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Abstract

The control problem for a three-dimensional nonlinear thermoelasticity system is
considered. The system may represent, among others, the dynamical model of shape
memory materials. As controls we take distributed heat sources and body forces. The
goal functional refers to the desired evolution of displacement, strain and temperature.

The continuity and differentiability of solutions with respect to controls is studied.
The existence of optimal controls is proved and the necessary optimality conditions
are formulated. The existence of adjoint state variables is proved under additional

regularity of data.
Keywords: nonlinear thermoelasticity, stability, control, shape memory materials.

1 Introduction

The main objective of the paper consists in proving the existence and characterizing
the control laws for optimization problems concerning fairly general nonlinear three-
dimensional (3-D) thermoelastic systems. The main representative of such systems de-
scribes the behaviour of shape memory materials (SMM) and its study was the primary
motivation of this work.

The shape memory materials have a peculiar property that their free energy functions
posess, depending on temperature, variable number of stable minima in terms of strain.
Above certain temperature there is only one minimum corresponding to the strain-free
state, and below it the minima occur also for several nonzero strains.

Thus, at a temperature below critical, an external force may cause shift of the state
from the strain—free configuration to another stable shape, and the subsequent heating
causes the appearence of elastic forces striving to restore the initial configuration. This



property, known as shape memory effect, is a consequence of structural phase transitions
between low-temperature martensitic phases and high-temperature austenitic phase. It
is used in many applications, see e.g. [6],[11].

As we see, the choice of control variables is natural, namely the intensity and location of
external heat sources and forces. The goal functional should refer to a desired evolution of a
structure made of SMM. Therefore it can depend in particular on the variable configuration
(displacement) and strain, which in turn is related to the material phases, as well as on
temperature distribution.

The generality of the problem statement is due to the fact that the system under
consideration expresses balance laws of linear momentum and energy with constitutive
relations characteristic for a broad class of materials. In particular, we admit governing
elastic energy function corresponding to several types of SMM models, like 3-D Falk-
Konopka model for metallic alloys [5] and 3-D "averaged” model for a polymer material
[20].

In 1-D case the problem is identical to the well-known Falk's model for martensitic
phase transitions of the shear type [4].

Questions related to thermodynamical background of thermoelastic systems under con-
sideration, the existence and uniqueness of global in time solutions have been addressed
in the previous papers [14],[15],(16]. Here we study the stability and differentiability prop-
erties of these solutions with respect to control variables. Furthermore, we prove the
existence result for an optimal control problem and formulate the neccessary optimality
conditions. We note that our analysis of the stability and differentiability properties is
based on the technique developed in [16] for the global in time existence.

Similar control problems but for special kinds of 2-D systems, namely plates activated
by shape memory reinforcements, have been treated in [8],[9],[20].

For control problems related to 1-D Falk’s model we refer e.g. to [1],[2],[7],(17], [19].

2 State equations

Let Q ¢ R™ n = 2 or 3, be a bounded domain with a smooth boundary 8, occupied
by an elastic body in a reference configuration. Let also I = (0,T), Q: = (0,t) x Q,
Q= {t} x N, S;=(0,t) x 0, and n stands for the unit outward normal to .
Let u : Qr — IR™ be the displacement vector, and 8 : Qr — IR, the absolute temperature.
We denote by € = (&), with €;(u) = }(u{/, + uj;;), the linearized strain tensor, and by
€ = €(u) the strain rate tensor.
Throughout the paper we use the notation f); = 8f/8x;, f. = 8f/6t.

The state equations to be considered express balances of linear momentum and energy
which, under simplifying assumption of constant material density p = 1, are given by

g — vQuy + %QQu =V.F) (e,0)+b, - (2.1)
c(€,0)0; — kA8 = 0Fge(e,0) : e +v(Ae) :ee+9g in Qr, (2.2)
with initial

u(0,x) = ug(x), u(0,x) = uy(x),
6(0,x) = fp(x) in Q, (2.4

)
)
= &



and boundary conditions

u=0, Qu=0, (25)
Vé-n=0 on Sr, (2.6)

where
c(€,0) = cy — OFgg(e, 0). (2.7)

We shall refer to (2.1)-(2.7) as problem (P).
The quantities in (P) have the following meaning: F(e, 8) - elastic energy, c(e, 0) - specific
heat coefficient, c,, k, » and & — positive constants corresponding to thermal specific heat,
heat conductivity, viscosity and interface energy.
The vector b is a distributed external force and g a distributed heat source which represent
possible mechanical and thermal controls.
The linear map

u — Ae(u) = Atracee(u) I + 2ue(u), (2.8)
where A, uu are the Lamé constants and I = (4;;) is the unit matrix, represents Hooke’s
law for the homogeneous isotropic material. Here A = (A;jk) with

Aijr = N0 + p(8idj1 + Sudii),

is the fourth order elasticity tensor.
The second order differential operator Q defined by

u— Qu=V-(Ae(u)) = pAu+ (A +p)V(V -u)

is known as operator of linearized elasticity.
In the divergence operator V- we use the convention of the contraction over the last index,

: ie,

V - (Ae(u)) = 8;( Aijueri(n)) = Aijudjeni(u) = AVe(u).

Moreover, the summation convention over repeated indices is used, and the following
notation: for vectors a = (a;), b = (b;) and tensors B = (B;;), C = (Cij), A = (Aiju) we
writea-b = a;b;, B:C= B,~,~C’.~,~, aB = (a,-Bij), Ba = (B.-ja,-), BA = (B,'jA.'jk[), etc.
Problem (P) is associated with the free energy functional of the Ginzburg-Landau form

$(&(w), Ve(u), ) = —c,8log 6 + F(e(u),6) + 5 | Qu ? (2.9)

with the three terms representing thermal, elastic and interfacial energy.
The main characteristic feature of (2.9) as a model of shape memory materials is the
nonlinearity of the elastic energy. Namely, F'(¢, ) is a multiple-well in € with the shape
changing qualitatively with 8. The second characteristic feature is the presence of strain—
gradient term which accounts for interaction effects on phase interfaces.

A typical example of the elastic energy is the Falk—-Konopka model [5] in the form of
sixth order polynomial in terms of €;;:

3 5 2
Fe,8) = Y F2(0)J2(e) + Y. FH0) TN (&) + 3 FE0) T8 (e), (2.10)

i=1 i=1 i=1



where J¥(€), i = 1,...,i¥, are k-th order crystallographical invariants, that is appropriate
combinations of the strain tensor components ¢;j, and

F}(6)=0}(6-6.), Fl()=cl(0-6), F(®)=qf,

with constant parameters of, 6..
The form (2.10) represents a generalization of the well known 1-D Landau-Devonshire
energy proposed for shape memory alloys by Falk [4],

F(e,0) = a1 (6 — 0)€® — age* + aae®,

where a; > 0 are constant parameters, and 6. > 0 is a critical temperature.

Our formulation (2.1)—(2.7) constitutes an analog of 1-D dynamical Falk’s model [4].
The problem (P) is studied under several conditions concerning data and constitutive

functions. We assume that

(A1) Domain Q C R", n = 2,3, with the boundary 8 of the class C3.
(A2) The coefficients of the operator Q satisfy conditions
p >0, nA+2p> 0.

This ensures the following properties:
(i) Coercivity and boundedness of the algebraic operator A, that is
aJel® < (Ae€): e < a’lef?,

where
a, = min[nA + 2y, 2p), a* = max([nA + 2p, 2u].

(ii) Strong ellipticity of the operator Q (see Section 7.2 [16]). This, due to Nedas [13],
implies the estimate:

clullwyy < IQullu@ forall ue{ueW}@)|u=0 on 80}

(iii) Parabolicity in general Solonnikov sense of systems (2.11), (2.12) (see [16] Sect. 7).

(A8) The function F(e,8) is of class C® on S? x [0,00), where S? denotes the set of
symmetric tensors of second order in IR". We assume the splitting

 Fle,8) = Fy(e,0) + Fy(e),
where Fj(¢,8) is a concave function with respect to 6,
Fijo9(e,0) <0 for (e,8) € 5% x [0,00),

such that Fj(e,d) is linear in 6 over a certain interval [0,6;), 6) = const, and has
the polynomial growth 8" for 6 > 6,.



(A4) Growth conditions: There exists a positive constant A such that for > 6, and
large values of ;; the following conditions are satisfied:

IFi/eel€,6)| < AG"[€]"Y, |Fajea(€)] < Alel™,
|Fy/ea(e,6)| < AGTHelf, [Fy/ea(e, 6)| < A6™=%)e[*1,
[Fija(€,60)| < AG7|e]?, [Fye(€)] < Alel?,
with 4 1
0<1'<2, 1<q5 471, 0<qS(Q+1)(2 T),

where p, = n+2, and ¢, is the Sobolev exponent for which the imbedding of W; ()
into Lg, () is continuous, that is, g, = 2n/(n — 2) for n > 3 and g, is any finite
number for n = 2. We note that

nPn (1
<22 (-—r),
0<g< on (2 r)

The above conditions imply the following growth of F(e,0):
IFi(e,6)| S A+ A", |Fa(e)] < A+ Ale™H

We add some comments on the above conditions. The restrictions concern #-growth
exponent of F}, e-growth exponent of F; and the condition relating e-growth of F; with
its -growth and e-growth of Fy.
The most restrictive is the condition r < 1/2, and § < 5/2 in 3-D. In 2-D, since g, is
any finite number, arbitrary polynomial growth is admissible.
In particular, in 3-D the above conditions are satisfied for
5

=3, ¢=1 r=-=
=3 9=4 1

Moreover, we assume the structural lower bound for the part Fy(€) of the free energy.
(AB) There exist positive constants c, A such that
cle|T! — A < Fy(e).
This is satisfied by the model example (2.10) with the growth restriction (A4).

The next assumption concerns the structural simplification of the energy equation by
neglecting the nonlinear elastic contribution —6F/gg(€,6) in the specific heat coefficient.
This allows to apply the classical parabolic theory in the existence proof.

We point out that because of the applied technique we were unable either to allow
Fi(e, 0) linear in @ or, assuming #-growth condition, to incorporate the arising nonlinearity
in the specific heat coefficient.

(A8) The elastic energy contribution —8F) (e, 8) to the specific heat coefficient due
to the nonlinearity of F} in 8 is neglected, that is, we set

c(e,8) = ¢y = const > 0.



We are looking for the solution in the anisotropic Sobolev space
V(p) = {(u,6) € Wp*(Qr) x W' (Qr) },

with a parameter p related to L,-integrability. The assumptions on the initial data and
the source terms correspond to this space.

(A7) The initial conditions satisfy for 1 < p < co the inclusions
u € Wi~ ?(Q), u e Wi-2/7(Q),
_ 0 < 6p € W2-P(),
and the compatibility relations. The source terms satisfy

beLy(Qr), g€ Lp(Qr), 920 ae in Qr.

We recall here the existence and uniqueness results for problem (P) proved in [16].
Theorem 2.1 Under assumptions (A1) - (A7) and the condition
0<vVk<y,

there ezists for p, < p < oo a solution (u,8) € V(p) ta problem (P) for any T > 0.
Moreover, 8 > 0 in Qr, and the following a priori estimates hold:

lu "w:-’(QT)S A |0 "W:vl(QT)S A
with a constant A depending on the data of the problem, Q) and time T'.
We note some properties of the solution which follow directly from the classical imbed-
dings.
Corollary 2.1 For a solution to problem (P) the following holds: u, Vu, V?u, u, 0
are Holder continuous in Qr, V3u, Vu, V0 € L,(Qr), pPn < p < 00, and

[ul, Ivulx |V2u|, Jw| <A, 0Z0ZLA in Qr,

IV llp@r)s | Vi lep@rys | V0 lyi@r < A
The proof of uniquehas requires the continuity of Vu; in Qr, which holds provided
P> Pn.
Theorem 2.2 Let the assumptions of Theorem 2.1 be satisfied for
' Pn <P < 00.
Then the solution to the problem (P) is unique for any T > 0.
We collect now a priori bounds which follow from the imbeddings.

Corollary 2.2 The solution to problem (P) has in case pn < p < oo the following prop-
erties : V3u, Vu,, V8 are Hélder continuous in Qr and satisfy the bounds

[V3u|, [Vu, [V8] < A in Qr.



The existence proof in [16] is based on the parabolic decomposition (see [20]) of the
problem (P). The same decomposition is used here for the proof of the stability and
differentiability results. Choosing numbers a, 8 so that

at+f= v, aﬂ = fx
the system (2.1) with initial conditions (2.3) and boundary conditions (2.5) is equivalent
to the following two sets of BVP’s for a vector field w:
Wt_ﬂqw=v'F/¢(€10)+bl in Qr,
w(0,x) = uj(x) —aQuq(x) in Q, (2.11)
w=0 on Sp,
and the displacement u:

u—-aQu=w, in Qr,
u(0,x) = up(x) in Q, (2.12)
u=0 on Sr,

The condition between parameters x and v, required by Theorem 2.1, assures that «, g >
0. .

3 Stability

In this section we prove the stability of solutions (u,8) of problem (P) with respect to
control parameters (b,g). Let (u!,6') and (u?,6?) be the solutions corresponding to
(b!,g') and (b2, g%), respectively. We have the following

Theorem 3.1 Under the assumptions of Theorem 2.2 the solutions (u',8%) satisfy the
" tnequality .

(62— u, 62— Y)ly gy < AL~ bl @) +llg* ~ 9 llzp@m) Jor P <P < oo, (3.)
where A is o constant depending on the data of the problem, Q and time T.

Proof. To simplify notation we set

v=u?-u! n=0%-¢' € = ¢(u’)
5;. = e(u:) F;: = F/i(ei: oi) F/"O( . F/h(e.l 9‘)'
The difference (v, ) satisfies the following BVP: '
Vie — vQVs + -:—QQV =V.(F}-F})+b*= b}, (3.2)

cune— kAn = 02F/2,‘ el - BlF},‘ tef
+U(A€)) : € —v(Ae}) : €

+gt—g

=R+ Ry+R3 in Qr, (3.3)

v(0,z) =0, v¢(0,z) =0, 7(0,z)=0 in (3.4)
v=Qv=0, Vp-n=0 on Sr. (3.5)



In the first step we obtain energy estimates for v. To this purpose we multiply (3.2) by
v; and integrate over Q; to get

'21'/0‘ % | ve |2 dzdt’-uA(QV:) - viydzdt + ;A‘(qu).v‘dmdtf :
= /Q.(V “(Fj = Fjg)) - vedadt' + L (7= bY) - vidadt. (36)
Integrating by parts the second integral gives
v /Q‘(Q"‘) - vedadt' = v /Q : (Ae(ve)) : €(ve) dedt’. (3.7

Similarly, for the third integral, after applying twice integration by parts and using sym-
metry property for A, we get

: /Q @QQv)-v dodt = -5 / (A€(QV)) : (ve) dad?’
= -5 [ Q) (et daa
=5 /Q ‘(QV) Qi) dedt = § /q ‘% |Qu [ dedt.  (38)
Finally, after integrating by parts, the fourth integral in (3.6) is
/Q (V- (F= FL) -vadeit = - /Q (Ffu=FJ): (o) dade. (39)
Combining (3.6)~(3.9) and using initial conditions (3.4) yields
/n ‘ (% lve ? +5 Qv |2) dz+v /Q (Ac(v0) (v dad
=i /q (B FJ): v duc’ + /Q (67— b1 v (3.10)
Moreover, in view of (3.4), we have
3 /n le()*ds =3 & 2 e(v)1 dade’ = / €(v): e(vi)dadt.  (3.11)

Adding (3.10) and (3.11) and using estimate
| Fie = Fle|S A(l €(v) | + 0 ]), (3.12)

which follows from the regularity assumption for F' and the uniform bounds on €',6' in
Qr, by Young’s inequality we arrive at

[ G+ 16 + Glavids +a, [ fecvoldeae

<5 [ el dedt + Ac(o) / (1) + nf?) dedt’
Q: Qe

+1/ |v,|zdxdt'+1/ [b? - b!|? dzdt'.
2 Q. 2 Qe



Choosing § = a,/2, the use of Gronwall’s inequality implies

Vel a0, 7:L2(0)) + €| Laa(0.7iLa(@)) + 1QVI]Los (0,71 a(c)) + (Ve ILa(Qr)
< AlInllza@r) + 1IB? = bYlLyory).  (3.13)

Hence, recalling the ellipticity property of the operator Q,
IVl oo 0mw3c)) < AlllLa@r) + 110? = B lLyqry)-

The energy estimates for 1 follow by multiplying equation (3.3) by 7 and integrating over
Qe

3
S [ Rae+k [ |Vn|dedt = ; . 8
2/9.7, + /q‘| l E‘T/Q‘R-ndzdt’ (3.14)
In view of the estimate
|R1] + |R2| < A(In| + |e(V)| + |e(ve)]), B (3.15)

which follows from uniform estimates on €,6', €} and using (3.13), we get
fq (Rin + Ran + Ran) dzdt’ < A /Q (n* + b =Y+ |g* - g'*) dzdt'.
't g t

Hence, by Gronwall’s inequality,
Il @.iLac@)) + IV AlILa(Qr) < AD(2), (3.16)
where for simplicity we use the following abbreviation
| D(p) = (IIb* = blle, @) + llg* = 8" llzy(ar)-
Now, combining (3.16) and (3.13), yields
IVellLe(oriLa@) + IVllLe 0w + l€(VllLa@r) +
+ InllLee(07:2a()) + [ V7lILa(@r) < AD(2). (3.17)
We note the following consequences of (3.17). By the imbedding W3 () C L, (),
NeW)| Lo (0.TiLan () < AD(2), (3.18)
and by the imbedding (see e.g. [3])

2 _2n+2)
n n

ny

Loa(0,T; Ly(Q)) N Ly(0, T; W3(Q)) C Loy /n(Qr),  2<
we have
(172 jni@r) < D(2)- (3.19)

Now we make use of the parabolic decomposition of (3.2). Let (w!,u!) and (w2, u?)
denote the corresponding solutions of the decomposed problems (2.11), (2.12), and let

= wd 1
y=w-w.

9



The functions (y, v) satisfy the following BVP's:

-BAQy =V (F,-F})+b?-b! in Qr,
y(0,z) =0 in Q, (3.20)
y=0 on Sp,

~and

-aQv=y in Qr,
v(0,z) =0 in Q, (3.21)
v=0 on St,

Thanks to the regularity properties of parabolic systems (see [16], Lemma 7.2) the followmg
estimate holds

HYHWI U’(Q y = < A(”F’( - ll”Lp(QT) + "b2 - bl“L,(Qr)) for 1< P < 00,
where A is a constant depending on Q, A + 2, », T and p. Hence, in view of (3.12),
Wllwr2 gy < AUy @n) + Illzy(@r) + IIB? = blllL,@r) for 1<p<oco.
Consequently, using estimates (3.18) and (3.19) it follows
2pn
Wliwir gy < ADE) + 162 = Bl (@) < AD(E).

Applying another regularity property of parabolic systems (see [16], Lemma 7.3), we con-
_ clude that

2Pn
lellwas , @ S MIVVllwas (g < ADCEE s (3.22)
) a@r) S
Hence, by imbedding
2pn
lleWlle,@ry < AD(S7)  for 1<p<oco, (3.23)
and ) 9
IVe()llg, @) < AD(%) for 1<pg b ""”" (3.24)

Now, with the help of classical parabolic theory [10], we can obtmn additional bounds
on 7. To this purpose using (3.19), (3.22) and (3.15) we estimate the right-hand side of
(3.3).

[IR1 + Ra + RallL,(qr)
< A(lnllz,@r) + N€MIL @) + vl @r + 19 — 9"y ar)

< AD(2—1’;1) for 1<p% 2’%. (3.25)

Hence, )
’ L
”’l”u’ b @) S AD(-—-n").

10



Consequently, by imbedding,
2
lnllz,@r) SAD(ER)  for 1<p<on, (3.26)

and
2
IVallz,er SAD(ER)  for 1<p< B, (3.27)

Now, returning to the system (3.20), (3.21), in view of (3.24) and (3.27) we can obtain
further improvement of estimates. Namely, since thanks to the continuity of €, 8%, V¢!

and Vé' in Qr,
IV - (F3 = F})| < A(le(v)] + [l + [Ve(v)] + V),
it follows that
IV - (F2, = Fill,r)
< A(ue(vnu,m + lInllzy@n) + IVEM)ILy@r) + I1VnllL, @)
< AD( Pr) for 1<p< IoPn ""”" _ , (3.28)

Now, with the help of Solonnikov theory of parabohc systems [18] (see also [16], Corollary
7.1), since ¢,p,/n > pn, we obtain

||V"w‘,;f(q,.) < A”Y”w’-‘(q.,.)
< A(D( P2) 4 |Ib? - bl (@r)) < AD(Pn)-
Hence, by imbedding,
IVeW)ll,@r) + ll€()llL,@r) < AD(Pa)  for 1<p<oo. (3:29)
Repeating estimation (3.25), in view of (3.23), (3.26) and (3.29), it follows that
[IR1 + Ra + Rs|lz,(qr)
<& (D) + Do) +16* -5 liom
<A(D(pn) +D(p)) for 1<p<oo.
Consequently, by the classical parabolic theory,

lnlly34 gy < AD(Bn) + D(p)
< AD(p) for p, <p<ooa.

Hence, by imbedding,
1V 0llLy@r) £ AD(P) for 1<g<oco. (3.30)
Finally, repeating estimation (3.28), in view of (3.23), (3.26), (3.29) and (3.30) we get

IV - (F = FjllL,en < A(D("’") + D(pa) + D(p))
< AD(p) for p, < p<oo.

11



Thus, by the Solonnikov theory,

”""w,‘,-’(q,.) < A”y”W,’."(Q'r)
<AD(p) for pn<p<oco.

This completes the proof. a

4 Differentiability

Let us consider two control pairs (b%,¢') € Ly(Qr) X Lp(Qr), ¢ 20 ae. in Qr,i=1,2,
such that
b’ =b'+7¢, =g'+7y, (4.1)

where 0 < 7 < 7.
Let (u‘ 6%) € V(p), p > pn, be the unique solutions of problem (P) corresponding to
(b, g%). According to Theorem 3.1, we have the following stability estimate

lI(a? - u', 8% = 0)llve) < Allrdlln,an + I7¥llz,@n) < AT (42)

for p > pp. Consequently, by the imbedding theorem, similar bounds hold pointwise in Q
for the differences u? — u!, 62— 9!, V(u? — u}), V¥(u? - ul), k = 1,2,3, and V(62 -41).
Our goal is to find a pair (v,n) € V(p) such, that

u? = u! +7v+o(7), 62 =0'+1n+o(r)
in the sense of the space V(p). For simplicity we introduce the notation: -
G(e, €:,0) = 0Fgq(e,0) : € + v(Aer) : €,
H;= G/c(elletlvel)r
Hy = G/q (€', €, 0Y),
H3 = G/,,(el e},&‘)
Using formal approximation by Taylor series we obtain the followmg system of equations
for the pair (v,7):
K
ve—vQvi+7QQv="V" (Fjoe€(v) + Fjgn) + ¢, (4.3)
eyt —kAn=H, re(v) + Hy: €(v¢) + Hin+ v in Qr, (4.4)
with initial and boundary conditions
v(0,x) =0, v(0,x)=0, n(0,x)=0 in (4.5)
v=Qv=0, Vp-n=0 on Sr. (4.6)

We note that thanks to regularity of the solutions (u’, 6%), Hy, Hy, Hy are continuous in
Qr. Clearly, there exists the unique solution (v,n) € V(p) to problem (4.3)-(4.6) for any
T > 0. This claim follows from the fact that we can adapt the arguments of Theorem 3.1
to prove a priori bound for a fixed point of the solution map.

We shall prove here the following differentiability result:

S 12



Theorem 4.1 Let the assumptions of Theorem 2.2 hold with the data (b, g) gwen by
(4.1). Then (u*,8%) and (v,n) satisfy the following estimate

[[(u? = ul = rv,8% — 6 — ™llve) < Ar? for pp < p< oo,

where A is a constant depending on the data of the problem, Q and time T'.' Hence
1 =
11_13[1,1+ = lI(u? - u' = 7v,62 = 0' =)y ) =
what means that the pair (v,n) is a Gateauz derivative of the solution with respect to the
parameters (b, g).

Proof. Let
z=u?-ul - 7v, w=0>—-0'—m

By definition, (2, p) satisfy the following system:

Z — vQz + QQz =V. (F/"s(z) + F/d,tp + F) ) in Qr, (4.7
Cylpt va(p =H; : €(z) + Ha: e(zt) + Hyp + G2
=R+GY? in Qr, (4.8)
with initial and boundary conditions ’
z(0,x) =0, #(0,x)=0, ¢(0,x)=0 in Q (49
2=Qz=0, Vp.-n=0 on St, (4.10)

where
Flcﬂ = Flzl - F/ll - F/lu(e2 e Gl) - F/]'.O(a2 - 01):
GR=-G'- G}. (e -€) - G}“ (e -€l)= G},,(ﬂ2 —-0Y).
In view of regularity of solutions (u’, 8%), there exists the unique solution (z,¢) € V(p) to

the problem (4.7)-(4.10) for any p > pn.
We shall show that
Iz @)llve < A

By assumptions on F(e, 6) and the regulmt;y of (u*,6') € V(p), pa < p < 00, the following
bounds are valid:

|2 <A - P+ 2 =0, (4.11)
1612] < A(l€* — €'[* + e — €l [* + |07 - 6" 1). (4.12)

From now on we will follow closely the proof of Theorem 3.1. We start from energy
estimates for z. Multiplying equation (4.7) by z; and integrating over Q; yields

/ (;zm’ : dt|Qz|2) dadt’ +v / (Ae(ze)) : €(z:) dadt’

- / (Floeé(2) + Flgp) : (a) dadt’ — / Fi2ie(z)dzdt.  (413)
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Adding to (4.13) identity (3.11) with v replaced by z, by Young’s inequality, we get

[ (Gl + le@P + 51Qal?) do+a. [ fea)f? dact

Q 2 8 Q:
<6 / le(z2) 2 dzd’
Qe
+80(6) [ (1) + Ffla) + Ffapl + |FJF) dodt.
t
.Choosing § = a,/2, in view of (4.11), by Gronwall’s inequality we arrive at
12| Loo (0,72 (0)) + €@ Lo 0,L2()) + Q2| Lo 0,100 + Nl€(Z) lILa(@1r)

S A (lelzagan + 1€ - €1 gry + 162 - 0"l a1
< A(lela@n + 7, (4.14)

. where in the last inequality we have applied stability estimate (4.2). Hence, by the ellip-
ticity property of Q,

I3l oo w3 < A (I€llLacer) + 7%) -

In order to obtain energy estimates for ¢ we multiply equation (4.8) by ¢ and integrate
over Q; to get

2 / p?dz+k / |V dzdt’ = / Rypdzdt + / GMyp dzdt'. (4.15)
2 Ja, " Q Q Q
Using uniform bounds on H;, Ha, H3 and estimate (4.14), we obtain
/ Rpdadt' < A / (©? + e(@)]? + |e(s)]?) dzd?’ < A / (¢ + %) dadt’.
Qe Qe Q¢
Further, using (4.12), we have

GY2pdadt’ < A / (@ + €2 — €' + |62 — b4 + |67 — 011%) dodt!
Qe Qt

<A [ @ertdst,
Qe

where in the last inequalify we have applied the stability estimate (4.2).
Consequently, it follows from (4.15) that

/ o dzdt’ + / |Vo|? dedt! < A / (¢* + 7%) dzdt'.
Qe Qe Qe

“Hence, applying Gronwall’s inequality,
Il e 0.7:Lat)) + I VPlILa(@r) S AT2. (4.16)
Substituting (4.16) into (4.14) yields

3

NZell 2o 0.75L20)) + €@ 2e 0.TiLa()) + 1Q2 Lo 0.TiLa0)) + €(Z) ILa(@r) < AT™
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Hence, the imbedding theorems imply the following bounds:
1€(2) | oo (0.TiLgn (1)) < AT?, (4.17)
el Ly jn@r) < AT (4.18)
‘We employ now the parabolic decomposition of the system (4.7) into BVP’s:
wi—Qw =V - (F},.: €(z) + F},,cp + F}.’z) in Qr,

w(0,x) =0 in (4.19)
w=0 on St,

and

z—aQz=w in Qr,

z(0,x) =0 in Q, (4.20)
z=0 on St.
In view of (4.11) we have
1F)eee(=) + Flag + Filtp(an)

< All6@)llL, @) + 10llzy@r) + 1€ — €'1iE,, @)
+116* = 0413, @p)) for ”7" <p<oo.

Hence, with the help of estimates (4.17),(4.18) and (4.2), since 2(2pn/n) > Py, it follows
that
IF}ec€(@) + Fleg + F) Iy, ui@r) < AT
" Consequently, by regularity properties of parabolic systems (see [16], Lemmas 7.2,7.3 ),
we conclude that ‘
2
IVWlwgz g S AT

and
2
le@lwz: , @n < MIValwz (qp S AT (421)
Hence, by imbedding,
lle(@)lLp@r) < At for 1<p<oo, (4.22)
and
IVallL,@n S AT?  for 1<p< 2'1-:’1. (4.23)

In the next step we improve the bounds for the function ¢ by applying the parabolic
theory. In view of (4.12) the right-hand side of equation (4.8) is bounded by

IR+ G, qr) < Allle(@ I (@r) + (@) ILy(qr) + Il @r)
+ "52 - EIII%QP(QT) + ||ef - eflllizp(Qr) + "02 - 81”%".';-(Qr))

for %'— <p<occ. (4.24)
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Hence, in view of estimates (4.18), (4.21), (4.22) and (4.2), it follows that
"R + Gl'zquN/n(Qr) < AT

Consequently,
lellwz: g < AT (4.25)
80, by imbedding,
lellz,@r) S AT?  for 1<p<oo, (4.26)
and
IVollL,@r S A2 for 1<p< %. (4.27)

We return now to the decomposed system (4.19), (4.20). In view of the bounds
IV - (Fue€(z) + Fleg)| < Alle(@)] + | Ve(@)| + ol +Vl),
IV F2 S Al - &2 + V(e - ')* + |67 — 077 + |V (67— 6) %),
(4.28)

which follow by the regularity of (uf,6%),
IV - (Flec€(2) + Fleg + 1) lILy@n)

< A(le(@ln@r) + IVe@ Ly @n + Ielzy@n + IV4llk,@n)

+ 17 = €12, @ry + 1V(€? = )N, cqm + 162 = 813 gy + IV (O* ~ )12, 0m))

<Ar? for ‘—’2'—‘ <p< %, (4.29)

where in the last inequality we have applied (4.22), (4.23), (4.26), (4.27) and (4.2).
Thanks to above estimate, the theory of parabolic systems implies

||z||w:.:hl'(q1,) < Auw"W:;",”,.(Qr) < ATk
Hence, by imbedding, S o2
IVe@)llL,@r) + le@) L @r) S AT for 1<p<oo. (4.30)
Now, in view of (4.22), (4.26), (4.30) and (4.2), repeating estimation (4.24) we obtain
IR+ Gl'2||L,(Q,,) <Ar?  for p,<p<oo.
‘This implies
‘ “‘P"w,’-l(q.,) <Ar? for pa<p<oo,

so, by imbedding,
Vel e < Ar?  for 1<p<oo. (4.31)

Finally, repeating estimation (4.29), with the help of (4.22), (4.26), (4.30), (4.31) and
(4.2), it follows that

"V = (F/lasé(z) + F/IGO\O + F/l"2) "LP(QT) S AT2 for Pn<p< oo

As a result,
2
"z||w;'2(o-r) < A"W"wg-'(QT) < AT* for p, <p<oo.

This completes the proof.
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5 Optimal control problem

Let us denote the control space by
U=Ly(Qr) X Lp(Qr)  for p>pn,
and assume, that g is subject to the additional pointwise constraint, i.e.,
f=(b,g) €EUpa={(b,g) €U|0<g ae. in Qr}
Let S denotes the solution operator, i.e. the map from the admissible set U,4 into V(p),
defined by
S(f) = (u,6),
where (u, 8) is the solution of (P) corresponding to f = (b, g). From Theorem 3.1 it follows
that the map § is Lipschitz continuous.
We have also the following weak continuity property.
Lemma 5.1 Under assumptions of Theorem 2.2 the map S is continuous from Uyq (weak)
into V (p) (weak).
Proof. Consider a sequence (b", g") € U such, that
(b™, g") — (b,g) weakly in U.
Let (u™,6™) be a sequence of solutions of (P") corresponding to (b",g"). Since (b",g")
is uniformly bounded in U, the a priori bounds of Theorem 2.1 imply that (u®, ™) is also
uniformly bounded in the space V(p). '
Therefore, after selecting the subsequence,
(u™,0™) — (u,6) weakly in V(p).
Since p > py, by the compact imbeddings,
u®, Vu*, Viu*, Viu*, u?, Vup, 6, Vo

are convergent in spaces of Holder continuous functions. Therefore we have pointwise
convergence for all terms entering the right-hand sides of equations (2.1)—(2.2). Then we
can pass to the weak limit in (P™) to conclude that (u, 0) satisfies (P). O

By virtue of the stability estimate (4.2), the result of Theorem 4.1 can be easily refor-
mulated in terms of S in the following way:
Let

f,f+ of euudy f= (b)g)) of = (¢:¢)v
and S(f), S(f + df) be the corresponding solutions of (P). Then
IS(£ + 88) — S(F) = '(F) bfllv ) < AllGEIZ (5.1)

where S'(f) : U,q — V(p) is a linear operator, and (v,n) = S'(f) f is the solution of
the problem

Vi —vQVe+ 7QQV = V - (Free(v) + Feam) + 9, (52)
com —kAn=Hj : ¢(v) + Hy: e(vy) + Hin+% in Qr, (5.3)

v(0,x) =0, v;(0,x)=0, n(0,x)=0 in 0, (5.4)
v=Qv=0, Vp-n=0 on S, (5.5)

where the coefficients F/qe, F /e, H1, Ha, H3 are evaluated at (u, §) = S(f).
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Remark 5.1 The constant A on the right-hand side of estimate (5.1) does not depend on
the norms of v,n. Therefore the operator S'(f) : Usq — V(p) is the Fréchet derivative
of the operator S.

We consider the following cost functional
To6it)=5 [ @(u=af le(u—a)/V(6- B doc
. Qr

P b2 + 2¢
+2 [ b+ yasat, (a8

where the function ®(sy, 33, 33) is assumed to be of a class Cl(]R'l), Lipschitz continuous,
and the weight coefficient p is positive. Moreover, s € N and 2s > p,. The functions @, 8
are given reference solutions of problem (P).

The following holds

Theorem 5.1 There exists an optimal control fe U,q minimizing the cost functional
(5.6) of the problem (P), i.e.

JIa,6;1] = inf J[u,8;f],

where (1,8) = S(£) and (u,8) = S(f).

Proof. The proof follows by standard arguments. Let (u®,8%;f"), (u™,0™) = S(f") be a
minimizing sequence for the functional J. Since J[u®,8"; t"‘] < A, thanks to the positivity

of p we have
I ller < A

Due to the Lemma 5.1 we can select a subsequence of {f"} and {(u”,8")}, denoted by
. the same index n, such that f* — f weakly in U, and

(u™,6") =S(f") — (u,0) = S(f) weakly in V(p).
. By the weak Ls.c. of J[u,6;f],
lim inf J[u®, 0™ £*] > J[u,6; f].
Thus f := f is an optimal control for (P). (]
6 Necessary optimality conditions

We turn now to the neccessary optimality conditions which have to be satisfied by any
optimal control f. The variation of the goal functional (5.6) is given by

5] = %J[S(f + 786 F + 78] |r=0

= /Q [®/s,(u—1) v+ &g e(u—0):e(v) + 8/, V(- 0) - V) dzdt’

+ ps/ (6% 1. ¢ + g*~1y) dudt’.
Qr
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Performing integration by parts gives
57= [ (®1-v+8sn)dedt + ps / b1 ¢+ g V) dedt!,  (6.1)
Qr Qr
where
@ = (I’/n(“ - ﬁ) -Vv. [<I>/,,e(u - ﬁ)]r
By =-V-[d/,,V(0-0)].

We note, that by the regularity properties of solution (u,6) € V(p) the function &, is

continuous in Qr, and $3 € Ly(Qr).
In order to derive the adjoint equations it is advantageous to rewrite (5.2)-(5.5) as a

first order system, introducing an artificial variable z:

v =13, . (6.2)
2= vQz - QQV + V- (Fjeee(v) + Fraam) + &, (6.3)
e =kAn+Hy :e(v)+Hy: €(z) + Han+9y in Qr, (6.4)
with initial and boundary conditions .
v(0,x) =0, z(0,x)=0, 7(0,x)=0 in 0, (6.5)
v=z=Qv=0, Vp-n=0 on Sr. (6.6)

Here the coefficients F ¢, F'/e9, H1, Hy, Hj are evaluated at (u, 6) = S(f).
Denoting the adjoint variables by p, r, ¢ we may formally write down the adjoint system

88
Pt = 7QQr = V- (Fjeee(r) + Hig) - 31, (67
re=—p—vQr+ V- (Hay), L)
cygt = Frep : €(r) —kAg— Hyg— @3 in. Qr, (6.9) |
with terminal and boﬁndary conditions ‘ '
p(T,x) =0, r(T,x)=0, ¢(T,x)=0 in Q, (6.10)
r=Qr=0, Vg.-n=0 on Sr. (6.11)

The first order adjoint system (6.7)—(6.11) is equivalent to

rig +vQr; + -EQQr =V - (Fjee€(r) — Hig + (Hag):) + 84, (6.12)
cyqt +kAq=Fje: €(r) — Hig— @3 in Qr, (6.13)
with terminal and boundary conditions . .
r(T,x) =0, r(T,x)=0, ¢T,x)=0 in Q, (6.14)
r=Qr=0, Vg-n=0 on S7. (6.15)
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Multiplying equations (6.2)-(6.4) correspondingly by p,r, g and integrating over Qr gives,
after several integration by parts and use of boundary conditions, the identity

/n(p-w+r-zg+cvqm)dz=
. .
L7+ @0+ (V- (Fruci)) - v- (7 (o))l ds
+ [P+ va @) - (V- (Eag)lds
+ [0y le) + nHag-+ knAeldo
+ /ﬂ (¢-r+yq)dz
=-A(v~p,+z-r,+a.,r;q.)dz
- [@v+dmazt [(6:5+va (6.16)
or, equivalently
d
E/(p-v+r-z+cuq17)dz= —/(Iﬁ -v+¢gq)d::+/(¢~r+'llQ)dz.
Q n o
Hence, in view conditions (6.5), (6.10) it follows that
/ (®1 - v+ Ba) dadt = / (5~ 7L gl (6.17)
Qr Qr
This identity corresponds to the definition of the solution (r,q) of the adjoint system
(6.7)—(6.11) in the transposition method sense of Lions, Magenes [12].
As common in the control theory, despite the lower regularity of the solution (r,g),
identity (6.17) allows to formulate the first order optimality condition.
Actually, according to (6.1), the first variation of the cost functional has the represen-

tation
5] = / (¢ - v+ ¥q)dzdt’ + ps / (¢ - b1 4 pg*~1) dzdt.
Qr Qr

Concluding, we get the following

Theorem 6.1 Let f = (b,g) € Upq be an optimal control for problem (P). If (u,6) = S(f)
is the corresponding solution of (P) and (r,q) the corresponding solution of the adjoint
system (6.12)-(6.15), then they satisfy the first order optimality condition
[ e psb®=1) (B = b) + g+ psg™ )3 - o) dade 2 0
Qr

for all (b, §) € Upg.



7 Existence of adjoint state for the control problem

The system (6.12)—(6.15) is linear with respect to r, g, but has a nonstandard form due to
the presence of g; on the right-hand side of (6.12). Therefore the existence of its solution
requires justification. Besides, under previous assumptions on the data of problem (P),
some of the coefficients Fy¢e, H1, Ha, Fjqg, H3, &3 may have very low regularity, especially
the derivative (V - Hy):. ' '

However, given higher regularity of data, we may obtain stronger a priori bounds for
the solutions of the problem (P). Therefore we shall assume in this section that the space
and time derivatives of Fyee, Hi, Hy, Fyeg, H3 as well as (V - Ha);, ®3 are continuous in
Qr.

For example it holds if the following conditions are satisfied:

e D}DZu are continuous for 2s+r < 6;

o D{DL0 are continuous for 2s+r <4
Theorem 7.1 Under the assumptions stated above there erists a solution

rewy’@Qn),  aaeW;'(Qr)
to the problem (6.12)-(6.15).

Proof. Due to our regularity assumptions we may differentiate (6.13) and obtain for g,
the linear parabolic equation with continuous coefficients. Moreover, from (6.13) follows,
by substituting ¢ = T, that :
‘q‘(Tt x) = _ZQQ(Tt x), (7.1)

what supplies the neccessary end condition.

For simplicity of reasoning let us now change the time direction by substitution ¢ :=
T —t, so that the end conditions become initial ones. The system (6.12)—-(6.13) transforms
to

re = vQr+ 7QQr = V- (Fjee(r) - Hig - (Ha)g — Hag) + &1, (72)
cyqe —kAq— Hag= —F)g9: €(r) + @2 in Qr, (7.3)

with unchanged boundary conditions.
By standard parabolic theory we have from (7.3) the estimate

lallw21gry < A+ Alle(r)llLa(@r)- (74)

Similarly, after differentiating (7.3) with respect to time, and using our regularity assump-
tions as well as initial condition (7.1), we get similar estimates for g;:

lgellwz1(qry S A+ Alle(re)llLa(@r) + Alle(r)llLa(@r)- (7.5)

These bounds are crucial for the proof. We shall concentrate on obtaining an a priori
estimate for the solutions in the spaces given by the formulation of the theorem. The rest
of the steps required by the Leray-Schauder theorem are easy due to the linearity of the

problem.
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First we multiply (7.2) by r; and integrate over Q;, using initial and boundary condi-
tions. As a result for the left-hand side we obtain the identity

= l/ |r,|2dz+u/ &(r:) : Ae(ry) dzdt +f/ |Qr[?dz.
2 Ja, Q¢ 8 Ja.
Therefore there exists A > 0 such that
L>A (f Irsf? dz +/ |e(r,)|2dzdz'+/ Qrf? dz) =Ly + Ly + L.
2 Q: Qe

The right-hand side consists of five terms,
R:=Ri+Ra2+R3+Ry+Rs

which will be considered one by one. For the first we have

Ri= [ o (V- (e dod? == [ 0 : (Fpuaete) .

Hence
Ral < A (Bulle(rliE 0 + 6 Nle®@ I a0)

where the first part may be absorbed by L after suitable choice of 4.
Similarly, by (7.4), :

|Ra| = I/Q re- (V- (Hyg))dzdt| < A (52"6(1':)"?4(0,) + 5?“‘1”%,(0,))
t

< A (Slle(r)IE, @ + 6 IR0 +1)

 and again the first part may be absorbed by Ls. For the third term we have, after
application of (7.4),

Bsl =1~ [ .- (V- @) = [, et : (Ehgdzar]
<A (53||€(1't) IEacqq + 53 eI @y + 1)
Similar procedure for next term gives
R == [ v (V- () doct’ = | [ e(v) : (Eo)ardoce]
t t
< A (el g + 65 el gy + 1) -
The last term is simple,
1Ral =1 [ xi- @da] < A (Iedhagan +1)-

Because of the strong ellipticity of the operator Q we have also, taking into account
homogeneous boundary conditions,

/ e(r)]? dz: dt’ < A/ |Qr[*dzdt.
Q: Q:
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Therefore, by suitable choice of d;,d3, 54 we get the inequality
Li+Ly+L3<A (/ [re|? dedt! +/ |Qr|? dzdt’ + 1) .
Q: Q:
This allows us to apply Gronwall’s inequality and obtain the bound

/ Ire|? dz + / e(re)|? dz dt’ + / |Qr|?dz < A.
[N Qe Qe

Hence, using (7.5), we may uniformly estimate ¢ in W2 l(QT), q in W,'I(QT) as well as
the whole right-hand side of (7.2) in Ly(Qr), what 1mplxes the required bound for r in
w3 (Qr). o

Theorem 7.1 ensures that the neccessary conditions of optimality given by Theorem
6.1 are meaningfull. We have not striven here for the highest generality (i.e. weakest
regularity assumptions), but wanted to demonstrate the exmtenee of situtations when the

optimality conditions are valid.
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