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533.

ON THE BINOMIAL THEOREM, FACTORIALS, AND DERIVATIONS.

[From the Oxford, Cambridge, and Dublin Messenger of Mathematics, vol. v. (1869), pp. 102—114.]The following was part of my course of lectures in the year 1867.The proof commonly called “ Euler’s ” of the binomial theorem is as follows: the theorem is assumed to be true for positive integer indices; that is, it is assumed that for any positive integer m we have
This being so, since (1 + ic)’"·. (1 +λj)'" = (1 the equation 

is true for any positive integer values whatever of the indices m, n; the equation is therefore true identically ; and it is consequently true for all values whatever of the indices 
m, n. But any function φm of m, satisfying the functional equation φm. φn =φ {m + n), is an m^^ power, = C'”’' suppose : that is, we have 
where G is a constant, viz. it is independent of m; but the value of G will of course depend upon ic; and if, in order to determine it, we write m = l, the equation gives 
G =1 +x‘, that is, we have 
which is the binomial theorem in its general form.
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464 ON THE BINOMIAL THEOREM, [533It is to be observed that there is not in the demonstration any employment o the so called “principle of equivalent forms,” we do not from the truth of an equation for positive integer values of m, n, infer the truth of it for any values whatever of 
m, n ; there is the intermediate step, that being true for integers, it is true identically; and this identical truth of the equation depends on the circumstance that comparing- on the two sides of the equation the coefficients of the successive powers ic®, ic∖ &c., these coefficients are in every case finite, rational, and integral functions of m, n.For instance, comnarins- the coefficients of we have 
and any such equation, being true for all positive integer values of m, n, will be true identically; developing the two sides, the equation is in fact
The reasoning is thus perfectly good ; but I remark that it is quite as easy to prove the general equation of which the last mentioned equation is an example, as it is to prove the binomial theorem for positive integer indices; and consequently that we can 
without the aid of the binomial theorem for positive integer indices prove the fundamental equation

To show this I introduce the factorial notation and write
this being so, the equation obtained by comparing the coefficients of x^ is readily found to be ∖ 
and I say that this, the factorial binomial theorem for a positive integer index r, is proved as easily and in the same manner as the binomial theorem for a like value of the index; or say as the equation
To show how this is, I form the values of [m + w]∖ [m + n]-, [m + w]≡, &c. successively, by what may be termed the process of varied multiplication: we have

[m + = m + n;
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533] FACTORIALS, AND DERIVATIONS. 465to obtain [m + ii]- Λve have to multiply this by m + ?7. — 1 ; in regard to the first term 
m, I write the multiplier under the form (vι — 1) + n, and in regard to the second term n, under the form m + (n- 1); the process then stands

To form [m+np we have to multiply by m + n — 2; in regard to the first term, this is written under the form {m -2) + n^, in regard to the second term under the form 
(nι — and in regard to the third term under the form m + — 2); theproduct is thus obtained in the form 

and so on; the law of the terms is obvious; and the numerical coefficients are in effect obtained as follows;

viz. by precisely the same process as is used in finding the numerical coefficients in the powers (m + w)∖ (rn + n)-, (m + n∕, &c.; and we thus see that for any integer value 
r of the index, we have a factorial binomial theorem, wherein the numerical coefficients are the same as in the binomial theorem for the same index.

c. VIII. 59
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466' ON THE BINOMIAL THEOREM, [533But the method of varied multiplication may be applied to the demonstration of a much more general theorem ; viz. we may use it to develope a product such as 
according to a series of products

For this purpose, starting with 
h — a = h — a + a — a,we multiply by h - 6, written first under the form h - β + β - b, and then under the form h — α + (a — b) ; we have thus 

and so on. It is easy to see that we may for instance write
(h — a) (h — b) (h —c)(h — d) (h ~ e)

= (h-Ci) (h - β) (h -y)(h- δ) (h - e)

+ (h-a)(h-β)(h-y)(k-S) ∖a, b, c, d, eJi 
+ (h-a)(h-β)(h-y) I∖o,, b, c, d, e/z 
+ (h-a)(h-β) , 1

\«, b, c, d, e/s

+ h — a β λ∖α, b, c, d, eh

+ 1 “ "l∖α, b, c, d, e>5 ’

www.rcin.org.pl



533] FACTORIALS, AND DERIVATIONS. 467where the symbols ( )g denote sums of products of the differences of an upper letter and a lower letter, θ factors in each product; and the several sums being formed as follows :For f"’ 5’ ή write « α∖a, b, c, a, e/i
β b

δ d€ e;the expression is (α — α) ÷ (/3 — 6) + (γ — c) + (δ — d} -∙1- (e — e}.For f°'' write a, a a, b∖a, b, c, a, eh
a, β a, c

a, y a, d

β, ca, δ α, e
β, y b, d

β, δ b, e

y, y c, d

y, c, e
3, Z d, e∙,

ΝΪΖ. the expression is (a - α) (α - δ) + (α - α) (^ - c) + ... + (δ - d)(δ - e).p∩P (^’ write a, a, a α, 6, c∖α, b, c, d, e)^ . j
a, a, β a, b, d

a, Λ, y a,b,eα, β a, c, d

0-, β> y Λ, c, β
β, β, β b, c, d

o∙) y> y Ci, d, e

β, β, y b, c, e

β, y, y b, d, e

y, y, y c, d, e∖
Niz. the expression is (a — α) (a — δ) (α — c) + ... + (γ — c) (γ — d) (γ — e).

59—2
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4 6 8  O N  T H E  bi n o mi a l  t h e o r e m , [ 5 3 3

F o r  w rit e  α,  a,  a,  α α,  6, c, d
∖  0  J C y d y  Q∕  4

a, α,  a,  β  a,  b,  c,  e

a., a., β,  β  a,  b,  d,  e

a, β,  β,  β  a,  c, d,  e

β,  β,  β,  β  b,  c,  d,  e;
vi z. t h e e x p r e s si o n i s

( α —  α)  ( α —  δ)  ( α —  c)  ( a —  i Z) ... +  (j S —  b)  ( β - c)( β- d)  { β —  e).

Fi n all y  f o r

J , ) w rit e  α,  a, a, a, a I a, b, c, d, e',
∖ α, b, c, d, e ∕ ^

vi z. t h e e x p r e s si o n i s

( a —  α)  ( a —  b)  ( a —  c)( < 3. —  d}  ( a —  e),  

w hi c h  e x pl ai n s t h e l a w of  t h e f o r m ati o n of t h e s e v e r al c o effi ci e nt s. It i s t o b e  o b s e r v e d  

t h at i n f o r mi n g t h e d e v el o p m e nt of a n y s y m b ol, f o r i n st a n c e V
• ∖ ft, b , c, df βj  3

c ol u m n c o nt ai n s t h e h o m o g e n e o u s p r o d u ct s, 3 t o g et h e r, of a, β,  γ; t h e s e c o n d c ol u m n  

t h e c o m bi n ati o n s (t h at i s, c o m bi n ati o n s wit h o ut  r e p etiti o n s) 3 t o g et h e r of α,  b, c, d, e z  

t h e t o p li n e i s a, a, a ∣ a, b, c a n d t o f o r m t h e s u b s e q u e nt li n e s w e  m u st  f o r a n y  

a d v a n c e a i nt o β, & c.  of a g r e e k l ett e r m a k e  t h e li k e a d v a n c e a i nt o b, b i nt o c, o r  

c i nt o d,  oi  t h e c o r r e s p o n di n g l ati n l ett e r.

T w o  p a rti c ul a r  c a s e s of  t h e t h e o r e m m a y  b e n oti c e d  : if t h e l ati n l ett e r s all v a ni s h,  
w e  h a v e, f o r e x a m pl e,

A ®  =  ( h - a)  ( A - β){ h- ( h - 8)( h- e).

+  ( h- a)( h- β)( h- y)( h- 8)  . H,{ a, β,  y,  δ, e)

+  { h- a}( h- β){ h- y}  , H,{ a, β,  y,  δ)

+  ( h- a}( h- β}  β,  γ)

+  { h- a)  . H,{ a, β}

+  1  . H 5( ≡),

w h e r e  t h e s y m b ol s H  d e n ot e t h e s u m of t h e h o m o g e n e o u s p r o d u ct s of t h e a n n e x e d  

l ett e r s, t a k e n t o g et h e r a c c o r di n g t o t h e s uffi x n u m b e r : t h e l a st c o effi ci e nt ( a) i s of  

c o u r s e =  a ®. A n d  if t h e g r e e k l ett e r s all v a ni s h, t h e n w e  h a v e  i n li k e m a n n e r

( A - α)  ( A - A)  ( A - c)  ( A - d}  { h- e) =  A ®

—  h * G γ  { a, b, c, d, e}

+  { a, b, c, d, e}

- h ^ G ^{ a, b, c, d, e}

+  h G ^  ( a, b, c, d, e)

- Gs( a,  b, c, d, e},  

w w w.r ci n. or g. pl



533] FACTORIALS AND DERIVATIONS. 469where the symbols C denote the combinations of the annexed letters taken together according to the suffix number; the last coefficient Cg (a, b, c, d, e} is of course 
= abode. This is the ordinary theorem giving the expression of an equation in terms of its roots.Combining the two theorems, if in the first theorem we express the products 
(h - - α) (A — β) (h — y)(h — (A — e), &iiC. in powers of h by means of the second theorem ; or if in the second theorem we express the powers A®, h*, &c. in terms of the products 
(h — a)(h — b) (h — c}(h- d) (h — e), &c. by means of the first theorem ; then in either case we obtain certain identical relations connecting the G, H of (a, β,...) or of (a, b, ...∖I have mentioned the factorial notation 
where r is a positive integer; a consequence of this is 
where r and s are positive integers; or as this may also be written
Assuming this to subsist for s = 0, or a negative integer; first for s = 0, we have ∖m + r]'· = [in + r]'’ [m]“; that is, [w]θ is = 1; and then for s = — r, have 1 = [m+r]’' [w]”’’; that is, 
and in particular, r = 1, 2, &c., we have 

which explains the extension of the factorial notation to negative integer values of the index.But the equationdoes not in any determinate manner lead to an extension of the factorial notation to TTiZifractional or other values of the index. In fact, assuming [zn]*" = ∩ ζ~—> where ∏ is an arbitrary functional symbol, the equation in question becomes 
viz. the original equation is identically satisfied, without any condition whatever being imposed upon the function ∏, and on this account we have not, in the notation of the factorial with an integer index, any sufficient basis for a theory of general differentiation.
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470 ON THE BINOMIAL THEOREM, [533A product
m — α) ... {τ)i — — 1) α∣can of course be expressed in the factorial notation, viz. it is 

and on this account it is not in general necessary to employ a notation such as ∖m, α]*" to denote such a factorial wherein the diiference of the successive factors instead of being = — 1 is = — α; in particular cases where factorials of the kind in question are used, it may be convenient to employ such a notation. In particular it is sometimes convenient to use the notation [?n, — iy or better {w}’’ to denote the product
m (m-∖-V) ... + r — 1),where the successive factors instead of being diminished, are increased by unity. It may be noticed, that reversing in this last product the order of the factors, we find∣wj*∙ = [w + r — ly;a somewhat similar formula, but employing only the ordinary factorial notation, is obtained from the equation [τη]’· = m (m — 1) ... (τn — r 4-1),by first changing the sign of m and then reversing the order of the factors; viz. we have[— w]*' = (—y [m + r — ιy.Reverting to the process used for the development of the expressions ( )⅛, where there are two columns, the one of greek, the other of latin letters; it is to be remarked that although the order in which the successive lines are evolved is not material for the purpose of the theorem, yet that a certain definite order of evolution has been made use of; thus in regard to } > column of greek letters, givingthe homogeneous products of the second order in (a, /3, y, δ), was

a. a.

a β

a. fy 
β β
a.
β Ί

y Ί
>y δ
FT
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533] FACTORIALS, AND DERIVATIONS. 471this is evolved from the top term (a, a) by a process given implicitly in Arbogast’s Calculus of Derivations, and which may be termed the rule of the last and the last 
hut one. Let the direction “ operate on any letter,” be understood to mean that the letter in question is to be changed into that which immediately follows it, but in such wise that when the letter occurs more than once, e.g. as in α, a the operation affects only the letter in the right-hand place. Then operate on the a, a in regardto a, we obtain a, β', operat3 on this in regard to β, we obtain α, 7; and in regardto α, we obtain yS, β. Again we operate on α, 7 in regard to 7, and obtain a, δ; wedo not operate on it in regard to a for the reason that a is not the letter immediately preceding 7. Operate on β, β in regard to β, we obtain β, 7. The next step, if the series extended to e would be to operate on a, δ in regard to δ, giving a, e; do not operate on it in regard to a, for the reason that a is not the letter immediately preceding δ. But in the example, since the series does not extend to e, there is no operation on a, δ. Passing then to the next term β, 7, we operate in regard to 7, obtaining β, δ, and since yS is the letter immediately preceding 7, we also operate in regard to β, obtaining 7, y. Similarly if e were admissible, jS, δ would give β, e, but it in fact gives nothing; 7, y gives 7, δ; thus if e were admissible would give 7, e and δ, δ, but it in fact gives only δ, δ, and, e being inadmissible, the process is here concluded. The rule is, operate on the last letter, and when the last but one letter is that which, in alphabetical order, immediately precedes the last letter (but in this case only) operate on the last but one letter.Taking another example, but with numbers instead of letters, and supposing the highest admissible number to be 5, then from 111 we derive as follows:111 112 113 114 115 125 135 145 155 255 355 455 555122 123 124 134 144 235 245 345 445222 133 224 225 244 335 444223 233 234 334 344333,the original single column being here for greater convenience broken up into distinct columns; but the order of the terms, when the columns are taken one after the other in order, each being read from the top to the bottom, being the same as before; it will be noticed that the successive divisions are the partitions into 3 parts (no part exceeding 5) of the numbers 3, 4, ..., 15 respectively; the partitions being in each case obtained without repetition, and those of the same number being given, say in their numerical order (corresponding with the alphabetical order when letters are employed). It is necessary to show that the partitions will be obtained without repetitions; and that all the partitions will be obtained; for this purpose consider, for example, the partitions of 9 ; any one of these is either a partition 135 where the last number 5 is not a repeated number; and in this case there is a partition of 8, viz. 134, from which operating on the last we obtain 135 ; but there is no other partition of 8 which would give 135, the only such partition would be 125, but here, as 2 is not the number which immediately precedes 5, there is no operation on the last but one, and we do not from it obtain 135. Or else a partition of 9 is of the form 144 
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472 ox THE BINOMIAL THEOREM, [533where the last letter is repeated; there exists in this case no partition of 8, such that operating on the last we obtain from it 144, but there does exist a partition of 8, viz. 134, such that operating on the last but one we obtain from it 144. That is, for any partition whatever of 9 there exists one (and only one) partition of 8, such that operating on the last or the last but one, we obtain from it the partition of 9; that is, taking the entire system of the partitions of 8, and operating on the last and the last but one, we obtain, and that without repetitions, the entire series of the partitions of 9; and so in general.Translating the example into letters, but using for greater convenience a^, &c. instead of a, a, &c. the process will be precisely the same; taking the letters to be 
a, b, c, ¢/, e, we haveα≡ a^b a^c a'-d a'-e abe ace ade ae- be" ce- de- e^

ab^ abc abd acd ad- bee bde cde d-e
b^ ac- b'-d b~e bd^ c-e d^

b-G bc^- bed c^d cd^
clAttributing weights to the several letters, viz. to a, b, c, d, e the weights 1, 2, 3, 4, 5 respectively, the several columns show the terms of the weights 3, 4,...15 respectively.I have said that the foregoing rule is given implicitly in Arbogast’s Calculus of Derivations; this calculus includes in fact a process for the expansion of a function 

in powers of x; the expansion in question may be obtained by means of Taylor’s theorem, viz.

viz. expanding the several powers of the polynomial increment, and arranging in powers of X, this is
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533] FACTORIALS, AND DERIVATIONS. 473but the object of the rule is to obtain this last-mentioned result directly, and understanding “ operate in regard to a letter ” to mean differentiate with regard to this letter and integrate with respect to the next succeeding letter, then the coefficients of the successive powers of x are all obtained from the first coefficient φα, by operating thereon according to the rule of the last and the last but one: thus φa, operating on a gives φ'a. b; this operating in regard to h gives φ'a. c, and in regard to a gives 
φ"a.^] the term φ'a.c is to be operated upon in regard to c only, and it gives 

b^φ'a . d ; the other term φ"a. operated on in ∙ regard to b gives φ"a . be, and in regard 
b^to a it gives φ'"a. θ ; and so on. But attending only to the literal parts, the terms, for instance b^, be, bd, &c,, which present themselves in the formula, are the homogeneous terms derived from δ≡, by the rule, as originally stated, with a view to the derivation of such terms.
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