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An analysis of elastic-plastic creep buckling
of axi-symmetric shells by the finite element method (*)

G. YAGAWA, N. MIYAZAKI and Y. ANDO (TOKYO)

THE oBJECTIVE of the present paper is to show the application of the finite element method to the
creep buckling analysis of axi-symmetric thin shells of revolution with and without plasticity
effect. The numerical examples performed in this paper include the time dependent snap-
through creep buckling phenomena of shallow spherical shells under time independent external
pressure.

Celem pracy jest pokazanie zastosowania metody elementdw skoriczonych do analizy wybo-
czenia pelzajacego osiowo symetrycznych cienkich powlok obrotowych z uwzglednieniem i bez
uwzglednienia efektéw plastycznych. Przyklady numeryczne zamieszczone w tej pracy za-
wieraja zjawiska przeskoku przy wyboczeniu pelzajacym mato wyniostych powlok sferycz-
nych poddanych dzialaniu ciénienia zewngtrznego niezaleznego od czasu.

Lensio paGoTkl SBNAETCA NpPECTABICHHE NPHMEHEHHA METOA3 KOHEUHBIX 3JIEMEHTOB IUIA
aHaJM3a NONI3YUEro HPOAOJIFHOIO H3ruba OCEeCHMMETDHUHLIX, TOHKHX, BpallaTeNbHBIX 060-
JloueK ¢ yuerom M 6Ge3 yuera miactuueckux 3ddexros. UncneHHbIe NPAMEDEI, IOMELIEHHEIE
B aToii paboTe, comepIKaT ABJICHHUA CKaUKOOOpasHOro mepexofia NMpH MOJN3YYeM NPOJOITBHOM
usrube nonorux chepuueckux 0060JI0OUeK, MOABEPTHYTHIX AeHCTBHIO BHEIUHEro MAaBJICHHSA,
HE3aBUCHILEr0 OT BPEMEHH.

1. Introduction

THE IMPORTANCE of creep buckling analyses is well known in designing high temperature
structural components such as those used in chemical and reactor plants. The excellent
reviews in this area are available in references [1 and 2]. As can be seen from these refer-
ences, the creep buckling analyses of shells have been exclusively performed on cylindrical
shells and few works have been done on the creep buckling of shells other than cylindrical.

On the other hand, the rapid development of the finite element method has made it
feasible to undertake various classes of non-linear structural analyses [3, 4].

In this paper, the incremental formulation of elastic-plastic large creep deformation
analysis of thin shells of revolution and its application to creep buckling analysis of shallow
spherical shell in the pre- and post-buckling state are presented within the framework of
the finite element displacement method. The method utilized here is the incremental proce-
dure based on the Lagrangian technique in which all the displacements, stresses and strains
are referred to in an initial state and nodal coordinates are kept fixed during the entire
calculation [5].

Both material and geometrical non-linearities are taken into account in the incremental

(*) The paper has been presented at the EUROMECH 53 COLLOQUIUM on “THERMOPLASTIC-
ITY”, Jablonna, September 16-19, 1974,
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equations and the former consists of the time independent plasticity, i.e. von Mises yield
criterion and the associated flow rule, and the time-dependent creep which is assumed
constant during the small time increment. The creep buckling time of the present problem
is defined as the time at which the stiffness of the system equation is found to be singular,
and the snap-through buckling analysis [6] is then performed until the stable condition
appears again, after which the usual analysis of creep large deformation is continued step
by step.

2. Theory

An axi-symmetric shell is represented as a series of conical frusta, as shown in Fig. 1
Each conical frustum is assumed to correspond to an element.

-]

Fi1G. 1. Axi-symmetric shell re-
_ presented as a series of conical
z frusta.

2.1. Stress-strain relation

The relation between stress vector o and elastic strain vector €° is given as the following
expression in incremental form:

2.1) do = Di A€,

where the prefix 4 denotes an increment, 4o and 4 € are the following vectors, respectively:
Ao,

2.2) do = {Aa,,}’

(2.3) Aef = :Ae'}
Agy)’

in which subscripts s and 6 represent meridian and circumferential components, respectively.
For isotropic material, D§ becomes

2.4) D; = _E—[l "],

1-»*{» 1

where E and » are the Young’s modulus and Poisson’s ratio, respectively.
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For material undergoing creep and plasticity, the incremental elastic strain vector may
be expressed in the form:

2.5) Ae® = Ae—AeP— A€,

where Ae is the incremental total strain vector, 4€” is the incremental plastic strain vector
and 4e€° is the incremental ereep strain vector.

For creep strain, Mises-Mises’ creep theory is assumed to apply. Then, 4e is written
as follows [7]

(2.6) A€ = 245 = Ze At

in which 4z° is the incremental equivalent creep strain, & is the equivalent creep strain
rate characterized by uniaxial creep test and A4t is the time increment. On the other hand,

Z in the Eq. (2.6) is represented as follows by the equivalent stress & and the second devia-
toric stress invariant J:

3 aJ
@.7) = e
Here, o and J are defined by
=2
(2.8) @ =oltoi—0,00, J= UT.

From the Eqgs. (2.8), and (2.8),, the Eq. (2.7) becomes
3 fos
2, =_ ;
) 2=\
in which o; and oy are deviatoric stress components defined by

(2.10) o, = a,-“'—;”’t’_, 65 . Gy “’;""’.

In order to calculate the incremental plastic strain components, the von Mises yield
criterion and the associated flow rule are utilized. From the theory of plastic potential,
the incremental plastic strain components must be normal to the yield surface, which
gives the equation:

oF
(2.11) A¢ = =1,

where F is the yield function defined by
2.12) F=79*=3J

and A represents the normality parameter. From the Egs. (2.7) and (2.12) the incremental
equivalent stress can be calculated as

(2.13) A4 = Z" Ao,

where the superscript T represents the transpose of matrix. The incremental plastic work
AW, can be written either in the form:

(2.14) AW, = 6T Ae?,
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or
(2.15) AW, =odeP,

in which A¢? is the incremental equivalent plastic strain. Introducing the Eq. (2.11) into
the Eq. (2.14) and using the Eq. (2.15) yield

oF ——
T -— = P
(2.16) o e A =0de.
From the Egs. (2.12) and (2.16), we have
- 1 P
(2.17) A= 5 AeP.

In view of the Eqgs. (2.7), (2.11), (2.12) and (2.17), the incremental plastic strain vector may
be written as

(2.18) AeP = ZAEP,
Next, introducing the Eq. (2.5) into the Eq. (2.1) yields
(2.19) Aa = Di(de—Ae€f)—-Ds A€,

Substituting the Eq. (2.19) into the Eq. (2.13) and assuming the relation:

(2.20) Ac = E, Ae?

to be valid where E, represents the uniaxial hardening modulus in stress-strain curve,
the incremental equivalent plastic strain can be calculated as

2.21) Ag? = —;T(Z"'Dide'—zr DS de),

where the Eq. (2.18) is utilized and

(2.22) H=E+Z"D{Z.

In view of the Egs. (2.6), (2.18), (2.19) and (2.21), the incremental stress-strain relation
is given by

(2.23) Ae = (D5 +D%)de— (D5 + DE) Ze At
in which
(2.24) D; = —D$ZZTD5/H.

Using the Egs. (2.4) and (2.9), H and DJ are given as follows:

9 ! !
H =EP+EZ—(U,SI+U‘QSZ),

2.2
o D —1[ St 8.5
L=FlssS s )
where
E ! ! E ’ r
(2.26) Sl =ﬁ(0',+3’0'g], S; =‘1T’.é—(‘l’0',+ Ug)
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and

.27 S = g-HEZ.

Assuming the Kirchhoff-Love hypothesis, 4€ is expressed by
A {Ae, —zA x,}
(2.28) de = Al

in which e, e; and ¥;, xp indicate strains and curvature changes of the middle surface,
respectively, and z is the distance from the middle surface of the shell.
Substituting the Egs. (2.4), (2.9), (2.27) and (2.28) into the Eq. (2.23), the incremental

stress-strain relation is written as
. E |1 v](des—zAy,
(2.29) 4o = (Df+Dy)de— (DS + DY) Ze At = _l——vz[v l:' =A£’e—54x9}
1[ST 8.8, (des—Z Ay  3ecar (|S: 1 [S:1(S1 05+ S, 00)
s [S1 S S%} =Aea—f Axs} % ({S} S ‘Sz (S104+3S, aa)})'
Next, let N; and M;, i = S, 0 represent membrane and moment resultants, respectively,
as shown in Fig. 1. The incremental forms of these resultants are assumed to be defined by

hi2 k2
ANy= [ dodz,  AN,= [ Aoydz,

—h2 ~hj2

(2.30) " i
AM, = [ Aozdz, AM, = [ do,zdz,

—h/2 —hf2

where 4 is shell thickness.
Introducing the Eq. (2.29) into the Eq. (2.30), the generalized stress-strain relation
is given as follows:

AN,
A
(2.31) AN = _A‘:; =(D*+D?)de—(1C,+4CP),
~AM,
in which
Aeg
| des
de = Ay, [
Ao
1 » 0 0
pe — _Eh 1 0 0
T 1 |sym.  RA12 Rw/12 )’
(2.32) K2
e | St 88, -z8T  -zS.S,
B 1 S22  -z8,8, —-z83
D"“_EL? 7281 225, 5, | 7%

SYM. 7252
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ACE = 3—““ —dz
_m —Slz
_Szz
and
51
34: f 3 S;a,+S;O'3_ =
P o i
(2.33) AC FASEE = dz .
_Szz

2.2. Displacement

Figure 2 shows an axi-symmetric shell element having two nodes / and j, in which s
is the meridian distance. The nodal displacement is prescribed by u, w and B, as shown
in Fig. 2. Therefore, the displacement of node i/ can be defined by three components as

w
(2.34) d = I@’.
B

st

-
n

s=slL
/ FIG. 2. An element of an axi-
z -symmetric shell.

Thus, the displacement vector d of the element with two nodes 7 and j is given by

d;
(2.35) - ldj}.

The displacement v within an element is assumed to be interpolated by the nodal displace-
ment d. The shape function which relates these two vectors is determined so as to satisfy
the condition of continuity of u, w and dw/ds between neighbouring elements. Then the
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in-plane displacement u can be taken varying linearly with s and the transverse displace-
ment w as a cubic in s. The relation between v and d is expressed with 0 being null matrix
in the form:

u A0
(2.36) V= L} = Nf,[o 7\] d = Ny,

where A is the matrix of transformation from (%, w, B) to (u, w, dw/ds) in Fig. 2 and
given by

cos¢g sing O
(2.37) A =|—sing cos¢ O
0 0o 1

in which ¢ is the angle between element and axis of rotation. In the Eq. (2.36) Nj can be
written in the following form:

(2.38) N;= [

1-¢ 0 0 s 0 0
0 1-3524257 L('—252+53) 0 352-25"* L(—s%+s5%) /)

where s° = s/L, and s’ varies from 0 to 1, since L is the length of the element.
In incremental form, the Eq. (2.36) may be transformed into

(2.39) Av = N;4d.
2.3, Strain-diplacement relation

The strain-displacement relation is given as follows, with the effect of geometrical non-
linearity taken into account:

_du 1 dw)2 _ d*w
(2 © ey = E'i' *i' _dT Xs = _dsz"“,
40 sing dw

eg = (using+wcosd)fr, 7y = e o

in which r is the distance between the axis of rotation and the middle surface of the shell. The
incremental form of the strain-displacement relation can be expressed as

o — dAdu dw dAw l(dﬂw 2 A d?* Aw
=& TE & T2\as ) RTTaE
(2.41) ing d4
dey = (dusing+Awcosd)/r, Ay = Sn:qs dsw '

Since the third term of the right-hand side in the expression of de, is an infinitesimally
small quantity of second order, it is omitted here in the incremental expression except in
the derivation of the geometric stiffness matrix. The Eq. (2.41) is divided into a linear part
and a non-linear one with respect to incremental value as follows:

242 de = Aep+Aeyy,
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where
ddu | dw dAw N 1 (dAw )2“
ds ' ds ds 2\ ds
(dusin ¢+ Awcos ¢)/r 0
(2.43) Aey = d*Aw , Adey, =
&7 0
sing ddw 0
r ds i _

Using the increment of the nodal displacement Ad, Ae; may be written as follows:
A0
(2.44) Ade; = (B{+B5) 0 2 Ad = (B, +B,)4d = B Ad,

where B or B, is independent of the change of shell geometry and is given by

-1/L 0 0
. | a=s)sing/r (1-352+25)cosdfr  L(s'—25"2+5"%)cos p/r
@43 B, = 0 —(6—125)/L? —(4—6s")/L
0 —(6s'—6s")sing/rL. —(—1+4s'—35'?)sing/r
1/L 0 0

s'sing/r  (3s'2—2s"3)cos¢/r L(—s"*+5'%)cos ¢p/r
0 —(12s'—6)/L? —(2-6s")/L A
0 —(—6s5'+65Y)sing/rL  —(25'—3s"Y)sin/r

whereas B, or B, depends on the change of shell geometry and is given by

GdG
(2.46) B, -| ?
0
0
In the Eq. (2.46), matrix G is defined by
a0
(2.47) G = C[O ],

in which
(248) C=[0 (—65+6s%)/L 1-4s'+352 0 (6s'—6s'2)/L —25'+3s"].
Using the Eq. (2.47), ey, is written in the following form:

(2.49) By, 5 % (GAd)?

o OO =
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2.4. Principle of virtual work

Provided the boundary condition are homogeneous, the principle of virtual work is
given as follows [8]:

(2.50) [ 8(4e)T(N+AN)YdA~ [ 5(Av)*(F+AF)da = o,
A A

in which F is distributed load per unit area of the middle surface, 4 is area of the element
and & denotes a virtual variation. Here, dA4 is written as follows:

(2.51) dA = 2ards = 2nrLds’.
Using the Eq. (2.51), the Eq. (2.50) can be transformed into

1 1
(2.52) [64e"(N+AN) rLds' — [ 8(Av)"(F +AF)rLds' = 0.
0 0

Introducing the Egs. (2.31), (2.39), (2.42), (2.44) and (2.49) into the Eq. (2.52), neglecting
higher-order terms with respect to incremental values and assuming that equilibrium is
completely satisfied at the preceeding step, the final form of incremental finite element
equation of equilibrium is found to be

2.53) (k*+ kP + k) Ad = AF .+ AFE+ AF?

where
1

1
k* = [BTD'BrLds’, Kk’ = [BTD’BrLds’,
0 0
1
(2.54) kK = [GTN,GrLds',

0
{ :
AF, = [NJAFrLds'’, AF; = [BTACerLds',
0 0
and

1
(2.55) AF? = [BTACPrLaS.
0

Matrices k®, kP and k? are the elastic stiffness matrix, the plastic stiffness matrix and the
geometric stiffness matrix, respectively. Vectors AF: and AF? are increments of elastic
and plastic creep load vectors, respectively.

Superposing the Eq. (2.53) for the complete structure, the equation of equilibrium of
the total system is given as follows:

N

N
(2.56) D+ kP +k0) 4d = D (AF,+ AFe+AFY),

i=] i=1

in which N is the number of elements.
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3. Method of calculation

The process of calculation is described briefly in what follows in the case of the creep
buckling of a shallow spherical shell undergoing elastic-plastic and creep deformation.

Attimer =0

(i) Let us assume AF, be zero in the Eq. (2.56) and calculate the elastic-plastic solu-
tion with large deformation effect by the usual incremental method, in which the load is
increased statically until the desired quantity is reached.

Atr>0

(ii) Modify k° and k? with respect to the new geometry and N; at the preceeding step.
If the material is found yielding, calculate k?.

(iii) Calculate AC®. If the element is found yielding, calculate ACP together with AC¢.

(iv) Carry out the processes of (ii) and (iii) for all elements and construct the equation
of equilibrium of the total system (2.56).

(v) Solve the Eq. (2.56) to obtain the displacement increment Ad and calculate 4o
and AN from Ad thus determined. Then, add Ad, 4e and AN to the values of the preceeding
step to obtain d, o and N.

(vi) Calculate @ to find the yielding of any region of the structure.

(vii) Judge the stability of the equilibrium state obtained from the Eq. (2.56). If the
equilibrium state is stable, proceed to the next time step and return to (ii). If the equi-
librium state is not stable, the snap-through analysis [6] is carried out at that momentum
until the original load recovers, in which the load-deflection relation shows the well known
“S” shaped curve and critical time Te is defined by this moment.

(viii) Proceed to the next time step and return to (ii).

To obtain AC® and AC? in the Eqgs. (2.32), and (2.33), respectively, each element is
divided into 20 layers and average values of o), o5 and @ at each layer of the preceding
step are utilized in the computation. The Gauss quadrature formula is employed to cal-
culate each stiffness matrix and load vector in the Eq. (2.54), through the Eq. (2.55).

To determine the stability of the equilibrium state, the positive definiteness of the
stiffness matrix of the system may be adopted as an important information. In this paper,
each diagonal element of the upper triangular matrix obtained in applying the forward
process of the Gauss elimination method to the pertinent matrix is traced, since the matrix
is known to be positive definite when all of these elements are positive numerals [9].

The time increment At is determined in the calculation such that the increment of the
displacement does not exceed the prescribed reference value. In the present case, the de-
flection of the central point of a spherical shell is taken as the representative displacement
and 1/800 of the shell thickness is adopted as the prescribed reference value.

4. Results and discussion

An elastic-plastic creep buckling analysis of a clamped shallow spherical shell under
uniform pressure P, Fig. 3 is presented, where the dimensions of the shell are as follows:

Radius of curvature R = 786.25mm,

Base-plane edge radius r =125mm,
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Shell height W, = 10mm,
Shell thickness h = 10mm.

The material constants and creep law are assumed as
Young’s modulus E = 7000kg/mm?,

Poisson’s ratio v = 0.345,

Yield stress o, = 11kg/mm?,

Hardening modulus E, = E/200

Creep strain & = Ad"t™(o: kg/mm?, t: hr),
where

A =464x10"8, (kg/mm?)~" (hr)~",

n =443, m =0.273.

FiG. 3. Shallow spherical shell
with clamped edge under uni-
form external pressure.

The strain hardening rule is employed for the creep calculation and the shell is idealized by
25 conical shell elements, The external pressure P of 26.5kg/cm? is applied to the shell,
which is selected so as to be smaller than the upper buckling pressure of 28.6kg/cm?
obtained by static analysis.

Figures 4 and 5 display the central deflection of the shell vs time and the meridional

@: Elastic-plastic creep with large deflection
@:. Elastic creep with large deflection

@

8-
g
8

L
[*] 50

(hr)
FiIG. 4. Variation of central deflection W with time.



@ Ohr
@: 9.7hr
@: 309hr
@ 378hr(pre-buckling)
@ : 37 8hr(post-buckling)
®: 524hr
@ : WS1hr

20+

Ohr

B
.%//////////////////////////MI//%

9 7hr . - . e

agn¥®

309hr 24 . IR P
W
3 m
e g 1S 1he
* pre - buckling state *post - buckling state

F1G. 6. Variation of developed plastic region with time.

[880]
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distributions of the deflection W, respectively. It is found from the former that the insta-
bility does not occur if plastic deformation is not taken into consideration in the theory
as far as the time elapsed of 200 hours, whereas the critical time of 37.8 hours is observed
in the case of elastic-plastic creep with large deflection, at which the equilibrium becomes
unstable and the snap-through buckling is found. After this, the shell deforms again stably
by creep with the elapsed time. The process of deformation during the snap-through
buckling can be observed in Fig. 5. It is worthy of note that the shell deforms over the shell
height at the post-buckling state which is apparently the stable configuration.

Figure 6 illustrates the changes of plastic regions with time. It may be observed that
the plastic region increases with respect to time before snap-through buckling, whereas
it decreases after this critical time. From Fig. 6, it can be concluded that the reduction
of the stiffness due to the increasing plastic regions plays an important part in snap-through
buckling.

Ohr
8.7hr
: 37.8hr{pre-buckling)
- 37,8hr{Post-buckling)
52.4hr
WS 1hr

6006080

T
(21312

FiG. 7. Meridian distributions of stress resultant N.

Finally, Fig. 7 shows the meridian distributions of the membrane stress resultant N,
from which Ns is observed to change from compression to tension suddenly at the
critical time.

It can be concluded from the limited example presented here that the plastic deforma-

tion has an important effect on the creep buckling phenomenon of the shallow spherical
shell.
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