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An analysis of elastic-plastic creep buckling 
of axi-symmetric shells by the finite element method (*) 

G. YAGAWA, N. MIYAZAKI and Y. ANDO (TOKYO) 

THE OBJECTIVE of the present paper is to show the application of the finite element method to the 
creep buckling analysis of axi-symmetric thin shells of revolution with and without plasticity 
effect. The numerical examples performed in this paper include the time dependent snap­
through creep buckling phenomena of shallow spherical shells under time independent external 
pressure. 

Celem pracy jest pokazanie zastosowania metody element6w skonczonych do analizy wybo­
czenia pelzaj~cego osiowo symetrycznych cienkich powlok obrotowych z uwzgl~dnieniem i bez 
uwzgl~dnienia efekt6w plastycznych. Przyklady numeryczne zamieszczone w tej pracy za­
wieraj~ zjawiska przeskoku przy wyboczeniu pelzaj~cym malo wynioslych powlolc sferycz­
nych poddanych dzialaniu cisnienia zewn~trznego niezalemego od czasu. 

Uenbro pa6oTbi HBJUieTcH npe~craaJieHHe npHMeHeaHH MeTO~a I<OHe"t!HhiX :meMeHTOB ~ 
aHaJIH3a noJI3~ero npo~OJibH;oro H3rH6a ocecHMMeTpH"liHhiX, TOHI<HX, apam;aTeJibHhiX o6o­
Jiol:lei< c ylleTOM H 6e3 y-qeTa nJiaCTHlleCI<HX 3~~ei<TOB. 't!HCJieHHbxe npHMepbi, noMe~eH;Hbie 
a 3TOH pa6oTe, co~ep>KaT HBJieHHH CI<alll<oo6pa3Horo nepexo~a npH noJI3~eM npo~OJibHOM 
H3rH6e llOJIOrHX c~epHlleCI<HX o60JIOllei<, llO~BeprHYTbiX ~eHCTBHIO BHeiiiHero ~aBJieHHH, 
He3aBHCHIQero OT BpeMeHH. 

1. Introduction 

THE IMPORTANCE of creep buckling analyses is well known in designing high temperature 
structural components such as those used in chemical and reactor plants. The excellent 
reviews in this area are available in references [1 and 2]. As can be seen from these refer­
ences, the creep buckling analyses of shells have been exclusively performed on cylindrical 
shells and few works have been done on the creep buckling of shells other than cylindrical. 

On the other hand, the rapid development of the finite element method has made it 
feasible to undertake various classes of non-linear structural analyses [3, 4]. 

In this paper, the incremental formulation of elastic-plastic large creep deformation 
analysis of thin shells of revolution and its application to creep buckling analysis of shallow 
spherical shell in the pre- and post-buckling state are presented within the framework of 
the finite element displacement method. The method utilized here is the incremental proce­
dure based on the Lagrangian technique in which all the displacements, stresses and strains 
are referred to in an initial state and nodal coordinates are kept fixed during the entire 
calculation [5]. 

Both material and geometrical non-linearities are taken into account in the incremental 

(*)The paper has been presented at the EUROMECH 53 COLLOQUIUM on "THERMOPLASTIC­
ITY". Jablonna, September 16-19, 1974. 
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equations and the former consists of the time independent plasticity, i.e. von Mises yield 
criterion and the associated flow rule, and the time-dependent creep which is assumed 
constant during the small time increment. The creep buckling time of the present problem 
is defined as the time at which the stiffness of the system equation is found to be singular, 
and the snap-through buckling analysis [6] is then performed until the stable condition 
appears again, after which the usual analysis of creep large deformation is continued step 
by step. 

2. Theory 

An axi-symmetric shell is represented as a series of conical frusta, as shown in Fig. 1 
Each conical frustum is assumed to correspond to an element. 

z 

1.1. Stress-strain relation 

e 

FIG. 1. Axi-symmetric shell re­
presented as a. series of conical 

frusta. 

The relation between stress vector a and elastic strain vector Ee is given as the following 
expression in incremental form: 

(2.1) 

where the prefix L1 denotes an increment, L1a and L1 Ee are the following vectors, respectively: 

(2.2) 

(2.3) 

in which subscripts sand() represent meridian and circumferential components, respectively. 
For isotropic material, D1 becomes 

(2.4) E [1 v] 
D~ = 1-v2 v 1 ' 

where E and v are the Young's modulus and Poisson's ratio, respectively. 
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For material undergoing creep and plasticity, the incremental elastic strain vector may 
be expressed in the form: 

(2.5) 

where L1 E is the incremental total strain vector, L1 e' is the incremental plastic strain vector 
and L1 Ec is the incremental ereep strain vector. 

For creep strain, Mises-Mises' creep theory is assumed to apply. Then, L1 Ec is written 
as follows [7] 

(2.6) 

in which L1ec is the incremental equivalent creep strain, ~c is the equivalent creep strain 
rate characterized by uniaxial creep test and L1 t is the time increment. On the other hand, 
Z in the Eq. (2.6) is represented as follows by the equivalent stress (j and the second devia­
toric stress invariant J: 

(2.7) 

Here, (i and J are defined by 

(2.8) 

3 oJ 
z = 2(1 oa. 

From the Eqs. (2.8) 1 and (2.8h, the Eq. (2.7) becomes 

(2.9) 3 {(]~l z = 2-a u6 ' 

in which u; and u0 are deviatoric stress components defined by 

(2.10) 

In order to calculate the incremental plastic strain components, the von Mises yield 
criterion and the associated flow rule are utilized. From the theory of plastic potential, 
the incremental plastic strain components must be normal to the yield surface, which 
gives the equation: 

(2.11) L1eP = oF A oa ' 
where F is the yield function defined by 

(2.12) F = 0'2 = 3J 

and A. represents the normality parameter. From the Eqs. (2.7) and (2.12) the incremental 
equivalent stress can be calculated as 

(2.13) 

where the superscript T represents the transpose of matrix. The incremental plastic work 
L1 W, can be written either in the form: 

(2.14) 
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or 

(2.15) L1 Wp = (1 .diP' 

in which .J£P is the incremental equivalent plastic strain. Introducing the Eq. (2.11) into 
the Eq. (2.14) and using the Eq. (2.15) yield 

(2.16) T iJF , - A-p 
a aGA = CILJE • 

From the Eqs. (2.12) and (2.16), we have 

(2.17) 1 - 1 A - p 
A -

2
(1 LJc • 

In view of the Eqs. (2. 7), (2.11 ), (2.12) and (2.17), the incremental plastic strain vector may 
be written as 

(2.18) 

Next, introducing the Eq. (2.5) into the Eq. (2.1) yields 

(2.19) 

Substituting the Eq. (2.19) into the Eq. (2.13) and assuming the relation: 

to be valid where Ep represents the uniaxial hardening modulus in stress-strain curve, 
the incremental equivalent plastic strain can be calculated as 

(2.21) 

where the Eq. (2.18) is utilized and 

(2.22) H = Ev+ZTD~ Z. 

In view of the Eqs. (2.6), (2.18), (2.19) and (2.21), the incremental stress-strain relation 
is given by 

(2.23) 

in which 

(2.24) 

Using the Eqs. (2.4) and (2.9), Hand nr are given as follows: 

(2.25) 

where 

(2.26) 

H = Ep+ 4~2 (u~S1 +a6S2), 

S1 = 
1 

E 
2 
(u~+vu0), -v 

S2 = 
1 

E 
2 
(vu~+ u6) 

-v 
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and 

(2.27) 

Assuming the Kirchhoff-Love hypothesis, L1 E is expressed by 

(2.28) {
L1es- z L1 x~} 

LJE = , 
L1eo- z L1 Xo 

in which e5 , e0 and xs, Xo indicate strains and curvature changes of the middle surface, 
respectively, and z is the distance from the middle surface of the shell. 

Substituting the Eqs. (2.4), (2.9), (2.27) and (2.28) into the Eq. (2.23), the incremental 
stress-strain relation is written as 

. E [1 v]{L1es-zL1xsj (2.29) L1a = (D~ + DDLI E- (D~ + nnz;sc L1t = -1-2 1 A -A 
-v v LJe0 -ZLJXo 

_ _!_[Si StS~]{L1es-zL1xsl- 3icL1t ({Stl-I_{S1 (Sta~+S2a~)}) 
S St S2 S2 L1eo-:Z L1xo 20' S2 S S2 (St a~+ S2 a~) . 

Next, let Ni and Mb i = S, () represent membrane and moment resultants, respectively, 
as shown in Fig. 1. The incremental forms of these resultants are assumed to be defined by 

(2.30) 

h/2 

L1Ns = J L1asdz, 
-h/2 

h/2 

L1Ms = J L1aszdz, 
-h/2 

where h is shell thickness. 

h/2 

L1N0 = J L1a0dz, 
-h/2 

h/2 

L1Mo = J L1a0 zdz, 
-h/2 

Introducing the Eq. (2.29) into the Eq. (2.30), the generalized stress-strain relation 
is given as follows: 

(2.31) 

in which 

(2.32) 
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and 

(2.33) 

2.2. Displacement 

Figure 2 shows an axi-symmetric shell element having two nodes i and j, in which s 
is the meridian distance. The nodal displacement is prescribed by u, w and p, as shown 
in Fig. 2. Therefore, the displacement of node i can be defined by three components as 

(2.34) 

z 

w 

FIG. 2. An element of an axi­
-symmetric shell. 

Thus, the displacement vector d of the element with two nodes i and j is given by 

(2.35) d ={:;}. 
The displacement v within an element is assumed to be interpolated by the nodal displace­
ment d. The shape function which relates these two vectors is determined so as to satisfy 
the condition of continuity of u, wand dwfds between neighbouring elements. Then the 
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in-plane displacement u can be taken varying linearly with s and the transverse displace­
ment was a cubic ins. The relation between v and d is expressed with 0 being null matrix 
in the form: 

(2.36) 

where :A is the matrix of transformation from (u, w, ji) to (u, w, dwfds) in Fig. 2 and 
given by 

(2.37) l cos 4> sin q, OJ 
:A = -sin 4> cos cp 0 

0 0 1 

in which cfJ is the angle between element and axis of rotation.· In the Eq. (2.36) N:, can be 
written in the following form: 

(2.38) [
1-s' 0 

N:, = 0 1-3s'2 +2s' 3 

0 s' 

L(s'-2s'2 +s' 3 ) 0 

0 

where s' = sfL, and s' varies from 0 to 1, since Lis the length of the element. 
In incremental form, the Eq. (2.36) may be transformed into 

(2.39) 

2.3. Strain-d.iplacement relation 

The strain-displacement relation is given as follows, with the effect of geometrical non­
linearity taken into account: 

(2.40) 

e8 = (usint/J+wcoscp)fr, 
sincp dw 

Xo =-,-di' 

in which r is the distance between the axis of rotation and the middle surface of the shell. The 
incremental form of the strain-displacement relation can be expressed as 

(2.41) 

L1 _ dLlu dw dL1w 1 ·( dL1w )
2 

es- dS+didS+2 dS ' 

L1e8 = (L1usincp + LJwcos cp )fr, L1xo = sin 4> dL1w . 
r ds 

Since the third term of the right-hand side in the expression of L1es is an infinitesimally 
small quantity of second order, it is omitted here in the incremental expression except in 
the derivation of the geometric stiffness matrix. The Eq. (2.41) is divided into a linear part 
and a non-linear one with respect to incremental value as follows: 

(2.42) 
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where 

(2.43) 

dLJu dw dLJw 
(JS"+(ii([S" 

(LJusin ifJ + LJwcos cjJ )fr 

d2 L1w 
~ 

sin cjJ dLJ w 
-,-{iS 
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- _!_ ( dLJw )z-
2 ds 

0 

0 

0 

Using the increment of the nodal displacement L1d, L1eL may be written as follows: 

(2.44) 

where B~ or B1 is independent of the change of shell geometry and is given by 

(2.45) B' = [a~~)sinc/J/r (1-3s'2 +2~'3)coscp/r L(s'-2s'2 ~s'3)coscpfr 
1 0 - (6-12s')/L2 - (4-6s')/L 

0 - (6s' -6s' 2)sin cpfrL - ( -1 +4s' -3s'2)sincpfr 

1/L 0 0 l 
s'sincpfr (3s'2 -2S' 3 )coscpfr L(-s'2 +s'3 )coscpfr 

0 - (12s' -6)/L2 
- (2-6s')/L " 

0 - ( -6s' +6s'2)sin cpfrL - (2s' -3s'2)sin cpjr 

whereas B; or B2 depends on the change of shell geometry and is given by 

(2.46) B2 = [Grl 
In the Eq. {2.46), matrix G is defined by 

(2.47) G = C [~ ~]. 
in which 

(2.48) C =[0 (-6s'+6s' 2)/L 1-4s'+3s'2 0 (6s'-6s' 2)/L -2s'+3s'2
]. 

Using the Eq. (2.47), LJeNL is written in the following form: 

(2.49) 
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2.4. Principle of virtual work 

Provided the boundary condition are homogeneous, the principle of virtual work is 
given as follows [8]: 

(2.50) J l5(L1e)T(N+L1N)dA- J l5(L1v)T(F+L1F)dA = 0, 
A A 

in which F is distributed load per unit area of the middle surface, A is area of the element 
and l5 denotes a virtual variation. Here, dA is written as follows: 

(2.51) dA = 2nrds = 2nrLds'. 

Using the Eq. (2.51), the Eq. (2.50) can be transformed into 

1 1 

(2.52) J l5L1 eT(N +L1 N) rLds'- J l5(L1v)T(F +L1F)rLds' = 0. 
0 0 

Introducing the Eqs. (2.31), (2.39), (2.42), (2.44) and (2.49) into the Eq. (2.52), neglecting 
higher-order terms with respect to incremental values and assuming that equilibrium is 
completely satisfied at the preceeding step, the final form of incremental finite element 
equation of equilibrium is found to be 

(2.53) 

where 

(2.54) 

and 

(2.55) 

1 

ke = J BT neBrLds'' 
0 

1 

kg = J GT NsGrLds', 
0 

1 

L1FA = J NI L1FrLds', 
0 

1 

1 

kP = JBTDPBrLds', 
0 

1 

L1F~ = J BT LlCerLds', 
0 

L1 F: = J BT L1 CPrLds'. 
0 

Matrices ke, kP and kg are the elastic stiffness matrix, the plastic stiffness matrix and the 
geometric stiffness matrix, respectively. Vectors L1F~ and LlF: are increments of elastic 
and plastic creep load vectors, respectively. 

Superposing the Eq. (2.53) for the complete structure, the equation of equilibrium of 
the total system is given as follows: 

N N 

(2.56) l\ke+kP+k')L1d = 2(L1FA+L1F~+L1F:), 
i=1 i=1 

in which N is the number of elements. 
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3. Method of calculation 

The process of calculation is described briefly in what follows in the case of the creep 
buckling of a shallow spherical shell undergoing elastic-plastic and creep deformation. 

At timet= 0 
(i) Let us assume LlFc be zero in the Eq. (2.56) and calculate the elastic-plastic solu­

tion with large deformation effect by the usual incremental method, in which the load is 
increased statically until the desired quantity is reached. 

At t > 0 
(ii) Modify ke and k9 with respect to the new geometry and Ns at the preceeding step. 

If the material is found yielding, calculate kP. 
(iii) Calculate LlCe. If the element is found yielding, calculate LlCP together with LICe. 
(iv) Carry out the processes of (ii) and (iii) for all elements and construct the equation 

of equilibrium of the total system (2.56). 
(v) Solve the Eq. (2.56) to obtain the displacement increment Lld and calculate Llo 

and LiN from Lld thus determined. Then, add Lld, Llo and L1N to the values of the preceeding 
step to obtain d, a and N. 

(vi) Calculate -a to find the yielding of any region of the structure. 
(vii) Judge the stability of the equilibrium state obtained from the Eq. (2.56). If the 

equilibrium state is stable, proceed to the next time step and return to (ii). If the equi­
Jibrium. state is not stable, the snap-through analysis [6] is carried out at that momentum 
until the original load recovers, in which the load-deflection relation shows the well known 
"S" shaped curve and critical time Tc is defined by this moment. 

(viii) Proceed to the next time step and return to (ii). 
To obtain L1Ce and L1CP in the Eqs. (2.32)4 and (2.33), respectively, each element is 

divided into 20 layers and average values of a~, a0 and -a at each layer of the preceding 
step are utilized in the computation. The Gauss quadrature formula is employed to cal­
culate each stiffness matrix and load vector in the Eq. (2.54) 1 through the Eq. (2.55). 

To determine the stability of the equilibrium state, the positive definiteness of the 
stiffness matrix of the system may be adopted as an important information. In this paper, 
each diagonal element of the upper triangular matrix obtained in applying the forward 
process of the Gauss elimination method to the pertinent matrix is traced, since the matrix 
is known to be positive definite when all of these elements are positive numerals [9]. 

The time increment L1 t is determined in the calculation such that the increment of the 
displacement does not exceed the prescribed reference value. In the present case, the de­
flection of the central point of a spherical shell is taken as the representative displacement 
and 1/800 of the shell thickness is adopted as the prescribed reference value. 

4. Results and discussion 

An elastic-plastic creep buckling analysis of a clamped shallow spherical shell under 
uniform pressure P, Fig. 3 is presented, where the dimensions of the shell are as follows: 

Radius of curvature R = 786.25 mm, 
Base-plane edge radius r = 125mm, 
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Shell height 
Shell thickness 

W0 = lOmm, 
h = lOmm. 

The material constants and creep law are assumed as 
Young's modulus E = 7000 kg/mm2

, 

Poisson's ratio v = 0.345, 
Yield stress Gy = 11 kg/mm2

, 

Hardening modulus Ep = E/200 
Creep strain ec = AO"'tm(G: kg/mm2 , t: hr), 

where 
A = 4.64 x 10-s, (kg/mm2)-n (hr)-m, 

n = 4.43, m = 0.273. 

FIG. 3. Shallow spherical shell 
with clamped edge under uni­

form external pressure. 

p 

879 

The strain hardening rule is employed for the creep calculation and the shell is idealized by 
25 conical shell elements. The external pressure P of 26.5kgjcm2 is applied to the shell, 
which is selected so as to be smaller than the upper buckling pressure of 28.6kgjcm2 

obtained by static analysis. 
Figures 4 and 5 display the central deflection of the shell vs time and the meridional 

<D : Etastic-p[astic creep with large deflection 

CZ) :. Ela~tic creep with large deflection 

(hr) 

FIG. 4. Variation of central deflection We with time. 
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FIG. 5. Meridian distributions of deflection W. 
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FIG. 6. Variation of developed plastic region with time. 
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distributions of the deflection W, respectively. It is found from the former that the insta­
bility does not occur if plastic deformation is not taken into consideration in the theory 
as far as the time elapsed of 200 hours, whereas the critical time of 37.8 hours is observed 
in the case of elastic-plastic creep with large deflection, at which the equilibrium becomes 
unstable and the snap-through buckling is found. After this, the shell deforms again stably 
by creep with the elapsed time. The process of deformation during the snap-through 
buckling can be observed in Fig. 5. It is worthy of note that the shell deforms over the shell 
height at the post-buckling state which is apparently the stable configuration. 

Figure 6 illustrates the changes of plastic regions with time. It may be observed that 
the plastic region increases with respect to time before snap-through buckling, whereas 
it decreases after this critical time. From Fig. 6, it can be concluded that the reduction 
of the stiffness due to the increasing plastic regions plays an important part in snap-through 
buckling. 

t 
E 

~ 
'"o 
~ 0 .6 
z 

0 2 

<D : Ohr 

(2) : 9.7hr 

Q> : 37 .8hr(pr~-buckl i ng) 

®: 37.8hr(Post-buckling) 

(ID : 

0 0 1----:o:-':. z,..--7o.4":"-~:::......:::::-'----:'t----

et~ 

-0.2 

FIG. 7. Meridian distributions of stress resultant Ns. 

Finally, Fig. 7 shows the meridian distributions of the membrane stress resultant Ns, 
from which Ns is observed to change from compression to tension suddenly at the 
critical time. 

It can be concluded from the limited example presented here that the plastic deforma­
tion has an important effect on the creep buckling phenomenon of the shallow spherical 
shell. 
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