





The explicit form of the membership function for the
multiplication of two L — L fuzzy numbers.
by
Marek Piasecki

Abstract.
In this paper we deal with L— L B' numbers with membership functions
of the following formm p4(z) = L(*2=%) , where L() is a reference function

defined on [0, +00) that is continuous and strictly monotone decreasing with
L(0) =1 and ¢ > 0. It is well known that the membership function for the
sum of two L — L fuzzy numbers A; and A; is equal to

|z — (a1 + a2)]
g+

)

l‘A,+A,(Z) = IL(

(1].
One can also find some approximations for the membership function for
the multiplication of two L — L fuzzy numbers. For example|3], if a; > 0 and

ag > 0 then

pz—(@aly

2)~ L
#A,A,( ) @162 + 2201

It was emphasized in {3, page 73] that the explicit form of the mumbership
function for the multiplication can not directly be obtained.

In this paper we calculate the membership function for the multiplication
of two L — L fuzzy numbers. Of course, the multiplication is no longer L — L
fuzzy number but its membership function is quite simple and as is shown in
this paper is equal to

L@ -2)+ H@rap- L), frz<i;
#AIAZ(Z) = L( (_L + —1) %( - %")2 + '—‘), for z € [0 (1102]

L(-3(2+2)+ 12 -2+ %) forz> a0

.‘a‘lﬁ e

-LIH

,where a;,a; > 0 and & 93.

If we have the exp11c1t form of the membership function gy, 4, (2) we can
see how good is the approximation we use. For example we will see how good
is the above approximation 4, 4,(2) = L=ty

a1e3+azcy




As an application of the above formula we calculate the exact formula for
possibility index Pos(As, A1As) for L — L fuzzy numbers A,, Ay, A3. The
possiblity index is very useful in fuzzy linear regression [3, page 61].

1.Introduction.

A fuzzy number is defined as a set of ordered pairs {(z, 14(2))}, where
z € A and py :— [0,1] is the membership function of A. The a—level set
of a fuzzy number A is (A), = {2 : p4(z) > a}. For the fuzzy numbers one
define, using Zadeh extension principle, the binary arithmetic operations as
follows

addition Ay + Ag: p14, 4 4,(2) = maXa—zgy {14, (%) A g, (W)};

multiplication Ay Ag:pg, a,(2) = max oy {pa, (z) A 4, (1)}

opposite number ~A:p_ 4(2) = py(—2).

A fuzzy number A is called L — L fuzzy number if its membership function

is of the following form
|z —af
pale) = L2242

c
, where L() is a reference function defined on [0, +00) that is continuous and
strictly monotone decreasing with L(0) = 1 and ¢ > 0. It is well known that
the membership function for the sum of two L — L fuzzy numbers A; and A,
is equal to iy, 4,(2) = L(lﬂfﬁ%n){l] From the result of Nguyen (1978)
(1] the a—level set
(A1Az)a = {2 : pra,4,(2) > 0}

for the multiplication of A;A4; is (A1 A2)a = [aa, b}, where

ae = min{(a; — L™Ya)e))(az — L7H(@)cp), (a) — L (a)er)(az + L7 (a)es)},
be = max{(a; + L7 (@)e))(az + L7 (a)ew), (a1 + L (a)ey )az — L7 (@)en)}-

We have p_4(2) = L(L"C—_“l) = L(J’cil) = L(J—zj:—“ll), for a fuzzy number
A with a membership function p4(2) = L(P%“l)

We will also consider the possibility index for the relation between two
fuzzy numbers proposed by Dubois (1978)[2)

Pos(A1 = Aa) = sup,cqmin{sis, (2), 4y (2)}.

In the following we will assume that we have two L — I fuzzy numbers
Ay, Ay with membership functions i, (2) = L(E:T“‘—l),u,h(z) = L(E:T‘"—l)




2.Main results.

We start with the following lemma.

Lemma 1.

Let A, Az be two L — L fuzzy numbers. If py 4,(2) = w, z = zy and
b4, (%) = w then py,(y) = w.

Proof.

Assume that p, (T) < py,(y). From continuity and monotonicity of L
function there exists a number h ~ 1 such that p,, () < 4, (zh) < pg, (Y1)
Hence z = zhyj and py,4,(2) 2 py, (wh) A pay(yy) > pa,(z) = w. This
result contradicts with the assumption that pu, 4,(2) = w. This ends the
proof of the lemma.

It follows from the above lemma that when we calculate p,, 4,(2) it is
enough to consider z = xy and p,, (z) = p4,(y)-

Lemma 2.

Iﬁt #Al(z) = L(Jz_:lall))l“Az(z) = L(E_Efll),w € [O,L(O)],ﬂAl(Io) =w=

#AQI(EIO) and a;,a; > 0,% < B,

(Io € (0, al) and Yo € (0,02)) or (Io > ajand Yo € ((12,2(12))
or (zo < 0and gy > ap)

then min{p4, (zoh), p 4, (30})} < w for any h # 0.

Proof.

Assume that x5 € (0,a1) and 3 € (0,az). If # > 0, then one of the
numbers p, (Zoh), p4, (yoi) will decrease since the functions py, (2), pa,(2)
are increasing on (0,a;) and (0, az) respectively. If h < 0, then

1
as (@0h) < 14, (0) < g, (@0) 80 gy () < i (0) < gy (0)
Hence

min{ g, (50h), ey 403} < i, (20) = w.

Assume now that zo > a; and 3 > ag. If h > 0, then one of the
numbers 14, (zoh), 4, (Yo3) will decrease since the functions 4, (2), p4,(2)
are decreasing on (a;,+00) and (ag, +00) respectively. If h < 0, then

B, (Toh) < pg,(—z0(—h)) and py, (yo%) < #A,(—yoz—_lh—))~
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Hence from the symmetry of the functions p 4, (2}, s14,(2) we have that
14, (—T0) < pr4,(z0) and py,(—yo) < p4,(y0)-
Now, we have that (—h) > 0 and again one of the numbers
1
ta, (—zo(—h)), ﬂA,(—yom)

will decrease since the functions p 4, (2), 14,(2) are both increasing on(—oo, 0)

Hence

. 1 . 1
mm{:uAl(zOh)nqu(yOE)} = mm{#m(—-’50(—’1))1#,42(—?!0(‘_‘}1—))} sSw.

Lastly, assume that ¢ < 0 and a3 < yp < 2as. If h < 0 then from the
symmetry of the function p1,(2) about a; we have that

1
lu’Az(yOE) < 4, (0) < g, (w0)-

If h > 0 then for & < 1 we have 4, (%) < p,(y0) and for h > 1 we have
La, (Toh) < pry,(x0). Hence

min{g 4, (2oh), NA;(:’/U%)}V'A: (z0) =w

This ends the proof of the lemma.

Theorem.
Let py, (2) = L(ul) Ba,(2) = L(Jﬂl) where L is a continuous and
stricly decreasing function on [0, +c0) and’ aj,az > 0,8 < 2.

Then the membership function of the multlphcatlon A A2 is equal to

LG~ )+ 4G + &)~ 55), forz <0,
P =) LGE 42~ i 2P 4 55), for 2 € [0 wad

(_-(_L+_2)+ (_z a3+ L), for z > am

cica

Proof.
First we shall calculate the numbers p14, 4,(0) and p4, 4, (a102).




If 2 =2y =0, then 2 = 0 or y = 0. We have
Qs Q)
10 = L(2) < L) = 1, (0) S L0) = g, @) = s (oa)

Hence
a

4, 4,(0) = max{p,, (0), 124, (0)} = p4,(0) = L(Z[

Lastly pi4, 4,(t1a2) = L(0).
Assume now that

).

zo=a; ~ L7 (w)e; < 0 and g = az + L™ (w)cs € (a3, 2a3)
and take
0 > z = zqyo = (a1 — L7 (w)cy)(az + L Hw)cp).

1t follows that 2 > L™}(w) > 2 or equivalently that
a a
H4,(0) = L(l) >w < L(=) = py, (0).
C2 G

For each w € (L(%), L(%)) there exists z = Zoyo < 0 since the parabola
(a1 — L7 (w)er)(az+ L7 (w)c,) bas two roots L~ (w) = —% or L7} (w) = &.
Now we can calculate L~!(w) from the quadratic equation

—cie{ L H(w) + (162 — aze1) LY (w) + apaz — 2 = 0.
We have
= (@12 — a361)* + 4crea(ara2 — 2) = (@162 + a21)? — dcicyz.

Hence

- 1 al 1 a; V4
1) — (3 _z
L™ (w) 2 a )i‘/4 2 cl cacy

We have L' (w) = (& ~ 2) + /3(2 + 2)? — ;X since L™ (w) > 2. So

we have from the Lemma 2 that

1 @ 1 ay a; z
b =0 = L& - By L& By ),




If L7(w) > 2 , then a; — L' (w)c; < 0 and @; — L™ (w)e; < 0. Using
the result of Nguyen[1] we have that

a, = min{(a; — L7 (w)e1)(az — L (w)ea), (@1 — L7 (w)e))(az + L (w)ep)} =
(a1 — L7 (w)er) (a2 + L_l(w)cz).

Il

Hence for z = (a1 — L™Y{w)ec;){az + L~ {w)cz) we have

1(11

561

1(9_2 Ly 2

Baya,(2) = w = L( 1% o1Cs

Qaz
-=)+
Cz)

Lastly we have for z < 0 that

1 ay as 1 Qg ay z
(=222 (%2, My 2y
14, 45(2) (2(01 p + \/4 o + 01) 0162)

Now take
o = a1~ LY w)e, >0,y = az — L} {w)ez >0

and 0 < z = zoyo, where 0 < L7 (w) < %1.
1

Hence 0 < z < ayay since the parabola (a; — L™} (w)e1)(az — L~ (w)ep) has
two roots L~!(w) = & and LY (w) = 22 For the quadratic equation

e L Hw)? — (aycp + age)) L7 (w) + ajag — 2 =0

we have

A = (arcz + a361)? — dcrca(maz — 2) = (a1¢2 — a361)* + dercz.

Hence L™}{w) = %(%f + %23) — i(%’: -~ %:,)z + cl‘cz since L™}(w) < %f So
we have from the Lemma 2 that
() =w=LGE +2) - 3 E - Dy 2
Haa,\2) = W= M5 a 4'¢; e’

Assume now that

Ty = a1+ L w)en,yo = az + L™ (w)ey
and aya; < 2 = Ty = (a1 + L7 H{w)er)(az + L™ (w)ep).

6




We have L~!(w) > 0 since the parabola (a; + L™ (w)e;1){(az + L™ (w)cz) has
roots L™ (w) = —2 or L7} (w) = —2. We calculate w form the equation

crco[L 7 (w)]? ¥ (aycz + a26)) L7 (w) + ayap — 2 = 0.
We have

= ((1162 + 0261)2 - 46162((11(12 - Z) = (alcz - 0,261)2 + 461622.

Hence L™} (w) = —§(& +B) +,/3(2 - @) + L since L7 (w) 2 0. So

we have from the Lemma 2 that

1.a la; a z
o) = = D52+ By [ By 2y

What ends the proof of the theorem.

Remark.

To check the validity of the formula from the above theorem one can plot
the following two functions fi(a) = py4, 4,(aa) and fa(a) = pa,4,(ba) for
a € (0,1]. We take

ta = min{(a; — L7 (@)er)(az — L7 (@)ez), (a1 ~ L7 (@)er) (a2 + LM (@)ea)},
be = max{(a; + L }a)c;){az + L7 (@)c2), (a1 + L7 (a)er) (a2 — L7 {a)es)}-

I

As a result one should obtain the strait line passing throught points (0, )
and (1,1).

Lemma 3.

Ba,a,(2) = Bopa,(—2) = Pay(-a9)(—2):

Proof.

Hipya,(2) = M8y {114, (T) A4, (1)} = mEX_pe( oy {_a, (—T) A1 4, (¥)} =

= f_ g4, (—2) = MK pen () (g, (T) A p_g, (1)} = NA,(_A,)(—Z)-

Remark.

From the above lemma we see that it suffices to find out the formula for
the membership function g4, 4,(z) for fuzzy numbers A,,Ag with py (2) =
L(Eﬂl) Ba,(2) = L(J'—ﬂl) where a;,a; > 0 and & < . If for example
a; < 0 and ay > 0, then NA,A,(Z) Bopya,(—2), where —a; > 0 and az > 0.
(if & > 2 we replace a; with az and ¢; with cz).

Thus we have for 0 < =2 < 2 that



L(%(%} — ) 21:(522 +3) - 2), for z <aay
paas(2) = | LG - 8) - i(E T 8P - 55), for z € fman Ol
Lp(@ + 80 +alE — 800+ ), for 2> 0
Example

Let ustake a; = 1,6, =2,a2 =3, =4, 2 =1 <2 = %,
L(I) e ’ (51 cz
pa, (2) = L(E2), oy (2) = L2y,

L(%("Zf“%‘f)ﬂ/i(%Jr%f)z—Zfa) , for z2<0
paa(®) =4 LGE+2)-/HE -8+ 2) for 0<z<a0
L@+ 8+ iE -39 +55) for  am<e

First we plot the functions p,,(z) = L(%‘_ﬂ), Ba(2) = L(E:_:zl)

-110 -5 0
ia, (2) = e T (solid), 114, (2) = e~ T (dots)
The next plot shows the membership function 4, 4,(z) and its approxi-

mation L(E={e1a2ll)

ajcztagcy




-10 -5 0 5 10 15

4,4, (2) (s0lid) L(EL22)) (dots)

3.Possibility index

We will consider the possibility index for the relation between two fuzzy
numbers: Pos(Ay = Az) = sup,cpmin{p, (2), p4,(2)}. In the following
theorem we calculate Pos(A3 = A14z).

Theorem

Assume that p,, (z) = L(E:T‘"‘),uA,(z) = L),y (2) = Lk,
where a,a; > 0 and & a . Then

P, D.S‘(Aa AlAz) =

L(g,(al,cl,ag,cz,aa,c:;)) if a1a2 < ag
.. (0<a3<aag)or
= L(gz(alyclya%c%aﬁyc(i)) if (aa <0, lgg_l < E:.)
L(gfi(alvcl? a21c2ya3yc3)) if a3 < 071::_:1 > _L

,where
91(ax, ¢1,03, 05,09, 03) = 3(— B2 f&"'\/@ a4 )24 guam)
g2(ar,c1,a2,02,03,03) = J(B+ B+ 2~ f(B 4+ 2+ 51Cz)2+4235;1322)’
ga(ar,c1,09, 02,03, 03) = (B — B — 4 (B - 2 Ay | qum-a)
Proof.
Let g be a function as follows
%(—-‘- 2)+ (‘-'1 + 8P~ for z<0
g(z)=1{ FE+2) - /HB-2p24 2 for 0<z<Laa
__5(6 +22) 4 4(c, -1)2 += , for aGaz < z
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We have that

i

Pos(Ay = Ardy) = supmin{yiz, (2) haup,(2)} =

sup L({max{l—_—jl,y(z)}) =

—-a
supmin{Z(E=22), 1))
= 1pfmax (2 (a1,
To calculate inf,cp max{jz—;:’ﬁl,g(z)} we assume first that a;a; < a3. We
obtain the optimal point z from the equation

1.a a 1, ay i\, 2 as — 2z
SRty BBy 2 BTE
2c1 () 4°¢c; ¢ C1Ca c3

Thus we have that

s - st (B (e g )
%(_z _.L)2 i (_3;2) + Ea;i(_x + _z) + 4(_1. + _1)2
a3 —z — 1 2 1 2 .
0= ey oy (& +8) H3(E 8 - 3G -8 - Ty -3
0 (-"—’)2 (gﬂi)g 2+ ) - uane
a3‘40102
(_L+J+c_1‘z;) +4 01Cz !

Hence 252 = (2 — @ — a4 (& 24 oyl 4 qeeam),

Assume now that 0 < a3 < aya9 or (a3 < 0 and l“_3[ < —1) We obtain the
optimal point z from the equation (% + 2) — ’(—1 Ly =i,
Thus we have the same equation. This time we have that

T (B2 4 - \/(4+J+c—;;)=’+4ﬂ§:;ﬂz).

Assume now that az < 0 and l“—al > 4. We obtain the optimal point z
from the equation (2 — £2) + (_z + _L)2 - = 28, Thus we have
that 42 + 27— 2= (e s

o - o = (g - e o2+ i -

= 1
K’_gﬂ_ (e a) 4l )2 Hapapy - oy a,
Q. —
0= S,_,J_ LZ__SZ U@ c_l.io;) + sz,
(_1. _2. _2_)2 4 4ig2-g3.
cyce ciep !
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z—a;,:la a _z (=] 2 818203
Hence c3 Z(q Clcz \/( c;cz +4 c1cg )

Finally we can conclude that
Pos(A3 = AAy) = L(inf,ep max{g(z), 222}) =

L(gi(ay, 01,02, ¢2,a3,¢3)) , for a10; < a3
(0 < az < aya;) or
={ L(go(ay,c1,82,¢2,03,¢3)) , for (a5 < 0, Iﬂl < m)

=g
L(g3(alyclyaz,c2, ﬂa,Ca)) 3 for az < 0, I:_:::l > _L

,where

= Ll _82 (242 @) Eﬂ:‘h_ﬂz

gl(al,cl,ag,cz,a;;,c;,)—z( P clcg+¢ + +c1cz +4 ),
+

b

gg(al,cl,az,cz,aa,ca)=%(%:- 2 4a— ‘/(—’-+—1+—°3-)2+4—3‘—"-‘-91)
g3(ar, ¢1,02, 02,03, C3) = (% — 2 — :?,,;'F\/"‘ 2 — &) qunce),

What ends the proof.
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