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520.

ON THE CENTRO-SURFACE OF AN ELLIPSOID.

[From the Transactions of the Cambridge Philosophical Society, vol. x11. Part 1. (1873),
pp. 319—365. Read March 7, 1870.]

THE Centro-surface of any given surface is the locus of the centres of curvature of
the given surface, or say it is the locus of the intersections of consecutive normals, (the
normals which intersect the normal at any particular point of the surface being those
at the consecutive points along the two curves of curvature respectively which pass
through the point on the surface). The terms, normal, centre of curvature, curve of
curvature, may be understood in their ordinary sense, or in the generalised sense
referring to the case where the Absolute (instead -of being the imaginary circle at
infinity) is any quadric surface whatever; viz. the normal at any point of a surface is
here the line joining that point with the pole of the tangent plane in respect of the
quadric surface called the Absolute: and of course the centre of curvature and curve
of curvature refer to the normal as just defined.

The question of the centro-surface of a quadric surface has been considered in the
two points of view, viz. 1°, when the terms “normal,” &c. are used in the ordinary sense,
and the equation of the quadric surface (assumed to be an ellipsoid) is taken to be
)j—;+by2d+§:=l; 2°, when the Absolute is the surface X?+4 Y2+ 2+ W2=0, and the
equation of the quadric surface is taken to be aX*+ BY?*+4Z*+8W?=0: in the first
of them by Salmon, Quart. Math. Jour. t. 1L pp. 217—222 (1858), and in the second by
Clebsch, Crelle, t. LXIL pp. 64—107 (1863): see also Salmon’s Solid Geometry, 2nd Ed.
1865, pp. 143, 402, &c. In the present Memoir, as shown by the title, the quadric
surface is taken to be an Ellipsoid; and the question is considered exclusively from the
first point of view: the theory is further developed in various respects, and in particular
as regards the mnodal curve upon the centro-surface: the distinction of real and
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520] ON THE CENTRO-SURFACE OF AN ELLIPSOID. 317

imaginary is of course attended to. The new results suitably modified would be
applicable to the theory treated from the second point of view; but I do not on the
present occasion attempt so to present them.

The Ellipsoid ; Parameters E, n, &c. Art. Nos, 1—6.

1. The position of a point (X, ¥, Z) on the ellipsoid

may be determined by means of the parameters, or elliptic coordinates, £ 7; viz. these
are such that we have
XY Y2 Al

G+t e orET

X* ¥ VA
P e g T s
a+n b*+n 419

1,
or, what is the same thing, & #» are the roots of the quadric equation

Xz Ve VA
a2+u+b2+v+62+v_

(In its actual form this is a cubic equation, but there is a root v=0, which is
to be thrown out, and the quadric equation is thus

v2
+v(@+b+c-X— V-2
+ (b + cta? + a?b* — (B + &) X2 — (¢*+ @) Y2 —(a* + b*) 2%} = 0,
or putting

P=a+ b+ ¢,
Q = b%c? + c2a? + a2b2,
R = a?b%c?,

the equation‘ is
V+v(P-X= V=24 Q-0+ ) X — (¢ +a®) Y2 —(a* + b)) 22 =0.)

2. It is convenient to write throughout

—-c=a,
¢ —-a’= B;
b= A

(whence a+ B+ y=0).
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318 ON THE CENTRO-SURFACE OF AN ELLIPSOID. [520

As usual, @ is taken to be the greatest and ¢ the least of the semi-axes; we have
thus a, v each of them positive, and B negative, = — B’ where B’ is a positive quantity
=a+q. A distinction arises in the sequel between the two cases a®+ ¢®>2b* and
a*+c*< 2b°, but the two cases are not essentially different, and it is convenient to
assume a®+c®> 20 that is, a®>—0*>0*—c* or y>a, say y—a positive. The limiting
case a®+ ¢*= 2b* or y=a requires special consideration.

3. We have
=By X*=a*(a*+ §) (a* + 1),

—vya Y2=0 (b +§) (0 + ),
—aB Z*=c*(c+ &) (¢ + 7).

It is in fact easy to verify that these values satisfy as well the equation of the
ellipsoid as the assumed equations defining the elliptic coordinates & 5. We may also

obtain the relations
X2+ Y2+ 2=+ B+ P+ E+ 1,

X2+ Y + 222 =at+ b+ ¢ + b + 2 + ab + (a* + b + ) (E+ ) + En.
These, however, are obtained more readily from the equation in v, viz. the roots
thereof being & n, we have
—E—n=a+b+c-X*-Y2-272
En=b0c+ca* 4+ b’ — (B +¢*) X — (¢ +a®) Y2 — (* + b*) 27,
which lead at once to the relations in question.

4. Considering & as constant, the locus of the point (X, ¥, Z) is the intersection
of the ellipsoid with the confocal ellipsoid

£_+ _Xi 1 _ﬁ__
P+E P+HE C+E
viz. this is one of the curves of curvature through the point; and similarly considering

n as constant, the locus of the point is the intersection of the ellipsoid with the con-
focal ellipsoid

a5

X2 V& YA 1
R R

viz. this is the other of the curves of curvature through the point.

5. If instead of £ and % we write 2 and % we may consider 2 as extending
between the values —a? —8% and k as extending between the values —b2, — ¢

h=const. will thus give the series of curves of curvature one of which is the
section by the plane X =0, or ellipse semi-axes b, c¢; say this is the minor-mean
series. In particular h=—qa? gives the ellipse just referred to; and h=-—1¥% or say
h=—1*—¢, gives two detached portions of the ellipse semi-axes a, ¢; viz. each of these
portions extends from an umbilicus above the plane of ay, through the extremity of
the semi-axis a, to an umbilicus below the plane of zy.
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520] ON THE CENTRO-SURFACE OF AN ELLIPSOID. 319

And in like manner k= const. gives the series of curves of curvature one of which
is the section by the plane Z=0, or ellipse semi-axes a, b; say this is the major-mean
series. In particular k=—¢* gives the ellipse just referred to; and k=-—0° or say
k=—"b+e¢, gives the remaining portions of the ellipse semi-axes @, ¢; viz. these are
two portions each extending from an umbilicus above the plane of xy, through the
extremity of the semi-axis ¢, to an umbilicus above the plane of zy.

The ellipse last referred to may be called the umbilicar section, the other two
principal sections being the major-mean section and the minor-mean section respectively.

In the limiting case h=/k=—1b* we have the umbilici, viz. these are given by
X2 v % oo iy
E——B, Y-—O, }——B.

The two series of curves of curvature cover the whole real surface of the ellipsoid;
so that at any real point thereof we have £=h, n=Fk, or else £ =Kk, n=h, where h, k
are negative real values lying within the foregoing limits —a? —b6* and -0, —¢
respectively. But observe that £ # taken separately may each extend between the
limits —a? —c

6. Suppose &=q, the equation in v will have equal roots, or the condition is
(P=-X=Y =220 =4{Q -+ ) X — (¢ + &) V* = (a* + 1) 2%,

viz. this surface by its intersection with the ellipsoid determines the envelope of the
curves of curvature. This envelope is in fact a system of eight imaginary lines, four
of them belonging to one of the systems of right lines on the ellipsoid, the other four
to the other of the systems of right lines. For in the values of X, Y? Z* writing
n=§ we find

+ V—-B?%(=a2+&‘,

\/w—‘ryTx =bh+§

I+

vV —¢

B
SIN oM

I+

=+

or representing for shortness the left-hand functions by + X', + ¥’, + Z, the eight lines
are

#t+E= X | =" P2l
Pif= YV |==V'|[= "V |=-V
c+E= 72 |=-2 |=-72 |= Z
@?+E=-X|= X |= X |=-X
B+E= YV |=-Y|= YV |=-Y
d+E= Z |= 2 | =-2 |=-2,
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320 ON THE CENTRO-SURFACE OF AN ELLIPSOID. [620

so that in the two tetrads each line intersects the four lines of the other tetrad, but
it does not intersect the remaining three lines of its own tetrad. The intersections
are four points corresponding to &= —a? being the imaginary umbilici in the plane
X=0: four to £=—10% being the real umbilici in the plane ¥Y'=0: four to £=—c?
being the imaginary umbilici in the plane Z=0: and four corresponding to &=, which
may be called the umbilici at infinity ().

Sequential and Concomatant Centro-curves. Art. No. 7.

7. Consider any particular curve of curvature; the normals at the several points
thereof successively intersect each other in a series of points forming a curve; and we
have thus, corresponding to the particular curve of curvature, a curve on the centro-
surface, which curve may be called the sequential centro-curve. Again the same normals,
viz. those at the several points of the particular curve of curvature, are intersected,
the normal at each point by the consecutive normal belonging to the other curve of
curvature through that point; and we have thus, corresponding to the particular curve
of curvature, a curve on the centro-surface, which curve may be called the concomitant
centro-curve. If instead of a single curve of curvature we consider the whole series,
say of the major-mean curves of curvature, we have a series of major-mean sequential
centro-curves, and also a series of major-mean concomitant centro-curves; and similarly
considering the series of the minor-mean curves of curvature we have a series of
minor-mean sequential centro-curves anc. also a series of minor-mean concomitant
curves; the configuration of the several curves will be discussed further on, but it may
be convenient to remark here that the centro-surface may be considered as consisting
of two portions, say,

(A) locus of the major-mean sequential centro-curves; and also of the minor-mean
concomitant centro-curves ; -

(B) locus of the minor-mean sequential centro-curves, and also of the major-mean
concomitant centro-curves.

Investigation of expressions for the Coordinates of a point on the Centro-surface.
Art. Nos. 8 to 13.

8. Consider the normal at the point (X, ¥, Z). Taking in the first instance
(z, y, z) as current coordinates, the equations are

a:—X_y—Y_z—Z
B ARl T
P it .

, = A suppose,

1 According to Salmon, Solid Geometry, [2nd Ed. 1865], p. 229, the number of umbilici for a surface of
the nth order is =n (10n?-25n+16); viz. for n=2, this is =12, as in the ordinary theory, not recognizing
the umbilici at infinity. But whether properly umbilici or not, the 4 points which I call the umbilici at
infinity do in the present theory present themselves in like manner with the 12 umbilici.

VWW.rcCin.org.pl



520] ON THE CENTRO-SURFACE OF AN ELLIPSOID. 321

or, what is the same thing,

w=X(l+$), y=Y(1+§>

) z=Z(1+£'—,).

Suppose now that the normal meets the consecutive normal, or normal st the
point X +dX, Y+dY, Z+dZ; and let x, y, z belong to the point of intersection of
the two normals; we must have

0=ax (1+2)+ 2,
L RRE §
0=dY(1+F>+Fdh,
N L 2
0=dZ (14 %)+ 5 dx,
which determine the direction of the consecutive point; the equations in fact give
ol gyt oAl
aa
Yy ¥
¥, = &
aZz Z
i

or, what is the same thing,
0=| a*dX, dX, X |,
Ul GRRTY R 6 S
cdZ, dz, Z
which is the differential equation of the curve of curvature. This equation must
therefore be satisfied by taking for X +dX, Y +dY, Z+dZ, the coordinates of the
consecutive point along either of the curves of curvature,—say along that which is
the intersection with the surface
X2 Y2 Z2 1
a’+n+b’+n+c’+n= 3

9. To verify this, observe that we then have

XdX YdY  ZdZ
o P g

XdX  YAY ZdZ
a’+n+b2+n+cz+n_0

0,

b

or, what is the same thing,

XdX : YdY : ZdZ=a*(a*+n)a : B*(b2+n)B : A (+n)y.
C. VIIIL. 41
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322 ON THE CENTRO-SURFACE OF AN ELLIPSOID. [520

But from the equations — ByX?=a?(a*+ £) (a* +7) &c., these become

Xz ¢ Y2 . VA
WFEC FhEC AR

XdX : YAY : ZdZ=
or, what is the same thing,

A AT A LSNP,

FHE FHE CHE

and, substituting these values in the determinant equation, it becomes

& XvZ @ 1, @ +E |,
@+HO+HE+E [ 1, pyg
¢ Al g

which is identically true, since evidently the determinant vanishes.

10. Proceeding with the solution, we have from the three equations

XdX + YdY+Zdz+x(XjX ng Zdz)+dx (X2+};+Z2) 0,

and observing that from the equation
X+ + 2=+ P+ +E+0,
considering therein 7 as constant, we have

XdX + YAY + ZdZ = }d,

the equation becomes
}dE+dr=0;

and the three equations then are :
A X
0=dX<1 + 52) 5k &,

or say
0=dX (a+\) — } Xd¢, &e.

But from the equation —pByX®=a?(a>+£)(a®+ ), considering therein » as a
constant, we have
$dE

T=a”+§’

and the equations thus become
a’+ A
~—1, &e,

b o

viz. these are all satisfied if only A=§£.

11. The coordinates of the point of intersection of the two normals thus are

e=X(1+ E), e Y(1+b§), z=Z(1+c§2),

www.rcin.org.pl
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or squaring, and substituting for X* &ec., their values as given by

=By X2 =a*(a*+ ) (@ +1), &e,
the equations become
= By @ =(a* + £)° (a* + ),
—ya by =0+ & (" +),
—af ¢ =( +EF (¢ + 1)
viz. these equations give («, y, z) the coordinates of a point on the centro-surface, the

intersection of the normal at the point (X, ¥, Z) of the ellipsoid, (determined by the
parameters £ 7), by the normal at the consecutive point along the curve of curvature

X V4 Z
a‘*’-’l—ﬁ+b’+n+c’+n_

>

or say 7 is the sequential parameter (*).

Of course by interchanging & and 5 we should obtain the coordinates of the point
of intersection of the normal at the same point (X, ¥, Z) by the normal at the con-
secutive point along the other curve of curvature: & being in this case the sequential
parameter.

12. I stop for a moment to consider the foregoing two equations
A=§, dr=-—3}dE

which at first sight appear inconsistent. But observe that in the foregoing solution
A is the parameter of the point (z, 7, z) of the centro-surface considered as a point
on the normal at (X, ¥, Z); A+dr is the parameter of the same point considered as
a point on the normal at the consecutive point (X +dX, Y+dY, Z+dZ): the value
A+ dr=E+dE would belong to a different point, viz. the consecutive point of the
centro-surface considered as a point on the consecutive normal—wherefore the dA of
the solution ought not to be =dg In further explanation, observe that the equations

$=X(l+al’)’ &c. where A =§,
if we pass from (#, y, z) to the consecutive point on the centro-surface, give
A\, X 2T
dx=dX(1+;2)+EdE,
but since by what precedes,
A X
0=dX (1+3)-45 d&

this is

1 The expressions are given in effect, but not explicitly, Salmon, p. 143.

41—2
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Or since

a’x =X (a*+ £),
this is

de_, dE

z ‘a4 E’
and similarly

dy _, d&

:’/ ] b'z + f 4

dz ., dE

7 d + &’

which are the correct values of dz, dy, dz as derived from the equations

— Byatz? = (a* + E)? (a* + n), &c.

[520

13. The equations — Bya®s?=(a? + £)’ (a*+ n), &c. give expressions for the coordinates
(z, y, 2) of a point on the centro-surface in terms of the two parameters (& 7): the
elimination of (£, #) from these equations will therefore lead to the equation of the
surface; but the discussion of the surface may also be effected by means of these

expressions for the coordinates in terms of the two parameters.

Discussion by means of the equations — Byas* = (a*+ €)* (a* + n), &c. ; Principal Sections, &c.

Art. Nos. 14 to 24 (several subheadings).

14. To fix the ideas consider the section of the surface by the plane ;=0 we
bave in the surface z=0, that is, £=—¢? or else n=—¢? values which give respectively

— Bya*a® = — 3 (a* + n), l = Bya's* = — B (a* + &),
—qab'y* = a (b* +E);

—yaby= @ (B +1);

or, what is the same thing,

ﬁ% gE - vort= (a*+E),

%b’y2=—b*—7); ‘ ybryr = — (b* + E).

The first set of equations gives

which is the equation of an ellipse.

The second set gives
(ax)i + (b:’/); o 'Ys’
or in a rationalised form
(a?2® + b%y? — o*) + 2Ta?by’a’y* = 0,

which is the equation of an evolute of an ellipse.
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; @zt by?

15. The ellipse F—F—;{

by the plane z=0 is consequently made up of this ellipse counting three times, and
of the evolute; it is therefore of the twelfth order; and the order of the surface is

in fact =12.

=1 is a cuspidal curve on the surface, and the section

2 2

It is clear that the section of the centro-surface arises from the section % + bZ2=1’

viz. the normal at any point of this ellipse lies in the plane Z=0, and its inter-
section by a normal at the consecutive point of the ellipse gives a point of the
evolute; the evolute being thus the sequential centro-curve of this section: the inter-
section by the normal at the consecutive point on the other curve of curvature gives

2

a point on the ellipse %T
2

curve. Observe that this other curve of curvature cuts the ellipse = +—b1:2 =1 at

20,2
+Iia‘? =1, which ellipse is therefore the concomitant centro-

right angles, and that the normals at the consecutive points above and below the
point on the ellipse will meet each other and also the normal at the point of the
a’z?
I

mentioned ellipse is a cuspidal curve on the centro-surface.

29,2 .
same ellipse at the point on the ellipse +ba—‘Z=1: this shows that the last-

16. The three principal sections of the centro-surface are consequently

z=0, l%‘f + % =1, and (by)}+ (c2)! = o¥;
y=0, c—:§+%g =1, and (c2)} + (aw)t=B};
st ‘%ff+%’f=1, and (az)? + (by)t = o ;

viz. each section is made up of an ellipse counting three times and of an evolute
(of an ellipse). I have for shortness represented the three evolutes by their irrational
equations. It will presently appear that the section (imaginary) by the plane infinity
is of the like character.

17. Considering only the positive directions of the axes, we have on each axis
two points, viz.

axis of #z, @= %, x=-—§;
: o
axis of y, y= iy = %;
axis of z, z=——§, = ‘f;
¢ ¢
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through each of which, in the two different planes through the axis respectively, there
passes an ellipse and an evolute. In the assumed case a*+c*> 20 the disposition of
the points is as shown in the figure.

Plane of 2z, evolute is outside ellipse,
Yz, 5 inside i

xy, o cuts R
but in the contrary case a®+c®< 20% the disposition is

Plane of 2z, evolute is outside ellipse,
Yz, » cuts &
zy, 7 is inside ke

there is no real difference, and to fix the ideas I attend exclusively to the first-mentioned

case
o? + ¢ > 2%

18. In each of the principal planes, the evolute and ellipse, qud curves of the
orders 6 and 2 respectively, intersect in twelve points, 3 in each quadrant; viz. of
the 3 points two unite together into a twofold point or point of contact, and the
third is a point of simple intersection; assuming for the moment that this is so, the
figure at once shows that in the plane of 2z or umbilicar plane the contact is real,
the intersection imaginary; in the plane of zy, or major-mean plane, the contact is
imaginary, the intersection real; but in the plane of yz or minor-mean plane the
contact and intersection are each imaginary. The contacts arise, as will appear, from
the umbilici of the ellipsoid, and may be termed “umbilicar centres,” or “omphaloi;”
the simple intersections “points of outcrop,” or simply “outcrops.” By what precedes
there are in the umbilicar plane, four real umbilicar centres (in each quadrant one);
and in the major-mean plane four real outcrops (in each quadrant one); the other
umbilicar centres and outcrops are respectively imaginary.
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19. The surface consists of two sheets intersecting in a nodal curve connecting
the outcrop with the umbilicar centre. As to the form of this curve there is a cusp
at the outcrop; and the curve does not terminate at the umbilicar centre but, on
passing it, from crunodal becomes acnodal (viz. there is mno longer through the curve
any real sheet of the surface): moreover the curve is mnot at the umbilicar centre

perpendicular to the plane of 2 and there is consequently on the opposite side of
the plane a symmetrically situate branch of the curve, viz. the umbilicar centre is a
node on the nodal curve. Completing the curve, the nodal curve -consists of two
distinct portions, one on the positive side of the plane of yz or minor-mean plane
consisting of two cuspidal branches as shown in the figure; the other a symmetrically
situate portion on the negative side of the minor-mean plane.

Intersections of Evolute and Ellipse.

20. Consider in the plane of zy the ellipse and evolute,

‘j;“f $ B, (@ 4 by oy + 2Tty =,

First, these are satisfied by

P ]
rys Coordinates of Umbilicar centres in plane of zy (imaginary),
a
¥y i 4

viz. the equations respectively become
B_a B+
—fe-=1, (-=———9)+27a’8 =0,
i G5 7))
the first of which is a4+ B8+ =0, and the second is (& + B +¢*)—27a’B**=0. But

the equation a+B+y=0 gives a®+B*+¢*=3aBy, and the two equations are thus
identically satisfied. Moreover the condition for a contact is at once found to be

B (@0 + by — off + 9pby™] = a2 [(0°0 + By — o + O’
or, what is the same thing,
(az Ay Bz) (aawz F bzyz S ,./2)2 i 9,72 (aga‘zwﬂ AL B‘.’b2y2) =0 :
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and substituting the foregoing values, this is

@) (- 2B gy o —EEFEE
§ % Y
that is,
: ;,B (@+ B+ ) + Yya2B2 (a — B) =0,

which, putting therein a+ 8= —1r, and a®+ B+ «* = 3aBy, is also satisfied; that is, the
points in question are points of contact of the ellipse and evolute.

21. Secondly, consider the values

orn-2(123).

oAl

Coordinates of outcrops in plane of zy (real).

Substituting in the equation of the ellipse, we have

a(B—9P+B(y—af+y(a—By=0,
which is

B-y)(y—a)(@=B)(a+B+9)=0,

or the equation is satisfied identically: ~nd substituting in the equation of the evolute,
we have first

EB—y)+B(y—a)+y(a—B).
v(a—pB) ‘

which in virtue of a (B —v)+B(y—a)+y (a—B)=0 becomes
3ay (B—7) (y—a) (a—B)

azw‘a + bzyz ph ")’2 e ik

a2a® + by — ot = — T ooy
__3aB(B=y)(v—9a)
(a -8By !

and then, completing the substitution, it is seen that the equation of the evolute is
also satisfied. The points last considered are simple intersections, and we have thus the
complete number (8+ 4, =12) of the intersections of the evolute and ellipse.

22. We have a, ¢ positive, B negative; whence a—p is positive, B — negative;
y—a(=a*+¢*—2b%) is positive, and hence, the outcrops in the plane of zy are real; the
umbilicar centres are imaginary for this plane, but real for the plane of zz, the coordinates
being

2 =—

]

Coordinates of Umbilicar centres in plane of xz (real).
a*x® = —

E

™R, WA
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Nodes of the Ewolute.

23. The Evolute is a curve with four nodes, all of them imaginary; .viz. for the
evolute in the plane of @y, the equation of which is

(a2z® + b2y2 B ,Yﬁ)s cfi 2772(1"’()2.1723/2 =0,

these are
a¥? = — o,
Coordinates of Nodes of evolute in plane of zy (imaginary),
bzyz VR ,yz’ p

in fact these values satisfy as well the equation of the evolute, as the two derived
equations

6o’z [(a*a® + by* — o) + 9y'0y’] = 0,
6b%y [(aa® + by? — o) + Oyate®] = 0,

or the points in question are nodes of the evolute.

The evolute has the four cusps on the axes and two cusps at infinity, in all
6 cusps as just mentioned; it has 4 nodes: and the order being 6, the class is

30—-2.4—-3.6, =4.

Section by the plane infinity.

24. The surface itself is finite, and the section by the plane infinity is therefore
imaginary ; but by what precedes the nodal curve must have real points at infinity,
viz. there must be real acnodal points on this imaginary section. The section by the
plane infinity resembles in fact the principal sections; viz. writing successively £=o0,
and 7 =00, we have

—Byaa? 1 —qabty? : —aBcr=a’+n : V'4+q : 4

=@+ : B+ : (02+§}’,

or

giving respectively
a’2* + b*y* + ¢*2* =0, and (aaz)? + (bBY)} + (ey2)t =0,

where the first equation represents an imaginary conic which counts three times; and
the second equation, the rationalised form of which is

(aPoa® + b*B2? + P22 — 2Ta*b*c*a’ Bryay*s? = 0,

an imaginary evolute. The conic and evolute have four contacts and four simple inter-

sections (in all 4.2+ 4 =12 intersections) which are all of them imaginary. But the

evolute has four real nodes (acnodes) a’a’z®= b*B*y* =c*y*2*; or, what is the same thing,

there are four real lines a’a’z®=b*B%®=c*y*2% which are respectively asymptotes of the

nodal curve: viz. inasmuch as the equation of the surface contains only the squares
C. VIIL 42
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2%, 4%, 2%, the lines in question will be not merely parallel to, but will be, the
asymptotes of the nodal curve.

The plane infinity may be reckoned as a principal plane, and we may say that in
each of the four principal planes there are four umbilicar centres, four outerops, and four
-evolute-nodes.

The generation of the surface considered geometrically. Art. Nos. 25 to 28.

25. I have deferred until this point the discussion of the generation of the
centro-surface by means of the centro-curves, for the reason that it can be carried on
more precisely now that we know the forms of the principal sections and of the nodal

curve. The two figures exhibit (as regards one octant of the surface) the portions
already distinguished as (A), and (B): they intersect each other in the nodal curve,
shown in each of the figures.

26. Consider first the generation of the portion (A) by means of the major-mean
sequential centro-curves. The major-mean curves of curvature (attending to those below

the plane of zy) commence with a portion (extending from umbilicus to umbilicus) of

2
%—: 1, this may be termed the vertical curve, and they end with the

2 2
§+%7; =1, which may be termed the horizontal curve. The normals at

2
the ellipse ;X, +

whole ellipse

the several points of the vertical curve successively in‘ersect along a portion (terminated
each way at an umbilicar centre) of the evolute in the plane of #z or umbilicar
plane; viz. this portion of the evolute, shown fig. (a), is the sequential centro-curve
belonging to the vertical curve of curvature. The curve of curvature is at first a
narrow oval surrounding the vertical curve; the corresponding form of the sequential
centro-curve is at once seen to be a four-cusped curve as in fig. (b), and which we
may imagine as derived from the curve (@) by first doubling this curve and then
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opening out the two component parts thereof: the two upper cusps of the curve (b)
are situate on the yz-ellipse of the centro-surface, and the two lower cusps upon two
detached portions respectively of the az-ellipse of the centro-surface. And as the curve

(@) @) ©)

& # ( y

of curvature gradually broadens out and ultimately coincides with the X V-section of
the ellipsoid, the four-cusped curve continues to open itself out, and ultimately coincides
as shown figure (c) with the ay-evolute of the centro-surface, viz. this evolute is the
sequential centro-curve belonging to the horizontal curve of curvature or X ¥-section
of the ellipsoid. The successive sequential curves are also shown (so far as regards
an ortant of the surface) in the figure (A).

27. We consider next the generation of the portion (B) by means of the major-
mean concomitant centro-curves. Starting as before with the vertical curve of curvature,
the concomitant centro-curve is a finite portion (terminated each way at an umbilicar
centre) of the zz-ellipse of the centro-surface. As the curve of curvature opens itself
out into an oval, the concomitant centro-curve in like manner opens itself out into
an oval, the two further vertices thereof situate on two detached portions of the
az-evolute of the centro-surface, and the two nearer vertices on the yz-evolute of the
central surface. And as the curve of curvature continues to open itself out, and
ultimately coincides with the horizontal curve or X Y-section of the ellipsoid, so the
concomitant centro-curve continues to open itself out and ultimately coincides with the
zy-ellipse of the centro-surface. The successive forms (so far as relates to an octant
of the surface) are shown in the figure (B). We have in each case attended only to
the curves of curvature below the plane of ay, and the corresponding centro-curves
above the plane of ay, but of course everything is symmetrical as regards the two
sides of the plane.

28. There is a precisely similar generation of the portion (A) by the minor-mean
concomitant centro-curves, and of the portion (B) by means of the minor-mean sequential
centro-curves.

42—2
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The Nodal Curve. Art. Nos. 29 to 60.

29. If two different points on the euipsoid correspond to the same point on the
centro-surface, this will be a point on the Nodal Curve: the conditions for this if
(& m), (&, m) are the parameters for the two points on the ellipsoid, are obviously

(@ + &) (@ +m) = (@ + &) (@ + m),
& +EP O +n) = +E&F O +m),
(¢ +EP(c +m)=(+ &) (S +m);
these equations in effect determine 7 as a function of £ so that the equations
— Byatat = (@ + £ (a*+ ), &e.
then determine the coordinates (z, y, z) of a point on the Nodal Curve in terms of
the single parameter .

The relation between £ and n would be obtained by eliminating &, #, from the
foregoing equation: but it is easier to eliminate % and #,, thus obtaining between
£ and £ a relation in virtue of which & may be regarded as a known function of
£; n and 7, can then be expressed in terms of £ £, so that each of these quantities
will be in effect a known function of £(*).

30. The relation between £, £ is in the first instance given in the form
a*[(a*+ &P —(*+ EY], (#+ )P, (¢*+&) |=0.
Lo +E—- 0 +EFL *+E, B +&
¢l +E—-@+&7L @+ (@+&)
Throwing out a factor (£—£,)?, this becomes
2[a* 30 +3a*(E+ &)+ £ + EE + &) -
x(@=c). (1, 1, 130 +§) (¢ + &), ¢*+E) (@ +Hf]=0,

where the left-hand side is a symmetrical function of £ & vanishing for £=§,, and
therefore divisible by (&—&)*; it is also divisible by A, =(b*—¢?) (¢*— a?) (a* — b*) (= aBy).
To work this out, write £+ £ =p, ££,=¢, the equation may be written

2{(—-c*)a? 3at 3bict t=0,
+ 3a%p - +3b% (b*+ ¢*)p
+p—q | |+ @+ (P -9)

+ b%* (p* + 8¢)

+ 3 (b*+¢*) pg

+ 3¢*

where the left-hand side divides by A (p*— 4q).

1 This was my first method of solution; and I have thought the results quite interesting enough to
retain them—but it will appear in the sequel that I have succeeded in expressing &, #, £, #;, in terms of a
single parameter o.
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31. Developing and reducing, and omitting this factor, the final result is

6R+ 3Qp + P (p* iIr-"2q) +3pq =0,
where as before P, @, R denote a®+ b*+ ¢, b%+ c*a? + a?b?, a?b*c®, respectively; that is,

6R + 3Q(f+ El)+P(§2+4<ffl+§1”)+3(E+ El)‘ffl:(),

or, as this may be written,

6R + 3Qf + P&
+& (3Q+ 4PE + 3¢7)
+&2(P + 3E )=0,
viz. the parameters £ £ have a symmetrical (2, 2) correspondence.
32. From the equations (a*+§)(a*+n)=(a? + £, (a*+ ), &c., we have
2 (b =) (@ + EP(a* + 1) — (a*+ £ (a2 +m)} = 0,
b (b — ) {(a* + £) (a2 + ) — (@ + £, (@ + )} = 05

and observing that the term in { } is

a*(BE+ 1 -3L — )
+ a* (382 + 3En — 3£ — 3Em,)
+ a*( Es_"l' 3&n — & — 3812"11)
Al O 5 —&E°n),
these are readily reduced to
(BE+n—3E—m) P+ (38> + 38y — 3£ — 3Em,) =0,
(3E+W—3E1—W1)R+E3")—Exa"h =0,
or, what is the same thing,
B(§-&E)(P+E+E)+n(P+3E)—m (P +3E)=0,
3¢-& R +n(B+ &)—n(R+ &)=0,
and if we hence determine the ratios 3 (£—§) : 5 : 5, the first of the resulting terms
divides by &— &, and we have
3.19.2 ’71=—P(EZ+E&+EI2)+3R—35&(64‘&)
: R('ZEI_E)—Exa(P'l'E'*'El)
: RQRE -E)-& (P+E+E)
Hence observing that by the relation between &, £ the first term is

=3 {PEE+Q(E+ &)+ 3R],

1:n:m=PEE+Q(E+E)+3R
t RQE-E)-E(P+E+E)
: R(2E -£)-8 (P+E+E);

the equations become
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and we thus have

W=R(2EI_E)_E13(P+E+51)
PEE +Q(E+E)+3R

which, considering £, as a given function of £ gives 5 as a function of &

33. I write £+£ =2x, £~ £ =2y, so that p=2x, ¢g=x'—y%. The relation between
£, & takes the form
6 (R + Qx + Px*—x%) — (6x + 2P) y*=0,

or, what is the same thing,
o X+ ) (x+0) (x+0),
x+3(@+b+cd)

so that taking x at pleasure and considering y as denoting this function of x, the
values of § & belonging to a point on the nodal curve are f=(x+y), &=(x-Y);
and the value of # is then given as before.

34. The form just given is analytically the most convenient, but there is some

advantage in writing %x, Vl—iy, in the place of x, y respectively; viz. we then have

,=(x+as~/2)(x +02V2) (x4 2 V2)
. X+ IV2(a2 + 02+ ¢?)

where E:v—lé(x+y), El=;/1§(x—y), so that if (& &) be taken as rectangular coordinates

of a point in a plane, (x, y) will be the rectangular coordinates of the same point
referred to axes inclined at angles of 45° to the first-mentioned axes respectively.

35. The curve is a cubic curve symmetrical in regard to the axis of x, and having
the three asymptotes,

x=—3(@+B+)V2, y=+x+}(@+b+c)V2},
viz. these all meet in the point P the coordinates of which are
x=—}(@+b+c)V2, y=0:

moreover we have y=0 for the values x=—aN2, —0*V2, —c*V2, that is, the curve
meets the axis of x in the points A, B, C; ‘the order in the direction of —x being
C, B, P, A as shown in the figure: and with these data it is easy to draw the curve:
the portion which gives the crunodal part of the nodal curve is that extending from
B to the points Q; viz. at B we have £=§ =—10% corresponding to the umbilicar

centre; and at Q, Q we have £ or £, =—¢* & or £=— c“+a3f%, corresponding to the

outcrop.
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36. The nodal curve passes through (I) the umbilicar centres, (II) the outcrops,
(ITI) the nodes of the evolute. The geometrical construction led to the conclusion that
the real umbilicar centre was a node on the nodal curve, and that the real outcrop
was a cusp (the tangent lying in the principal plane). It will presently appear
generally, as regards the several points real or imaginary, that the umbilicar centre is
a node on the nodal curve, and the outcrop a cusp—the tangent at the outcrop
being in the principal plane: as regards the node on the evolute this is a simple
point on the nodal curve, and by reason of the symmetry in regard to the principal

X
£

N [ ,

N

plane, the nodal curve will at this (imaginary) point cut the principal planes at right
angles. Hence considering the intersections of the nodal curve by a principal plane,
the umbilicar centre, outcrop and node of the evolute count respectively as 2 points,
3 points and 1 point, and as for each kind the number is 4, the whole number of
intersections is 4(2+8+1), =24 It may be shown that these are the only inter-
sections of the nodal curve with the principal plane; and this being so, it follows
that the order of the nodal curve is =24; which agrees with the result of a
subsequent analytical investigation.
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37. The umbilicar centres or points (I) belong to values such as £=§ =—a?
which are the wunmited values in the equation between (£, &), viz. writing herein & =§
the equation becomes

(E+a) (E+b)(E+e)=0,

so that the united values are £=§ =—a?, —b® or —¢. (It may be remarked, that
treating this cubic as a degenerate quartic, a united value would be §= § =, corre-
sponding to the umbilicar centres at infinity.)

To a value such as £=—a? there corresponds (not only the value & =-a? but
also) a value & =—a+ ;-’_B:Z , as it is easy to verify. And the outcrops or points (II)
3By

belong to such values £=—a? & =—a*+ s

And the nodes of the evolute or points (III) belong to values such as &= wb?+ w?c?
£ = 0+ oc* (0 an imaginary cube root of unity) which, as it is easy to see, satisfy
the relation between (£, £). But to complete the theory we require to have the values
of , 7, and also the coordinates of the points on the centro-surface, and of the two
points on the ellipsoid.

38. 1 exhibit the results first for the umbilicar centres (imaginary), outcrops
(imaginary), and nodes of the evolute (imaginary), in the plane #=0; secondly for the
real umbilicar centres in the plane y =0 and for the real outcrops in the plane z=0.
The formule contain an expression  which is a symmetrical function of a, B, «
(or a, b, ¢), viz. it is

Q=a—By=R —ya=y—aB =} (@ +B+y)=—(By +ya +ap)

We have
L E=-a, n==0'; &L=—0, m=—0a
X =0, X,=0,
RS ¢ Yo=-b7Y,
i Ty @’ | (Umbilicus).
Z2=—C2/§, Z12=—02§,
a a
i SOF,
by =— 2 fo
a’ \ (Umbilicar centre).
= — ’lf
a )
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Ellipse, concomitant.

&=

bzy'.' pacu

c? =

(Observe that at point Y,, Z, of ellipse —¥—+

a¥? aZ;?

of curvature are y= oA

regard to which the ellipse is sequential.)

111 E=wb®+ o, n=-—a* &
X=10f
Y2=—bw?
2% = —Cw,
z=0,
bzya = i az,
¢ = — )

ON THE CENTRO-SURFACE OF AN ELLIPSOID.

Ellipse, sequential.

¥ (@a—B) }r

a(B-y)’

B y—ay (Outerop).
a(B—v)

b2

=’ +wct, n=-—0a%
Xl = O,
Y2= - bo,
72 = — Cw?,

(Node of evolute).

337

A ;
g 1, the coordinates of the centre

, and it thence appears that this is the point in

39. Observe that these are the only ways in which it is possible to satisfy the

equations

0= (@ +£P (@4 m)= (@ + £ (@4 m),

viz. starting from this equation we have

I' a‘2+€=0)

€ VIIE

a*+ & =0,
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whence in the equations for 7, 7,, substituting the values &£=§ = —a?, we have
1:9:p=aP—2a°Q+ 3R,
: —a?R +af (P — 2a%),
: —a*R +af (P — 2a?),
that is,
1:9:mpm=—aBy: a'By: a'By,

or
n=m=—0a.

40. II. a*+4£=0 without a*+ £ =0, consequently a*+ 7, =0; writing £=—a’, in
the relation between (&, £), this is

6R + 3Q (£, — a?) + P (& — 42’k + o) — 32’6, (61 +@?) =,
viz. this is
£2 (b + ¢ — 20) + £ (— at — a?b* — a*c® + 3b¢?) + a® (a* — 2a%* — 2a°* + 3b%*) = 0,
where the left-hand side should divide by & +a*; the equation in fact is
(& + @) (€, (b + ¢ — 20°) + a* — 2a%* — 2a°¢* + 3%} =0;
or, what is the same thing,

& +a) {(E+a) (B—v)— 3By} =0,

whence s
o
=—a? + - .
& - s
41. Considering these values of & & as given, the verification of the value
98yQ) .
7, =—a? and determination of »=-a®+ (B'qj; y somewhat complex.
Writing for a moment A=—£—€% , we have

l:9:m= P@+aA)—Q((2a*+A)+3R
:—R(@+ 2A)— (a*+ AP (20— P+ A
: —R(@*— A)—a*(2a*— P + A).
The first term is
a*P — 2a°Q + 3R + A (a*P — Q),
=—aBy+ A (a* - bc);
and for the value of #,, proceeding to the third term, this is
— @R — a® (20> — P) + A (R—a®),

which is

which 1is
= aBy — @A (a* - b'c%);

2

so that without any further reduction 7, =—a
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42. We have then
_—R@+2M)—(a*+ AP (=1 —c+A)
e — @By + A (@' — b)) '

and I assume

ORI < &
ol 1 g

and investigate the value of Q.

We have

—R(a*+2A)— (a* + Ay (@*— b —c* + A), =a'By+ A®, suppose.

The equation therefore is

@By + A® = v 9By 0
—@By+ A @ —be) T T By

339

)%

that is,

A® = — A (@t = )+ (ges, O [ ey + A (0t~ )] =
or writing ( Bgf?;)s=— ( 133'1'\'7)2’ omitting the factor A, and multiplying by (8-
this is

(B —9) {® + @ (a* — bc*)} + 3Q {—a*By + A (a®b*c?)} =
in which equation
— —9R — a* — (3a* + 3a*A + A?) (a2 — b* — ¢* + A),
and thence
© + a2 (at — b*c*) = same + a? (a* — b%¢?),
= — 3af + 3a* (b* + ¢*) — 3a?b¢c?
+ A {— 6a* + 3a* (* + ¢*)}
+ A2 (— 4o + b+ )
e As

= 308y + 3a*A (B—v) + A* (B — v — 20°) - A"

43. Hence, substituting for A its value and multiplying by (8
(B =) {© +a* (! - b))

=3a2By (B — y)* — 9By (B — v)* + 9B%* (B —y — 2a*) (B — ) + 278%7,

which is

=—6a*By (B— )+ 9B (B— ) — 18228 (B — ) + 2TR%;

viz. this is
= {— 6a2 (B — q) + 9By} {(B— ) + 3By} By,
={—6a2 (B — )+ 9B} (B + By +9°) By,
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and the equation thus is

{—2a*(B—17)+ 3By} (B + By +v) By + Q {— a*By — g?; (at— b’cg)} B-7=0,

or finally
Q {a*(B— ) + 3 (a* = b} = (= 202 (B — ) +8By) (8 + By + 7).

But ¢2=a*+ B, b*=a*—r, and hence a*— b%*=—a*(B — )+ By, and therefore
a* (B —v) + 3 (a* — b*c*) = — 2a* (8 — v) + 3By;
the equation thus divides by —2a? (8 — )+ 38y and we have
Q=B +By+

or, as this may also be written, Q =a*— By, =B —ya, =¢*—aB. So that Q has the
value originally so denoted, and we have then

@y
44, III. Lastly the equation 0= (a?+ £y (a*+n)=(a*+ &)*(a®>+m) is satisfied if
@+ n=0, a?+n,=0: the equations
@+ & 0 + )=+ &) (0 +m),
(@+EP (¢ +m)=(c+ &P (S +m),

n=—a+

then give
G+ E=0+8&)

@+ E=(C+&)
which can be satisfied by &= §,, leading to £ = = —a?, which is the case I, or else by
P+é=o 0*+8)

¢+ E= (e +E),
that is,
E=wb’+ 0’c, & =0wb"+ wch

To show that these values satisfy the relation between & &, observe that they give
E+E==boc, E=b-boto

whence also
E+ 4EE + E2=3 (b*+ ),
and the relation becomes

6arb’c® — 3 [a® (b* + ¢*) + be*] (b* +¢?)
+ @4 (B2 +¢)]. 3 (b +c*) =3 (b2 + ) (b* — b+ ¢*) =0,

which is an identity
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45. 1 will show that these values of £ & give the foregoing values n=n =—a’

We have

L:nsn i ’7+’71=PE§1+Q(E+$1)+3R

this is

or

1:9=mn:

n_

E-HBR-(BHEE+E)(P+HE+E)

G+ E| R-(B-EE+E)(P+E+E)
n+m=a2*+¢) : 0(&—§) : —2a%> (D + ¢),

771=0’ "l+771=—2a2; ‘that iS, 1)=771=—q,2.

46. For the real umbilicar centres and outcrops we have

I E=—b2,1}=—-b2’ El=_b2’ ,71=_b2.
X (Lz;g, Xf:_m%_’
=1 Y= 0,
Z2=—-C2%, Z12=—62%’
a[2w2 = - %’ \\,
y=0, (real umbilicar centre).
aS
2,2 — .
c% 3
: o et
IL E—"c2; Ni=—L +Z&T'3)s
- 3 s 3
A
3
L=—c+ aBB 7=
oo bl o Y S,
=y K=t g
Vo o a(B '7)3 Y2=_b2g€ :Y,
v (= By’ ya—B
Z = 07 : Z1 — 0,
ellipse concomitant. ellipse sequential.
__By-oay
Py @By
by = _a (B—q) | (real outcrop).
v (@a—RBy
z2=0.
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,YS

Nodal curve in vicinity of wmbilicar centre, a*z*=— -, y=0, ¢%2*=— %3. Art. Nos. 47 to 49.

B’

47. Write
f=—b2+q, =—b2+'r’

E=-0+q, m=-b+n,

we have to find the relation between ¢, ¢, =, n; first for ¢, ¢, the equation of
correspondence gives

6R
+3Q (-2 +g+q)
+ P {6b—6b(q+ q)+ ¢+ 490, + .7
+8 [—20°+3b(q+q) — b (¢ + 499 + ¢ + 9@ (g + q)} =0,

that is,
3(q+ q) (3b*— 20°P + Q)
+ (¢ +9¢ +¢*) (=380 + P)
+ 39q: (¢ + @) =0,
viz. this is

-3 (q + 91) ary
+ (¢ +49¢ + ¢ (v —2)
+ 39 (g + ) =0,

whence approximately ¢ +¢,=0; but it will appear that the value is required to the
second order; we have therefore

g+a=47 5@+ 490+ ¢?)

ry_a_ 2
ya I

e B
3
48. Now the equations
(@+ &P (@ +n)=(a*+ &) (@ +m), and (*+EP (¢ +n)=(+ &) (¢ +m),
putting therein for & #, &, =, their values, give the first of them
1 (1 +f>+31 (1 g d)=1 (1 +7) 4 3log (1 +q—‘),
og o og 7) og 7) g Uy
that is,
r+3q— —(r2 + 3¢%) + (r* +3¢°) =mr + 3¢, — 2y (r1 +3¢:%) + (7'13 +39.%);

and similarly the second equation

1 1 1 1
r+ 3¢+ % (r+ 3¢*) + 3o (r*+3¢*)=r+ 3¢, + % (r®+ 3¢+ 3a? (r*+ 3¢:°) ;
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whence multiplying by «, a, and adding,
+ 3+ g (430 v g g o a0,
which, neglecting terms of the third order, is
r+3¢ ="+ 3q,.
Subtracting the two equations we have A
e Lok's B T
3 (; + ;) (*+3¢)+} (;, e ;y;) (*+3¢) =1} (; + ,;) (' +3¢°) +4 (; - v‘) (2 + 3¢,°),

viz. this is

r+3¢* + % (”3 +3¢°) =12 +3¢7+2 3 ("'1 +39:°),

or, what is the same thing,
r—r?+3(¢-q")+ %%a— {rP—r?+3(¢-¢"} =0,
which, putting therein r—7r=—3(q—q), is

: —a
—’I‘—Tl+q+Q1+§%(—7"_7""1"'7'12+q2+q%+912)=0’
say this is
—r—r+g+q+28=0;
combining herewith
r—n+39=8q, =0,

we have
r+q—2¢q,—A=0,
and
-29+q—-A=0,
where

-
A= S (P o rnm ik 4 gt ).

But substituting herein the values r=—q + 2¢,, r, = 29 — ¢;, this becomes

—a
=41 (-2 g -2 =~

and then
r=—q+2q + A,
that is,
d(y—a) )

r+39=2(¢+q)+ 4, =— ¥
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49. We have then
alzwe:_',ys (1+£) (1+ g) 2
B v vy
3 .
=_1(1+%+%+3ﬂrj®)
B ¥ Y
= LB il
B oy b
AL ~_4Q:@_§Q
T )8 ‘{1 + 92 < 'Y2“ '72“
g 2(B-19)
il {1 S S
: 3
and in the same way from c¢%z?=— %3 (1 —Z) (1 —:—;) , we have
3
o3 s )
moreover we have at once
b2y = — _92‘ = 3i4
va  qa’

Hence, writing « + 82, 0+ 8y, 2z + 8z for , ¥y, 2, we find

Sx=13%ax. (BaV)

=-bN// 7

82:%2.:—232‘2—;'8)-92,

7,

or, what is the same thing,

3w8y82=xm+g Ez—z(a_ﬁ)’

AR R N e ya?

where #, z denote the values at the umbilicar centre.

Nodal curve in vicinity of real outcrop, viz.

aﬁ;ﬁ:—ég('y_a)s b? 2=_o_¢‘°‘(a—ry)3 z=0. Art. Nos. 50 to 52.

y @=By 7T Ty (@a=B

= —c2 5 =—c2 — 0’
3 ct+q n c+(a—B)3+

3
Ei=—-c+ - aIBB'i'QU m=—c+06,;

[520
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and first for the relation between ¢ and ¢, writing for a moment %+QI=Q1, and

therefore & = —¢*+ @,, the equation of correspondence gives

—3aB (g + Q) +(¢* +49Q + @) (a— B) + 39Qi (g + @) =0,
which, putting for @, its value, is

—3a,8(q+q1+aa%ﬂﬁ)

+ (a—RB) (q + 4qqn + ¢* + (49 +2q,) 3“'8/3 ( p azfg)z)

+3g {q (¢+ @) +(q+2¢), 3“’33 (f azg)z} -0

that is,
—3aB(q + q1)
+ 328 (49 +2¢,) + (2 — B) (42 + 499, + ¢:*)
271232 QaB
(a /3)2 (q + 2991) g 3qqx (q g QI) 0,

or, what is the same thing,

27a ,82)
9a 30Bq,
( B+( —By q + 3aBq
4 TaB + 32 2 4 1603 +
rp(EIELE, S0 o)
+390: (9 +¢) =0,
or, for small values,

9a8
(3 s @ B)“)Q+ ¢ =0, that is, 0 B)2q+q1

51. Moreover, from the equation (¢*+ £)* (c*+ 7)=(c*+ 51)3 (¢*+ ), we have
, 9aBQ 3aB
(“—/3)3 ( ) 0,, that is, 6,=1} a’B” i A

or, since ¢ and ¢, are of the same order, 6, is of the order ¢ Hence, starting from
the equations — Bya*®= (a?+ &, (a*+n,) &c., the terms of z, y arising from the
variation of 7, are indefinitely small in regard to those arising from the variation
of &; and we have

20z 3g 8 A
MRS a8’ 1B (y—a)’
ta—p
,25'2 o 3¢ a—p_
y o 38T la@E-yy
a—p
G V. 44
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and for 6z (=2z) we have

a1 (8aBY, _ —90¢ (a—B) ,
¢ (32) = B(a_#) 0 =gk =

so that writing for greater simplicity, (a— 8) ¢, = —aBw, the formule become

2% _ 3

/ol 'y——& ¥

28y __ 38

y B—iys?
L _ (= aB=)t
av3

52. This shows that there is at the outcrop a cusp, the cuspidal tangent being
in the plane of zy. It appears moreover that this tangent coincides with the tangent

of the evolute. In fact, from the equation (az)!+(by)!— =0 of the evolute we have
(). de  (by)h.dy _
R Y
or substituting for (2, y) their values at the outcrop,
By-—ade aB=d_,
v@—8) « P@=hy
that 1is,

8- ra@-n=0

8
which is satisfied by the foregoing values of -8——: , and ?y’ and the two tangents there-

fore coincide.

We have ; ) (B o
2q2 el a y
4 {(3z) + (8y)} = (3"’_ “g {/9 BO -9 }
which in virtue of
aa (B — )+ b8 (y — a) + ¢y (1= B) =328y,
is

(observe 3aB —ct(a— B), = — ¢*(y — ) — 3aa, is negative)

- gwaaaﬂﬁ =
~ b (a— B ¢
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if & be the value at the outcrop. Writing 8s for the element of the arc we have

aB
¥=—tha-pY &
_(—apBw)?
b cQNg '’

which exhibit the form at the outcrop.

The Nodal Curve; expressions for the coordinates in terms of a single parameter o.
Art. Nos. 53 to 60.

53. After the foregoing ‘investigation of the nodal curve, I was led to perceive
that it is possible to express £ #, &, 7, in terms of a single variable o, and thus to
obtain expressions for the coordinates of a point of the nodal curve in terms of the
single variable o. The result was obtained by the consideration that the acnodal
portion of the nodal curve could only arise from imaginary values of £, 7; the question
thus was, what imaginary values of these quantities give real values for the ccordinates
z, ¥, 2. To make y real we may assume

E=—b-p(0- ),
n=—0b+p(0+ &),
(= V=1 as usual) : this being so, if A denote one or other of the quantities
v, —a(=a*—b, ¢ —10b),
the expressions for — Bya*z®, — yab*y® will be
={A—-p(@— ¢l {A+p(6+¢iy},

and we have therefore the condition that this shall be real (for the two values A =,
A=—a): being real, it will in certain cases be positive, and we shall then have real
values for the remaining coordinates z, z.

54. The condition of reality is easily found to be
A (36" — ¢* + 3) —60pA (6" + ¢* + 1) +p* {3 (6 + ¢*) + 86— ¢*} =

viz. this equation in A must have the roots y, —a, or the expression on the left hand

must be
=862 —¢*+3) (A~ (y—a) A —ay} :
we have therefore

(y—a)* _ 36 (6°+ ¢*+ 1)
—ya  (BF—¢'+3) B+ Py +30 g
_60p (0 +¢°+1)
T T30 —-¢*+8 °

44—2
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and writing 6+ ¢*= X, 36°—¢*= 1Y, the first of these is

(y—a) IX+Y)(X+1)
—ya  (Y+3)13(X*-1)+Y+3}’

which regarding X, ¥ as the coordinates of a point in a plane is a cubic curve having
the point X +1=0, Y+8=0 as a node: hence writing Y+ 3=30c(X+1), X and V
will be each of them a rational function of o. The second equation is

60p (X +1)
Y+3

=4 —a, that is, p= (;Y:é;‘k e SYX—-_'—-E);;

and we have also
20=VX+7, 20=V3X-7;

the equations thus become

b ofy e , %V
f“‘b"—f—{l" trrﬁk

(ELTILERNITN 241

P & wTL

which are better written in the form

—3X4+Y
=X )
=-bP+i(v-a)o(X+7) {1 + *X;“"y‘“} s

where A, YV are given functions of o. We in fact thus obtain an analytical expression
of the nodal curve, quite independent of the considerations as to real and imaginary
which suggested the process: the foregoing values substituted for & =» will give
— Bya*a?, &c. equal to rational functions of o, so that taking for £, , the same expressions,

only changing therein the sign of the radical «/ :]3‘(?1715, these values of &, 7, give

the very same values of — Bya®z®, &c., or the values of £ 7, &, », satisfy the conditions
(@* + &) (@’ +m)=(a* + &) (¢ + ), &e.

for a point on the nodal curve.

55. To complete the investigation, writing as above Y + 3= 3¢ (X +1), we obtain

(y—a) (Bo+1)X+30c—-3

-y« o(X+o-1) °
or putting for a moment
(y—a)eo .
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520]
we have
_E=3)(e=1) _K@-2)+4
B T
_3Ko (o —2)+12¢ _3(c-1){K(c-1+1}.
L 8 3c+1-K t i 3c+1—K ?

_(@=-1D@c-K _8(e—1){K(c—2)+4}
iy e T e

ol - 30+1-K

or substituting for K its value we have
a ~afr=apy L L
s o e b g (y — ay

) St (o e )

; L R
3o'+I—K—fy—a{(3a+l)rya+(fy—a)2a'}, _ry_ct(ﬂo.—*-'ya)"

if as before Q=32 —qya; and the result is
s e
L Lopert = =¥ OROE ) il O

- 2 2
n=—b=%(y— )3i(£1;_01%%’_i2) {1 -{.)\/3 (g+'¥—}a) <a__'y—’ya>}3’

and changing the sign of the radical we have the values of &, #,.

56. Write for a moment

B A
[A—%(j—a)a{l—\/?’(Jr"_)( 'y—a)ﬂ=(A—a.+a~/§}3=A+B\/S:

3(‘”&_2—&&)("‘5?—%))3

g (30 —2)

=A'+BVS;

2 (g —1) (80 —2
A—%(v—a)sd(ﬂgl(v: ){1+

then in the product of these two expressions the vational part is = AA’+ BB'S; but
from the manner in which they were arrived at we have 0=APB'+ A’B, and the

rational part is thus
=- l—; (42— BS).
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We have
A*— B S = {(A —a)y—a’Sp,

B’=—%(v—a)*"2(°5:l(i:_

B=3(y—a){3(A—ay+as};

2 3+09),

hence the rational part in question is

(y—a) o(c—1)(3c—2)(8+S)

~tQst0r  S(A-apsal

{(A —a)* +a28p,

which putting therein A=0 gives the value of —qyab%?; and putting A=y, or A=—aq,
gives the value of — Bya*® or — aBc?2>

57. We have
o L 1% 4oy
e e e
Sary
i i{gﬂ;“_)?}
c(B8c—2) ’
e A5 SIS dory
Arniiie o \R A/
—0'(30"‘2)(0-.*_7—“) (a-_'y—a>'
Hence we have at once the value of
—yabty =1 ‘(2701 azl a(o— 1;2(30 =) (1- 8y,
where
a=%(B—y)o.
58. Moreover
(A—ay—ai8=A*—2aA +a*(1-8)
1l
=g 9[B0—=2) (- (y=a) Mg+ A% + (y —a)* * + 3ay],

where the term in [ ] is
*(y—a)(y—a—38A)+a {3A%+ 2 (y — @) A + Say} — 24,
and since A =q or —a, that is, A? —(y—a) A —ay =0, the coefficient of o is
=A {6A — (y—a)},

or the term is the product of two linear functions of o; and we have

(B—ayp-wS=g 1y fo(y—a)~ 24} (o (y—a—34) + A}
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Similarly
3(A—a)+a’S=3(A*-2aA)+a2(8+9)

=55 [Br—2) [~ (y=®) o8+ &% 4o [(y= D) o 4] oy - D) — ]

where the term in [ ] is

(y—a) o= (y— &) (y — a + 3A) 0+ [BA2 4+ 2 (y — @) A —ay} o — 242,
in which the coefficient of o is =A{2A +3(y—a)}, and the term is a product of
three linear functions: hence

3(A—a)’+aﬁs=§:§—:’:—;){(ry—a)a—A} {(y—a)o — 2A}.

59. Substituting these values we have the expression
1 (=9 o+a{(y—a)o—q}{(y—a)a —2AP{(y - a—38) o + AP
Qo + ya {(y—a)o — A} (30— 2) {
which writing therein A=1r gives —Bya*s? and writing A =—a gives — afBc*s*; we have

above an expression for —yab%? requiring only a simple reduction, and the final results
are

v (y—a)o+a{(y—a)o—29}* {(B—y) o +9}°
= Byata = (Q'Yd+tya)(3o'—2)’ ’

. _(e=Da {(y—2ayo+3ayl’
g - (Qa + ya) (30 — 2) g

s lly—a) o —ql {(y —a) o+ 2a? {(a— B) o —a}?
ok (Qo + 7a) (30 — 2)* 4

where it is to be observed that, equating the denominator to 0, we have a triple
root o = o ; to indicate this, we may insert in the denominator the factor (1 — Oa)’

60. We see here the meaning of all the factors, viz.

Planes.
z=0 y=0 2=0 ®
—Yya
Evolute nodes a'-———yia g=1 g:yza o=—0g"
2 - 2a B
Unmbilicar centres o= % _Ya =0 o:;—_a o=
Outerops i & Gl e i
¥ B-vy (y—a) a-f3
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a
For the real curve o extends from TR through 0 to — ﬁ’

a 4 i
sdp=y gives outcrop in plane z=0,
o= 0 , umbilicar centre in plane y =0,
—ya g
s , evolute-node in plane .

It is to be noticed that the order of magnitude of the terms in the table is

Hhic_Hpe &P Srgrgof SHSORLE U Soenll | SR e Tabye
‘y—a’ y—a’ 7’ 3 By’ a—B’ QO ' y—a’ y—a’ (y—ap’
so that the values ——_ 3 0, %yg which belong to the real curve are contiguous; this

is as it should be. Several of the preceding investigations conducted by means of the
quantities £ 7, &, 7, might have been conducted more simply by means of the formule
involving o.

The Eight Cuspidal Conics. Art. Nos. 61 to 71.

61. The centro-surface is the envelope of the quadric

a2m2 b2 0222
=0

@+ O G+ @D

Hence it has a cuspidal curve given by means of this equation and the first and
second derived equations

alx? i b2 ¥ 2z

@&t Erey e
a’n® b2y? i
@+ T ErE O

which equations determine a’z? b%? c%® in terms of & viz. we have

- Bywwr=(a*+ &),

—va by = (b + &),

—af ¢z =(¢* + §)';
so that, comparing with the equations — Bya®?®=(a*+ £)*(a®*+7) &c. which give the
centro-surface, we see that for the cuspidal curve £=7; or the cuspidal curve now in

question arises from the eight lines on the ellipsoid, which lines are the envelope of
the curves of curvature: it is clear that the curve is imaginary.
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62. From the foregoing equations we have:
Vaaz+ VB by +Nycz=v —aBy,
ot Vaz + B Vby + 43 Vez = 0,
the second of which is best written in the rationalised form
(1,1,1, -1, =1, —1) (aVaaz, BVBby, yNycz)=0,
and combining herewith the equation ‘
Naaz +NB by +Noycz =V — aBy,

then for any given signs of ~a, VB, vy and ¥ —aBy the first of these equations

represents a quadric surface, the second a plane, or the two equations together represent
a conic.

By changing the signs of the radicals (observing that when all the signs are
changed simultaneously the curve is unaltered) we obtain in all 8 conics, but only
four quadric surfaces; viz. the two conics

'\/o—zax+‘\/,§by+'\/§cz=i'\/i——a;§f'y‘

lie on the same quadric surface.

63. The conics form two sets of four, corresponding to the two-sets of four lines
on the ellipsoid. The analysis seems to establish a correspondence of each conic of the
one set to a single conic of the other set; viz. the conics have been obtained in pairs
as the intersections of the same quadric surface by a pair of planes: there is a like
correspondence of each line of the one set to a single line of the other set, viz. the
lines meet in pairs on the umbilici at infinity, but this correspondence is included in a
more general property: in fact each line of the one set meets each line of the other
set in an umbilicus; and the corresponding conics (not only meet but) touch at the
corresponding umbilicar centre; and qud touching conics they have two points of
intersection, and consequently lie on the same quadric surface. It is to be added that
the two conics touch also, at the umbilicar centre, the cuspidal conic of the principal
section.

64. The 8 conics form two tetrads, and the principai conics (reckoning as one of
them the conic at infinity) another tetrad: the complete cuspidal curve consists therefore
of three tetrads of conics: with these we may form (one conic out of each tetrad) 16
triads; viz. each conic of one tetrad is combined with each conic of either of the other
tetrads, and with a determinate conic of the third tetrad, to form a triad. And the
conics of each triad, not only meet but touch at an umbilicar centre, the common tangent
being also by what precedes, the tangent of the evolute at that point, which point is
also a node of the nodal curve.

C. VIIL. 45
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65. In fact consider the two conics

Vaaz + VB by + Vycz =V =aBy,
(1, 1,1, =1, =1, —1)(@Vaaz, + BYBby, yVycz)=0;
for the intersections with the plane y =0 we have
&/&“ax+\/rycs=%/m,
(aVaaz —yNycz)=0;

so that the two conics each meet the plane in question in the same two coincident
points, that is, they each touch the plane y=0 at the same point, viz the point given
by the equations

Vaazx +Veycz=V —aBy,

aﬁ/a-ax—ry‘\/r;cz=0;

viz. this is the point, w-% , €2 =:_:/_QB, which is one of the umbilicar centres
(a* "=—%, c’z’=-—§);

and the common tangent at this point is

which is also the common tangent of the ellipse and evolute in the plane y=0.

66. It bas been seen that the nodal curve meets each principal conic at four
outcrops, which points are cusps of the nodal curve: it is to be further shown that
the nodal curve meets each of the 8 cuspidal conics in four points (giving 32 new
points, which may be called ‘outcrops’ the 16 points heretofore so called being
distinguished as the principal outcrops or 16 outcrops, and the points now in question
as the 32 outcrops), which points are cusps of the nodal curve.

In fact to obtain the intersections of the nodal curve with the 8 cuspidal conics,
we must in the equation of the nodal curve, or (what is the same thing) in the
expressions of § 7 in terms of o, write n= £

67. Putting for shortness,

_(y—ayo(e—1)(Bc—2)
fimd Qo +ya

Ji etz e 72)
g (30 —2) 4

and as before

we have thus Az
O(1+V8r=1-+§,
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or, what is the same thing,
O(1+33)—14+VS®B+8)+1}=0:

we have without difficulty

O@B+8)+1= i

{30’s 602 + 40 + >f4ﬂa ,} i
o+ ya — a)

(v

(v —a) (30 — 2)(a+_&2“a) (a_ﬁ>

153 Al g
O(1+3V8)—1= Qo + qa ’

so that the resulting equation contains the factor

Vet 2 - 25) =252

Omitting it, the equation becomes

2
«/02—20— (30-2)h/a+~/3{3a~9 8 + 4o + 2 ,} e
ay (v —a)
: 4oy § ¥ § 5,
or putting for shortness 5= a)5=M’ and. rationalising, this is

—(0*—20— M)(Bc — 2’0+ 3 (36*— 60* + 4o+ M) =0,
and, working this out, the terms in of, ¢° disappear, and the result is
(36 4+ 27M) o* — (64 + 36 M) 0® + 320 + 16 Mo + 3M* =
or, as this may also be written,
3M?+ M (270 — 360* + 160) + 4 (90 — 160* + 85°) =0,

a quartic equation in o: to each of the 4 roots there correspond 8 intersections, viz.
there will be in all 32 intersections, lying in 4’s upon the 8 cuspidal conics.

68. To show that these points are cusps, or stationary points on the nodal curve,
starting from the expressions of — Bya%? &c. in terms of o we have, first for dy,

_y_, (1 2. S@-af 0 6 }
Y g a-—1+ (y—aPoc+3ay Qo+qa 30—2
or, as this may be written,
2dy . (1 +2+ 12 4+3M 6 }
278 46 +3M (4+3Myc+ M 30-2)’
15 3a2—6_qi;g % (32 +24M) o — 9M? }
=186 — 50+ 20 " (16 +12M)® + (16M + 9M?) o + 321[ ’

4 {(36 + 2T M) o* — (64 + 36 M) o* + 320 + 16 Mo + 32}

=de e 1) Bo—(ho +3M) (4 + M) o + M}

viz. the numerator vanishes when ¢ is a root of the quartic equation.

45—2
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69. We have next

_m_.d{ v~ T ARG I BN, O O 6 }
z (y—a)o+a (y—a)o—2y (B—v)o+y Qo+qa 3c-2)°

which, putting o % = B, and therefore =B—1, and = —C is
:  fa /3 5

o 1 2 +7§__ 4+ 3M i }
i aa+B—l+a—2B c+C (4+3M)c+M 30c-2)°

and adding the fractions except f_?;_ o the numerator is

a*(27TMB+ 36B — 4)
+ o {54 (B*—B) M + 72B* — 80B + 8}
+ 4M—16B*+16B,
which, observing that B*—B=}M, is
= ¢°(21MB + 36B — 4)
+ o (BEM?+ 18M — 8B +8),
and, substituting for M and B their values, this is found to be
i, (2yta)3a2 8(2y+a)a

(v—a) (y=a) ”
42y +ay 24
T b
70. Hence observing that C= E:—'): — 2';3“ the whole coefficient of do is
4 (29 + ay 2a
(y—ap (U+?;aa> —
T(Bo—-2)(c+B-1)(c—2B) [BM+ &) o+ M] o+ 0’

and the numerator of this expressed as a single fraction is

4 2
=VE'%%;) a (a+72_?7a> [(2y+ a) o —1«]
+3(80—2)(c*—0—4M — Bo) (BM +4) o + M},
which is
=3@Bo—2)(c*—a— M) {(BM +4) o + M}

o |:—-3B(30'—- 2) (M + 4) o + M)

4 (2y+ay

* y—ay

(4,2 @r+9 -]
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the term in [ ] is

el b é@rﬂi’]
= o |-@M+36) B+ s
T 4 (29 + a)? 20 (29 + a)
G -3B(3M+8)+W(—7+—;T)]
¥ 'GBM_S_(?MBJ,
I oy )

which is found to be g
=—40*+ o (8+ 15M + 2L M*) - 2M — 3 M,

and the whole numerator is thus

3B —2)(c*—c—3M)[(BM +4)a+ M]
—40°+0* (8 + 15M + 3L M?) 4 o (— 2M — 3.0),
which is
=(36 +27M) o — (64 + 36 ) o* + 320%+ 16 Mo+ 3M>.
71. We have thus
_ 2z

@

(36 +27M)a* — (64 + 36 M) o+ 320°+ 16 Mo + 3M*

v 'Y y
o (o — 1) (30 — 2) (4o + 3M) {(4 + 3M) o + M} (a+3_7)

=do

and thence also

_ 2z _ , (36+27M) c* — (64 + 36M) o° + 320° + 16Mc + 320

p a-(a—1)(3a—2)(40’+3M){(4~+3M)a'+M}(o’—a——?_—B>
so that dz and dz also vanish when o is a root of the quartic equation: the pointg
in question are therefore cusps of the nodal curve.

Centro-surface as the envelope of the quadric Sa’a® (a*+ E)*=1. Art. Nos. 72 to 76,

72. The equations — Byas* = (a* + €)° (a*+ n), &c. considering therein §, 9 as variab]e
give the centro-surface; considering » as a given constant but £ as variable they give
the sequential centro-curve; and considering £ as a given constant but » as variable
they give the concomitant centro-curve.

73. Suppose first that 5 is a given constant; to eliminate £ we may write the
equations in the form

— Byt (@) (@+ )t = (@ + ), &,

and then wmultiplying first by a(a*+7), &c. and adding, and secondly by a, &ec., and
adding (observing that Sa(a?+ £)(a? + 1) = —aBy, Sa(a*+ £)=0); we have

X (aaw)% (a® + 17)% = (aBry)g,
3 (aaz)’ (a2 +7) "4 =0,

which equations, considering therein 5 as a given constant, are the equations of a
sequential centro-curve,
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If from the two equations we eliminate n we should have the equation of the
centro-surface; the second equation is the derivative of the first in regard to 5; and
it thus appears that the equation of the centro-surface might be obtained by equating
to zero the discriminant of the rationalised function

norm. [{Z (aru.'.':)3 (a*+ q)g} - (aﬁry)s];
but the form is too inconvenient to be of any use.
74. Taking next £ as a given constant, and writing the equations in the form
— Bya*x* (a® + )= (a* + 1), &c.;

then multiplying by a«(a*+ ), &c. and adding, and again multiplying by a, &c. and
adding, we have

Zat (@ + E) =1,

Satat (a4 Ey 2 =0;

or writing these equations at full length,

s cufYP S SRR, L. S,
@+t erptery 1T
a*r® by? ozt {]
O G CE

which equations, considering therein & as a constant, are the equations of any con-
comitant centro-curve: since the equations are each of the second order it thus appears
that the concomitant centro-curves are quadriquadrics.

75. If from the two equations we eliminate £ we have the equation of the
centro-surface ; the second equation is the derivative of the first in regard to £; and
it thus appears that the equation of the centro-surface is obtained by equating to
zero the discriminant in regard to & of the integralised function

(@ + &7 (B + & (¢ + §) {(Caa* (@@ + §) - 1],
or, what is the same thing, the discriminant of the sextic funection
(@ + B (b + £ (¢ + B — S0 (B + 8 (& + B,
76. If instead hereof we consider the homogeneous function
W (@4 8P (B + B ¢+ £ — S0t (B 4+ B (0 + ),

then the coefficients are of the second order in (z, y, 2, w), and the discriminant, being
of the tenth order in the coefficients, is of the order 20 in (2, y, 2, w). But the
2

sextic function has a twofold factor (1+ Q%) if w*=0, and it has evidently a twofold
factor if #*°=0 or y*=0 or 2°=0, that is, the discriminant contains the factor z*yz*w?;
or, omitting this factor, it will be of the order 12 in (z, y, 2, w); whence writing
w=1, the centro-surface is of the order 12. I have in this manner actually obtained
the equation of the centro-surface: see the memoir “On a certain Sextic Torse,”
Camb. Phil. Trans. t. X1. (1871), pp. 507—523, [436].
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Another generation of the Centro-surface. Art. Nos. 77 to 83.

77. By what precedes, the equation of the centro-surface is obtained as the
condition in order that the equation

(Sa (@ + )% —1=0

may have two equal roots. But taking m an arbitrary constant, this is the derived

equation of
(Baz* (@ + §)Y + E+m=0,

and as such it will have two equal roots if the last-mentioned equation has three
equal roots; and conversely, we have thus the equation of the centro-surface by
expressing that the last-mentioned equation, or, what is the same thing, the quartic
equation

(E+m) (E+a”) (-E +0) (E+ ) —Zaa* (E+0°) (§+¢)=0

has three equal roots. The conditions for this are that the quadrinvariant and the
cubinvariant shall each of them vanish; the two invariants are respectively a quadric
and a cubic function of m; viz. the equations are

(a, b, c)(m, 1)2=0, (a,V, ¢, d)(m, 1=0;

where the degrees in (#, y, 2) of a, b, ¢ are 0, 2, 4 and those of a’, b/, ¢, d’ are
0, 2, 4, 6 respectively: the equation of the centro-surface then is

& piEte =0
i D, C
%, D, G
Y o R
i f S O

which is of the right order 12; but it would be difficult to obtain thereby the
developed equation.

78. For the nodal curve the cubic equation must be satisfied by each root of
the quadric equation, or, what is the same thing, the quadric function must completely
divide the cubic function; the conditions are

gD, e =0

.
o
)
S
s

where the degrees may be taken to be

b

0550
0, 2
0,92

P
o o B

>
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and the order of the nodal curve is thus =24: two of the equations in fact are

. .b =0, ' D el=0
Bkl aDontiC a5 G
|
a, . b sic Ao dil

which are surfaces of the orders 4, 6; or the nodal curve is a complete intersection
4x6. By the results above obtained as to the nodal curve, it appears that the two
surfaces must have an ordinary contact at each of the 16 umbilicar centres, and a
stationary or singular contact at each of 48 outcrops.

79. The derivation of the centro-surface from the surface

a’z? bAy? cigt

m+g+m+§+w+§

requires to be further explained. The surface, say V=0, is a quadric surface depending

on the two parameters £ m; the axes coincide in direction with those of the ellipsoid,
and their relative magnitudes are as

+E-—m=0

hagarirp ol s My
a~/a+E.be+§.ch2+&
viz. these are as the axes of the confocal surface
2 2
z® Y 2? 1=0

G+ETBRTE FrE
divided by a, b, ¢ respectively; to fix the absolute magnitudes observe that the
equation may be written

a’ﬂ ,,/2 Z2
a;2+y2+z2—m—f(a2+§+b2'+f+02+£—1):0,

viz. the surface V=0 is a surface through the spheroconic which is the intersection
of the confocal surface by the arbitrary sphere 4®+ y*+2?—m=0; but, while the
surface is hereby and by the preceding condition as to the axes completely determined,
the geometrical significance is anything but clear.

80. Considering then the quadric surface V=0, depending on the parameters & m;
suppose that m remains constant while & alone varies; we have thus three consecutive
surfaces V=0, V'=0, V" =0; and these I say intersect in a point of the centro-surface ;
the point in question will depend on the two parameters (£ m), and if these vary
simultaneously we have the whole system of points on the centro-surface; but if only
one of them varies, the other being constant, we have a curve on the centro-surface.

The three equations may be replaced by V=0, 6V =0, 82V =0; of which the first
alone contains m ; and it thus appears that if m be the variable parameter, the equations
of the curve are &V =0, 62V =0, viz. the curve is then the quadriquadric curve which
is the concomitant centro-curve of the curve of curvature for the parameter £ But if
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the variable parameter be & then this is a curve on the 12-thic surface Q=0 obtained
by the elimination of & from the equations V=0, §;V=0; viz. we have Q=8 -T2 =
where S=(a, b, ¢)(m, 13, T=(a/, b, ¢/, d)(m, 1 and the curve in question is the
curve S=0, 7'=0, which is the cuspidal curve on the surface ) = 0; the elimination
of m from the two equations S=0, 7'=0 gives as above the equation of the centro-
surface.

81. The surface ) =8°—1T?=0 obtained as above by the elimination of £ from the
equations V' =0, §;V =0, (or, what is the same thing, by equating to zero the discriminant
of V' in regard to £) may be termed the' sociate-surface: we have then the quartic
and sextic surfaces S=0, 77=0 intersecting in the before-mentioned curve, which may
be called the sociate-edge ; and the locus of these sociate-edges is the centro-surface.

82. We may.if we please, changing the parameter in one of the functions, consider
the two series of surfaces S=0, 7'=0 depending on the parameters m, m’ respectively ;
a surface of the first series will correspond to one of the second series when the
parameters are equal, m=m/, and we have then a sociate-edge. Taking a point
anywhere in space, through this point there pass two surfaces S=0, and three surfaces
T=0; but there is no pair of corresponding surfaces, or sociate-edge. If -however the
point be taken anywhere on the centro-surface, then there is a pair of corresponding
surfaces S =0, T'=0; that is, through each point of the centro-surface there passes a
single sociate-edge; and if the point be taken anywhere on the nodal curve of the
centro-surface, then there are two pairs of corresponding surfaces; that is, through each
point of the nodal curve there are two sociate-edges: this explains the method above
made use of for finding the equations of the nodal curve, by giving to the equations
S=0, T'=0, considered as equations in m, two equal roots.

83. The a posteriory verification that the surfaces V=0, V'=0, V”=0 intersect in
a point of the centro-surface, is not without interest; the parameters £, #, of the point
of intersection are found to be & =E #n,=m—a*—b*—c*—3E; whence in the equation
V=0, writing — Bya*s®=(a*+ &) (a*+7,) and m=a*+b*+ c*+ 3§ +m, the resulting
equation considered as an equation in £ should have three roots £=§ : the fourth
root is at once seen to be £=7,, and we ought therefore to have identically

ﬂaﬁ + &) (@* +m)
a+E

— &e. +a37(f_351—771—a2_b2“62)

_ By (E—EP(E-m)
(@ +&) '+ §) (¢ + &)’

and by decomposing the right-hand side into its component fractions this is at once
seen to be true.

Third generation of the Centro-surface. Art. Nos. 84 and 85.

84. Instead of the foregoing equation V =0, consider the equation

acz? bz 2 222 a’x? b2y2 c2z? \
L Ka‘+§ b+ & 627+§+E> (aﬁ+n+b2+n+cz+n+n)—0'
C. 'VIEL 46
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The equations d;W=0, d2W =0 contain only £ and are in fact identically the same as
the equations d;V=0, d?V =0; the elimination of £ from the equations d;V=0, d2W =0
would therefore lead to the equation of the centro-surface: and the centro-surface is
connected with the surfaces W=0, d;W=0, d2W =0 and the parameters & 7 in the
same way as it is with the surfaces V=0, d;V =0, d2V =0 and the parameters & m.
That is, if from the equations W=0, d;W =0 we eliminate £ we have a surface Q=0,
depending upon % and having a cuspidal curve; and the locus of the cuspidal curve
(as n varies) is the centro-surface. But the equation W=0 divides by & —#, and
throwing out this factor it becomes

atx? = b*y? it e _1
(@+&@+n) G+HG+n) (@+H(CE+n)
so that the surface Q=0 is obtained by eliminating & from this equation and the

derived equation in regard to £; or, what is the same thing, by equating to zero the
discriminant in regard to £ of the cubic function

s O

@+HE+OE+H -2 T E+HE+D

This surface is in fact the torse generated by the normals at the several points of the
curve of curvature belonging to the parameter 5; the cuspidal curve is the edge of
regression of this torse, that is, it is the sequential centro-curve of the curve of
curvature ; and we thus fall back upon the original investigation for the centro-surface.

85. In verification I remark that if X, ¥, Z be the coordinates of a point on the
curve of curvature in question, and (z, y, z) current coordinates, then the tangent plane
of the torse, or plane through the normal and the tangent of the curve of curvature,

has for its equation
. R < BYRR.
a+n b+9 F+ng -

and if in this equation we consider the point (X, ¥, Z) to be the point belonging to
the parameters (7, £), viz. if we have — By X*=a?(a*+ £)(a*+n), &c., then this plane
will be always touched by the before-mentioned ellipsoid,

a’z? b b2 abd ¢ _5
@+ &) @+n) @E+HG+n) (+E(+m)
The condition for the contact in fact is

X @+H@+n)_,
(a* + )y a? ®
viz. substituting for (X, ¥, Z) their values, this is

3

b

l 2 2 —

which is true. And this being so, the ellipsoid and the plane have each the same
envelope, viz. this is the torse in question.
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Reciprocal Surface. Art. No. 86.
86. The centro-surface is the envelope of

G = B~ - Bohet
@+& T G+ T @+ i

hence the reciprocal surface in regard to the sphere 2° + y*+ 2 — k*=0 is the
envelope of

—-1=0;

(a’+E)QXn+(ba + E)2 Y2 + (9ﬂ)_zz’ _— k’ = O,
a? b c
that 1is,

@ X? + BV 4 02— J 4 26 (X4 Vo4 ) 4 (X s é)

3 2
viz. the envelope is

J Y2

@X*+ BY: + 2 — Ic‘)( et

Zz) (Xt Yo+ 2=

or, expanding and multiplying by a®b*c*, this is

a? (ba e cz)s Y72 4+ b (62 = (13)2 7:X: + ¢? (a:: o bz):z X2y

(X + e Y2+ 0?0 2°) =0,

or, what is the same thing,

@’a® Y220 + 0B Z°X* + ¢y X2V = b (b X2 + c*a® Y2 + a®b* Z°) =0,
which may be written

a*Y*Z* + b2 X + XY + X0 + gV + 22 =
where
(a, b, ¢, f, g, h)=(aa, bB, cy, 2k%bc, 2k*ca, 2k%ab),

and consequently,
af+ bg + ch = 2k*abc (2 + B + ) = 0.

It would doubtless be interesting to discuss this surface as it here presents itself,
and with reference to its geometrical signification as the locus of the pole, in regard
to the sphere, of the plane through two intersecting consecutive normals of the
ellipsoid : but I abstain from any consideration of the question.

Delineation of the centro-surface for given nwmerical values of the semiawes.
Art. Nos. 87 and 88.

87. I constructed on a large scale a drawing of the centro-surface for the values
a2="50; Tit= 25+ 0t = 15.

(These were chosen so that a, b, ¢ should have approximately the integer values 7, 5, 4,
and that a®+c¢® should be well greater than 20*; they give a good form of surface,

46—2
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though perhaps a better selection might have been made; there is a slight objection
to the existence of the relation «®= 2b% as in the xy-section it brings a cusp of the
evolute on the ellipse.) We have therefore

a=10, B=-385, ¢=25;

the ellipses in the principal planes of the centro-surface are

Yhup A0 o
Gyt Eosy = b
z* - e %1
(23827 T (3535
a° i
@osop t (@p ~ 0

and these determine on each axis the two points which are the cusps of the evolutes.
We have moreover for the umbilicar centre z=2988, y=0, z=1380, and for the
outcrop « = 1127, y=1'947, z2=0.

88. For the delineation of the nodal curve (crunodal portion) we have first to find
the values of £, & ; these are given in terms of x, y ante No. 33 [p. 334], where y is
a given function of x, and x extends between the values {—b* and —1(a®+ b*+¢*)} —25
and —263. It was thought sufficient to divide the interval into 6 equal parts, that is,
the values of z were taken to be —25, —253, ... —26:6. The values of £ £ being
found, those of 7, 7, were obtained from them by means of the original equations
(@ + EP (@*+n)=(a®+ &) (a*+ ) &c. viz. we have thus for the determination of #, 7,
three simple equations, affording a verification of each other.

For the performance of these calculations (viz. of the values of y, & &, 5, n) I
am indebted to the kindness of Mr J. W. L. Glaisher, of Trinity College. The results
being obtained it is then easy to calculate as well the coordinates (#, ¥, 2z) of the
point on the nodal curve as also the coordinates (X, Y, Z) and (X,, V), Z,) of the
corresponding two points on the ellipsoid (these last are of course not required for
the delineation of the nodal curve, but it was interesting to obtain them). The
whole series of the results is given in the annexed Table, and from them the drawing
was constructed.

I find also in the neighbourhood of the umbilicar centre (if &= — 25+ q),
Se= 02868 ¢
Sy = + 02484 ¢,
$2= 02191 ¢,
and in the neighbourhood of the outcrop (if & = — 38333 + 22 w),

oz = 1127 w,

8y =—1704 =,

8z =+ 4582 w'.
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x y ¢ & n N W gogunue of e S, & aXeibd
-2 | 0 - 25 - 25- - 25 -25 2:988 [0 1380 || 5:326 | 0© | 2-070|[ 5326 |0 | 2070
~253| 42669 || - 210664 | - 296002 - 38:3193 | - 166728 || 2543 | 0-360 | 0-996 || 4:394 | 2:289 | 2-491 | 6:233 | 1957 | 1023
~256 | 6:3191 || -19-3475 |- 31:9858 | — 429911 |- 15°4693 || 2:148 | 0-721 | 0°662 || 8-504 | 3-189 | 2:283 || 5:956 | 2:580 | 0-584
~26° | 81240 || - 17'8760 | - 34-1240 | - 45°7879 | - 15°1047 || 1786 | 1-175 | 0:373 || 2780 | 3-847 | 1948 || 5626 | 3005 | 0-293
-26'3 | 98760 || - 16°4573 | - 36:2094 | — 47-5684 | - 15°0106 || 1-448 | 1-500 | 0-139 || 2159 | 4-391 | 1426 || 5-251 | 3-346 | 0-098

-266 116667 | - 15:0000 | ~38:3333 | - 487087 |- 150000 || 1127 | 1:047 | 0 || 1610 | 4'869 |0~ | 4829 3651 0"

The calculations were performed before I had obtained the formule
would have given the results more easily.
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