In the case (13.28) we obtain one solution maximizing v(u) . For tlte numerical 

data U= 9, a= 0.5, x; = 2, x; = 3, d1 = d2 =I, using (13.29) and (13.30) we obtain u; = 3.5 , u; = 5.5 

and v = O. 75, which mcans thai the requirement T -5. a will be approximately satisfied with tlte certainty index 
0.75. The solution of the optimization problem (13.18) bascd on (13.26) may be obtained in an analogous way: 
I. For . . 

X1 +X2 a-5.---
U 

(13.32) 



.. 

• 

Vn(u) = O for any 111. 

2. For 

u~1 = u; in the formula (13.29) and 

3. For 

3 

we obtain vn (u')= 1 for any u1 satisfying tl1e condition 

For the numerical data we have tl1c case (13 .32) and vn(u) =O. 

(13.33) 

(13 .34) 

The optimii.alion problem (13.22) for C-uncertain variables is much more complicaled and should be 
considered in tl1e dilferent intervals of a introduced for v and v n . For example, if 

(13.35) 

which means the combinalion of the cases (13.31) and (13 .33), then u;1 = u~1 and 

vc(u ') = _!_[v(u ') + 1-vn(u ')] . 
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Substituting v (11 •) = 1 and (13 .34) yields 

(13.36) 

For tl1e nwnerical data U = 9, a= 0.6, x; = 2, x; = 3, d1 = d2 = I tl1e inequalily (13.35) is satisfied. Then, 

by using (13 .29) and (13.36) we obtain u;1 = 3.67 and vc(u •) = 0.9. 111e results for tl1ese data in the case v 

and Vn areasfollows: u~ 1 =u;1 =3.67 and vn(u')=0.2 ; v(u')=I forany u1 fromtheinterval [3 .33, 4). 

• 
Example 13.2. 

Let us consider tl1e task allocation for two operations. In the maximii.ation problem (13.13) tl1e dccision u; may 

be found by solving the equalion v1 (u1) = v2(U - u1) and u; = U - u;. Using (13.23), we obtain tl1e following 

result: 
I. For 

v(11) = O for any 111 . 

2. For 

U(x; -d1)(x;-d2 ) <a < ux;x; . . - . . 
X1 - di +x2 -d2 Xi +x2 

(13.37) 

(13.38) 



u~ is a root of the equation 

salisfying Ute condition 

and v(u•)=v1(u~)-

3. For . . 
Ux1x 2 

a:2!-,--, 
Xt +Xz 

v (u•) = I for any u1 satisfying U1c condition 

4 

(3.39) 

For example, if U= 2, a= 2, x~ = 2, x; = 3, d 1 = d2 = I thcn using (13.38) yields u~ = 1.25, u; = 0.75, 

v(u')=0.6. 

The result is simpler under Ute assumption 

Then in Utc case (13.40) . 
• Ux1 

U2 =-.--. • 
x1 +xz 

(13.40) 

The formula (13.41) shows thai v(u•) is a linear function of the parameter y characterizing the expert's 

uncertainty. • 
The result in point 3 of Example 13.2 may be easily generalized for k operations described by the inequalities 

T;,,; x;u; and for any form of hx;(x;). Lei us denote by x; Ute value maximizing hx;(x1), i.e. hx;(x;) = I. 

Thcorcm 13.2. If 

U1cn 

u 
a:2!-k---

L(x;)-1 
i=l 

is the set of all allocations u•= (u~ ,u;, ... ,uZ) such thai v(u') = I. 
Proof From (13.14) il follows thai if 

li; ,,; (x;)-1 

(13.42) 

(13.43) 

(13.44) 
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then x; e Dx; (u1) and consequently v1 (u1) = l. It is easy to see thai under tl1e assumption (13.42) tl1ere exists an 

allocation u= (u1,u2, ... ,ut) such tliat (13.44) is satisfied for each ie l,k and u1 +u2 + ... + uk =U. All 

allocations satisfying these conditions form tl1e set Du described by (13.43), and if u e D11 tl1en, according to 

(13.13), v(u ')=I. o 

13.4 Decomposition and Two-level Control 

The detennination of the control decision u• may be difficult for k > 2 becausc of the great computational 
difficulties. To decrease these difficulties we can apply the decomposition of the complex into two 
subcomplexes and conscquenlly Io obtain a two-level control system (Fig. 13.4). This approach is based on the 
idea of decomposition and two-level control presented for tl1e detenninistic case (13). At tl1e upper level the 

value U is divided into U I and U 2 assigned to the first and tl1e second subcomplex, respcctivcly, and at tl1e 

!ower level the allocation u<1>, u<2> for tl1e subcomplexes is detennined. Let us introduce the following 
notation: 

n, m - tl1e number of operations in tl1e first and tl1e second complex, respectively, n+ m = k , r<1> , r<2> - the 

execution times in the subcomplexes, i.e. 

u<1>, u<2> - the allocalions in the subcomplexes, i.e. 

u(I) =(ui, ... ,un), u<2>=(Un+l•···,Un+ml -

u 

Distribution of U 
among subcomplcxcs 

Subcomplcx I Subcomplcx 2 

Figurc 13.4. Two-lcvel control system 

TI1e procedure of the detennination of u• is tl1en tl1e following: 

I. To detennine the allocalion u<1>'(u1), u<2>• (1/2 ) and the certainty indexes v(ll'(u1), v<2>'(u2 ) in tl1c 

same way as u', v' in Sec!. 13.2, wilh 1/1 and U2 in place of U. 

2. To detennine U~, u; via the maximizalion of 

Thcn 
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with the constraints: Ui,2 :2: O, Ui + U2 =U . 

3. To find the values of ,,<iJ• . ,,<2)' and v' putting u; and u; inio the results u<1>' (Ui) , u<2>' (U2) obtained 

in point I and inio v( U 1, U 2) in point 2. 

It may be shown that the result obtained via tl,e decomposition is the same as the result of the direct approach 
prcsented in Sect. 13. 2. 
Exam11le 13.3. 
Let us consider tl1e resourcc allocation problem the same as in Example 13.1 for k = 4 and introduce l11e 

decomposition inio two subcomplexes with n= m = 2 . Using the result obtained in Example 13. I will, u<iJ, 
v<1> in place of U, v, we havc l11e following result for l11e first subcomplex: 
I. For 

y(i)• (Ui) =O. 

2. For 

we obtain 

where 

3. For 

v<l)'(U1)=l . 

U „ x; -d1 +x;-d2 
a 

x; -di +x;-d2 U x; +x; 
~-~~~~,; ,, __ _ 

a a 

. . 
U:2: Xi +r2 

a 

The relationship y{2)' (U2) is ll1e same will, r 3 , r 4 , d3 , d4 , A2 , B2 in place of r 1 , r 2 , di , d2 , Ai , Bi . 

The value u; may be dctennined by solving the equation v<1>' (U1) = v<2>' (U -U1) and u/ =U-U/ . 

The result is as follows: 
I. For 

v(U1,U2 ) =O . 

2. For 

we obtain 

3. For 

AiA2U + AiB2 + A2Bi 

A1 +A2 



. . . . 
a ;, Xi + X2 + X3 + X4 

u 
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we oblain v(u; ,u;) = I for any U1 satisfying the condition 

x; + x; U U x; + x: ---~ ,~ ----
a a 

For U1e numerical data U = 20, a = 0.5, x; = 2, 

obtain: U1' =82, ' I ' I ' I 3 U2 =11 3, u, =33, U2 =53 , 

x; =3, x; =3, x: =4, d 1 =d2 =I, d3 =d4 =2 we 

u; =4½, u: =7 and v' f. which means Utai the 

requirement T ~ a will be approximatcly satisfied with the certainty index 2. 
3 
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