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On fibrous slender materials 

Cz. WOZNIAK (W ARSZA WA) 

THE AIM of the paper is to describe and discuss materials made of smooth and intersecting slen­
der fibres, i.e. fibres which are not able to sus.tain compressive forces. It is shown that, due to 
the slenderness of fibres, the related problems lead to certain systems of quasi-variational in­
equalities. The obtained relations can be applied to an analysis of some problems concerning 
fabrics and other textile-like materials. 

Celem pracy jest opis i dyskusja material6w utworzonych z gladkich i przecinaj(lcych siC( wza­
jemnie wiotkich wl6kien, tj. wl6kien nie przenosz(lcych sil sciskaj(lcych. Wykazano, ze zalozenie 
wiotkosci wl6kien prowadzi do zagadnien opisywanych ukladami nier6wnosci quasi-waria­
cyjnych. Otrzymane relacje mog(l bye stosowane do analizy niekt6rych problem6w dotycz(lcych 
material6w tekstylnych. 

UeJibiO pa6oThl .HBJI.HeTC.H ormcaHwe li o6cy>I<,[(eHHe MaTepwaJIOB' o6pa3oBaHHhiX li3 rna,z:umx 
li rrepeceKaiO~liXC.H B3aHMHO rH6KHX BOJIOKOH, T .e. BOJIOKOH He rrepe,[(aiO~liX C>I<HMaiO~liX 
CHJI. TioKa3aHO, l.JTO rrpe.[(IIOJIO>I<eHHe rH6KOCTli BOJIOKOH IIpHBO,[(liT K 3a,[(al.JaM OIIHChiBaH­
HbiM CHCTeMaMH KBa3HBapHaiJ;HOHHbiX HepaBeHCTB. Tionyl.JeHHhie 3aBHCHMOCTli MOryT 6hiTb 
IIpHMeHeHhl K aHaJIH3Y HeKOTOpbiX 3a,[(al.J, KaCaiO~liXC.H TeKCTHJibHbiX MaTepHaJIOB. 

1. Introduction 

THE OBJECTIVE of the paper is to formulate and discuss governing relations of materials 
made of a few families of mutually intersecting smooth fibres. The constitutive modelling 
of materials under consideration will be based on the following assumptions: 

1. Every fibre is slender, i.e. it is unable to sustain any compressive force, bending 
couple and torque. 

2. Every configuration of a material is represented by m, m ;;::: 2, virtually continuous 
families of smooth lines which occupy a regular region on a plane or on a smooth surface. 

3. The material response depends exclusively on the material properties of fibres and 
on the geometric structure of a fibre lattice. 

The ideal materials under consideration will be referred to as the fibrous slender ma­
terials; in a separate paper we are to show that they can be applied to the analysis of some 
special problems concerning fabrics and other textile-like materials. The approach pre­
sented here is different from the one given in [1-3] where the "slenderness" of a material 
was not related to its fibrous structure. 

2. Modelling of elastic-slender deformations 

Let Q be the regular plane region and tA: Q ~ R2
, A = 1, ... , m, m ;;::: 2, be continu­

ous fields of unit vectors such that ltA(X). tB(X) l < 1 for every A =I= Band every X En. 
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718 Cz. WozNIAK 

Following the approach used in [4] for the modelling of smooth, thin and regularly distrib­
uted families of cords, we shall assume that the vectors tA(X) are tangent to the A-th 
family of fibres, A = I , ... , m (cf. Fig. 1 where m = 3). Thus we introduce the virtually 
continuous description of the fibre lattice under consideration. If m = 3, then we deal 
with the plane lattice in the se'?-se of W. BLASCHKE, [5]. Let!!} be a set of smooth invertible 

FIG. 1. 

mappings (deformations) p: Q ~ R3
; hence p(!J) is a smooth surface in R3 for every 

p E f). Moreover, let x, x E !!}, be the known deformation. We shall assume that the ma­
terial of fibres is elastic and that x corresponds to the natural state of the fibre lattice under 
consideration. The Lagrangian (plane) strain tensor will be defined by E(X) = 
= 0.5 [V pT (X) V p(X)-V "T (X)V x(X)], X E Q; note that the material gradieats V p(X), V x(X) 
are represented here by 3 x 2 matrices. Putting GA(X) = tA(X) ® tA(X) we define m scalar 
fields sA(X) = tr [GA(X) E(X)], A = 1, ... , m, X E !J. Hence the strains eA(X) in the 
fibres of the A-th family are given by 

(2.1) 
if 

if 

eA(X) ~ 0 , 

eA(X) < 0. 

The formula (2.1) describes the fact that it is not possible to realize any shortening of 
a fibre which is unable to sustain compressive forces. 

Let a A = aA(X) stand for a tension at point X and in the A-th family of fibres. The 
condition a A ~ 0 holds for A = 1, ... , m and every X E !J. We shall assume that for 
a A > 0 the material of the fibre can be treated as elastic with the strain-stress relation 
given by CA = tpA(X, a A). Putting KA(X, a) = Otp (X, a)foa, (] ~ 0, and defining a A' 
eA as the values of the stress and strain rate, respectively, we shall assume that for every 
( e A' e A' (]A' a A) E R4 the following condition 

(2.2) [[sA > O] A [a A > o~ A [a A E R] A [eA = KA(X, a A) a A]] 

v[[sA = O]A [a A= O]A [a A > O]A [eA = KA(X , O)aA]] 

v[[eA = 0]/\ [O'A = 0]/\ [aA = 0] /\ [eA ~ 0]] 

v[[sA < O]A [a A= O]A [a A= O]A [eA E Rl], A= I , ... , 'm , 
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ON FIBROUS SLENDER MATERIALS 719 

holds; at the same time the formula (2.1) has to be taken into account. It can be shown 
that the condition (2.2) is equivalent to e): 

{
R+ if e ~ 0, 

(2.3) e A- KA(X, (J A)a A E NrE(eA) (a A)( a A), E(e) = {0} t'f C! < 0, ., A=L, ... ,m. 
The relation (2.3) can also be transformed to the form 

(2.4) 
iJA).A = 0, aA E TE(e")(aA), A= 1, ... , m. 

In the foregoing formulas the subsets E(eA) of R have to be interpreted as the sets of all 
a A which are admissible for the prescribed value of eA. 

The constitutive relations (2.3) and (2.4) can be easily modified by assuming that there 
exist plastic deformations e~ (X) and putting 

(2.5) 
l [0, a~(X)] if eA ~ e~(X), 

E(eA) = \ {0} if eA <: e~(X), A= 1, ... , m, 

where a~(X) is the known yield stress. Taking into account Eq. (2.5), we arrive at the case 
of what can be called elastic-plastic-slender deformations which are described by the 
formulas (2.4) and (2.5). In what follows we shall restrict ourselves to the case of elastic­
slender deformations which are described by the formulas (2.4) in which E(e) is defined 
by Eq. (2.3h. 

Jt must be emphasized that the "slender" models of fibres proposed in the paper cannot 
be used is such problems as the bending or buckling of fabrics in which the compressive 
forces also have to be taken into account. 

3. Incremental theory of finite elastic-slender deformations 

Let the mapping t --+ p( ·, t) E q) describes a certain motion of the material surface 
under consideration and let a A ( ·, t), A = 1, ... , m, be the stress distribution at the time 
instant t, defined almost everywhere on Q. Moreover, let b(X, t) E R 3 be the external 
body and inertia force density (related to Q and defined a.e. on Q) and let s(X, t) E R2 

be the boundary traction density (related to (}Q and defined a.e. on 8Q). Let us also intro­
duce a linear topological sp~ce V of the (sufficiently regular) functions v: Q --+ R 3 , which 
will be treated below as the test functions. The equations of motion of the material surface 
under consideration will be postulated in the form (2) 

m 

(3.1) J ,21 
a A(X, t) G~P(X)p~ cx(X, t)vk,p(X)dv(X) 

Q A=l 

= f P~cx(X, t)scx(X, t)vk(X)da(X)+ J [P~cx(X, t)bcx(X, t)+nk(X, t)b3 (X, t)]vk(X)dv(X), 
o!J a 

(1) For any closed, convex and nonempty subset L1 of R", we define NLJ(x): = {z ~ Rniz· (w-x) ~ 0, 
VweLl} for xeLl; NL1(X)=c/> for xeR""'-Ll, TLJ(x):= {zeR"iz·w~O VwEN,1(x)} for xeLl; 

T,1(x) = ¢ for x E R""'-Ll and refer N,1(x), T,1(x) to as a normal and tangent cone, respectively, to a set 
L1 at a point x E R". 

(2) The indices tX {3, run over the sequence 1, 2, while the index k runs over 1, 2, 3; summation con­
vention holds. The symbol n(X, t), X E Q, stands for the unit vector normal to the surface p(Q, t) in R3 

at point p(X, t). 
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which has to hold for every v E V and every time instant t, for which all integrals exist. 
The equations of motion (3.1) can be expressed in a simple form. To this end we introduce 
the linear topological space W of the functions w: Q --+ Rm and the linear continuous 
operators (defined for every p E.!'}) AP: V--+ W given by 

(3.2) (Apv)(X) = (tr[Vp(X)G1(X)VvT(X)], ... , tr[Vp(X)Gm(X)Vv(X)J). 

We shall also introduce dual pairings (V, ( , ), V*), (W, ( , ), W*) and the operator 
A;: W*--+ V*, conjugate to AP, i.e. such that (Apv, S) = (v, A: S) hold for every 
(v, S) E Vx W*. Defining the functionals 

(3.3) (v,fP(t)) = f p~(1.(X, t)s(1.(X, t)vk(X)da(X) 
an 

+ f [P~a(X, t)ba(X, t)+nk(X, t)b3 (X, t)]vk(X)dv(Xt 
D 

m 

(w, S(t)) = J .,1\vA(X)aA(X, t)dv(X), v E V, wE W, 
fl A=l 

we shall rewrite Eq. (3.1) in the form (Ap<t>v, S(t)) = (v,fp(t)), Vv E V,p(t) = p( ·, t), 
or 

(3.4) 

which has to hold for every time instant t for which the functionals S(t), /p(t) exist. 
The equations of motion (3.1) or (3.4) and constitutive relations (2.3) or (2.4) in which 

1 
t:A = t:A(X, t) = 2 tr[GA(X) (VpT(X, t)Vp(X, t)- VxT(X)Vx(X))], 

(3.5) eA = e(X, t) = tr[GA(X) (VpT(X, t)Vp(X, t))], 

aA=aA(X,t), aA=aA(X,t), A=1, ... ,m, 

constitute the governing relations of the theory of finite elastic-slender deformations. 

4. Incremental theory od small elastic-slender deformations 

Theories of small deformations of fibrous slender materials are based on the following 
assumptions: 

1. The fields sA(X, t), eA(X, t) in constitutive relations can be approximated by the 
fields obtained from the RHS of Eqs. (3.5)b 2 by linearization with respect to the displace­
ment gradients V [p(X, t)- x(X)], 

2. The equations of motion (3.1) and (3.4) can be approximated by the equations ob­
tained from Eq. (3.1) by linearization with respect to 

V[p(X, t)-x(X)], aA(X, t), sa(X, t), b(1.(X, t), b3 (X, t), 

3. The displacement field p( ·, t)- x( ·) for every time instant t, can be approximated 
by a certain field u( ·, t) from the linear topological space V. 

From Assumption 2 it follows that Eq. (3.4) has to be replaced by 

(4.1) A:s(t) = fx(t), 

http://rcin.org.pl



ON FIBROUS SLENDER MATERIALS 721 

where AH: V ~ W is defined by Eq. (3.2) for p = "· From Assumptions 1, 3 we obtain 
that 

(4.2) 
eA = sA(X, t) := tr[GA(X)Lxu(X, t)], 

SA= eA(X, t) = tr[GA(X)Lxu(X, t)], A= 1, ... , m, 

where 

(4.3) - 1 ( T T ) Lxu = 2 Vx Vu+ Vu Vu . 

Here L"' can be treated as the linear continuous operator defined on V and with values: 
in a certain linear topological spaces Yofthe functions D: Q ~ /(( 2 x 2 >. It must be empha­
sized that in the theories of small deformations the fields sA ( ·, t ), ~ ,1 ( ·, t) are defined 
by the formulas ( 4.2), i.e. they are not the strain and the strain rate fields, respectively. 
Let us also observe that the functional.h(t) in Eq. (4.1), defined by (cf. the formula (3.3)1 (3) . 

<v,.h(t)) = f u: cx(X)s«(X, t)vk(X)da(X)+ j [u~cx(X)b«(X, t) 
~ Q 

is independent of u( ·, t). 

The equation of motion (4.1) and constitutive relations (2.3) or (2.4) in which a A = 
= aA(X, t), GA := aA(X, t) and eA, eA are defined now by the formulas (4.2), constitute · 
the governing relations of the incremental theory of small elastic-slender deformations._ 

5. Theory of linear-elastic slender deformations 

We shall postulate now that the assumptions 1, 2, 3 of Section 4 hold and that for 
every a A > 0, strain-stress relations have the linear form sA = KA (X) a A, KA (X), A = 
= 1 , ... , m, being the known positive numbers. Then, due to the slenderness of fibres, 
for every (sA, O'A, a A) E R 3 the following condition holds: 

(5.1) [[aA > 0]/\ [a A ER]A [sA= KA(X)aAl]v[[aA = O]A [a A> O]A [sA= Ol] 

v[[qA = O]A [a A= O]A [sA~ Ol], A= 1, ... , m .. 

The foregoing condition is equivalent to 

(5.2) 

or to 

eA = KA(X)aA+AA, AA ENJi+(aA), aAAA = 0, a A E Tii+(aA), A= 1, ... , m. 

The equation of motion (4.1) and constitutive relations (5.2) in which aA = aA(X, t), .. 
aA = aA(X, t) and sA is defined by Eq. (4.2) 1 , are the governing relations of the theory­
of linear-elastic slender deformations. 

e) Here N(X) stands for a unit vector normal to the surface x(Q) in R3 at point x(X), X e Q. 
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.(;. Modelling of rigid-slender deformations 

N0w assume that the fibres can be treated as inextensible, i.e. they are subject to the 
conditioa sA ~ 0. Taking into account the slenderness of fibres, for every (eA, Cl A, eA, (r A) 
,E R4 we obtain 

(6.1) f[eA = O]l\ [CIA> 0]1\ [a A E R]l\ [eA =OJ] 

Hence 

(6.2) 

-or 

v[[eA = 0]1\ [CIA= 0]1\ [a A> 0]1\ [sA= OJ] 
v[[eA = 0]1\ [CIA= 0]1\ [a A= 0]1\ [sA~ Ol] 

v[[eA < 0]1\ [CIA= 0]1\ [aA = 0]1\ [sA E Rl], A= I, ... , m. 

{
R+ 

E(e) = {O} 
if e = 0, 

if e < 0, 

·(6.3) eA('l'-CIA)~O VrEL'(eA), uAeA=O, aAET.z:(I',.><CIA), A=I, ... ,m. 

are the constitutive relations of rigid-slender deformations. It can be easily observed that 
the relations (6.2) and (6.3) constitute a special case of Eqs. (2.3) and (2.4) in which 
KA = 0. For small deformations we obtain the conditions (5.I) and (5.2) in which KA = 0. 
Thus the constitutive relations for small rigid-slender deformations will be given by 

-(6.4) eA ENR.+(CIA), aAeA = 0, (IA E TR.+(CIA), A= I, ... , m. 

Note that the condition eA E NR.+ (a A) in the relations (6.4) is equivalent to the condition 
-oA E NR.._(eA). 

Using the approach analogous to that of Sects. 3, 4, 5, but taking into account the 
-constitutive relations (6.3) or (6.4) (instead of the constitutive relations (2.4) or (5.2), 
respectively) we obtain the governing relations of what can 'be called: 

I. The theory of finite rigid-slender deformations, based on the equation of motion 
{3.I) or (3.4), constitutive relations (6.3) and formulas (3.5). 

2. The incremental theory of small rigid-slend~r deformations, based on the equation 
~f motion (4.1), constitutive relations (6.3) and formulas (4.2). 

3. The theory of small rigid-slender deformations, based on the equation of motion 
{4.I), constitutive relations (6.4) and formula (4.2) 1 • 

It must -be emphasized that the formulation of special problems within the theories 
formulated in Sects. 3, 4, 5 as well as the theories mentioned above requires also infor­
mations about the interrelation between the material body under consideration and its 
exterior. The general form of this interrelation will be proposed in the subsequent section. 

7. External constraints and loadings 

Let Fa, a = 1 , ... , n, be the known parts of ti and ga: Fa ~ R 2
, a = 1 , ... , n, be the 

known fields of the unit vectors. Taking into account the physical premises concerning 
fibrous materials, we shall postulate the external kinematic constraints in the form 

g~(X)p~oc(X, t)pk(X, t) ~ 0, X Era, a - 1' ... 'n. 
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Putting 

(7.1) E (p(t)): = {v E Vlvk(X)P~cx(X, t)g~(X) ~ 0 for a.e. X E Fa, a = 1, .. . , n} 

and using the general theory of constraints, [6], we shall assume that the functional fp(t), 
j~(t) E V* determining the external forces in the equation of motion (3.4) is given by (4

) 

(7.2) fP(t) = IP(t) + r(t), r(t) E - OXs<P<t» (p(t) ), 

where lp(t) are the loadings and r(t) are reactions to the kinematic constraint,P(t) EE(p(t)). 
The formula (7.2) will be applied in theories of finite deformations. 

On passing to theories of small deformations, we have to replace the deformation 
gradients P~cx(X,t) in Eq. (7.1) by the gradients X~cx(X); such an approximation is consistent 
with the assumptions mentioned at the beginning of Sect. 4. Putting 

(7.3) 

we shall assume that the functional-fx(t),fx(t) E V* in the equation of motion (4.1) is 
given by 

(7.4) fx(t) = f,Jt) + r(t), r(t) E - OXs ( u(t) ), u(t) =: u( ·, t), 
•I 

where l;<(t) are the known loadings. The formula (7.4) will be applied in incremental 
theories of small deformations. In the nonincremental theories we shall postulate the 
external constraints in the form u(t) E E. Hence 

(7.5) fx(t) = l,e(t) + r(t), r(t) E - oxs ( u(t) ), 

has to be substituted into the equation of motion (4.1) if we deal with the theory of small 
elastic-slender or rigid-slender deformations. Postulating Eqs. (7.2), (7.4) or (7.5), we 
have tacitly assumed that the problems under consideration are quasi-static problems, 
i.e. we have neglected inertia forces. It must be also emphasized that the functionals r(t), 
r(t) E V* can have a more general representation than that given by the formula (3.3) 1 ; 

that is why the equation of motion has to be postulated in the form given by Eqs. (3.4) 
or (4.1) instead of that given by Eq. (3.1). The functionals lp(t) have representations of 
the form (3.3) 1 and hence they depend on the deformation p(t); the functionals /)((t) 
have representations of the form (4.4) in which x~cx(X( ·) and Nk( ·) are known. 

8. On the formulation of boundary-value problems 

Using the results of Sects. 2-7 we can now formulate the basic boundary-value problems 
for fibrous slender materials. We confine ourselves to the quasi-static problems only and 
assume that the initial values of the functions t -+ (p(t), a(t)) or t -+ (u(t), a (t)) , where 
a(t) = (a 1 ( ·, t), ... , am(·, t)) are known. We are not going to investigate the formulated 
problems from the point of view of the existence and uniqueness theorems; hence the 
spaces V, V* and W, W* are not made precise here (the existence theorems concerning 
plane static problems will be studied in [7]). 

(~)The symbol Xs stands for the indicator function of the set Z in Vand ox 3 (v) is the subdifferential 
of Xs at v E V; here Z is a nonempty closed, and convex cone in V.The subset ox:::(v) of V* represents 
the cone normal to Z at v E V; it is the set of all reactions due to the constraints vEE, while - cx5 (v) 

the set of all reactions maintaining the constraints (external reactions). 
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I. Incremental theory of finite elastic-slender deformations. We look for the function 
t---+- (p(t), a(t)) which satisfies the following relations: 

(8.1) A:<t> S(t) -lit) E - oxs<P<m (p(t) ), 

eA(X, t)-KA(X, aA(X, t))aA(X, t) ENrL'(eA(X,t))(aA(X,t))(aA(X, t));. 

A= 1, ... ,m; XED, 

where 

1 . 
cA(X, t) = 2 tr{GA(X)[VpT(X, t)Vp(X, t)-VxT(X)Vx(X)]}, 

and where S(t) is given by Eq. (3.3h. The functionals lp(t) are assumed to be uniquely 
determined by the deformations p(t); the mappings E( ·), KA( ·),A = 1, ... , mare assumed 
to be known. 

2. Incremental theory of small elastic-slender deformations. We look for the function 
t ---+- (u(t), a(t)) which satisfies the relations 

(8.2) A:s(t)-IAt) E -oxs(u(t)), 

where 

eA(X, t)-KA(X, O'A X, t))aA(X, t) ENrL'(eA(X,r))(aA(X,t))(aA(X, t)); 

A=1, ... ,m; XED~ 

1 
cA(X, t) = 2 tr{GA(X)[VxT(X)Vu(X, t)+VuT(X, t)Vx(X)]}, 

and where S(t) is given by Eq. (3.3h. The functionals lx(t) and mappings KA ( ·), A = 

= 1 , ... , m, as well as the subset E of V are assumed to be known. 
3° Theory of small elastic-slender deformations. We look for the function t ---+- (u(t)~ 

a(t)) which satisfies the relations 

(8.3) A:s(t)-l"(t) E -oxs(u(t)), 

cA(X,t)-K .. .(X)aA(X,t)ENrii+<a .. <X.t))(aA(X,t)); A= 1, ... ,m; XED~ 

where 

1 
cA(X, t) = 2 tr {G A(X)[Vxr(X)Vu(X, t)+ Vur(x, t)Vx(X)]}, 

and where S(t) is given by the relations (3.3h. The functionals lx(t), functions KA ( ·), A = 
= 1 , ... , m, and subset E of V are assumed to be known. 

Substituting KA = 0, A = 1, ... , m, into the relations (8.1)-(8.3), we arrive at the 
corresponding theories of the rigid-slender deformations. Taking into account the equiv­
alent forms of the constitutive relations in the relation~ (8.1)-(8.3) (cf. the formulas 
(2.4) and (5.2)), we conclude that the problems under consideration are governed by systems 
of quasi-variational inequalities (in the incremental problems) or variational inequalities 
(in the nonincremental problems, i.e. problems governed by relations of the form (8.3)). 

Now assume that~ is a set of plane deformations p: D---+- R2
, cf. Sect. 2; hence every 

V p(X), X E D is a 2 x 2 nonsingular matrix and V can be assumed as a linear topological 
space of (sufficiently regular) functions V: D---+- R 2

• The formulas (3.1), (3.3), (4.4}. (7.1) 
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and (7.3) hold under the assumption that the index k runs over 1, 2 and that b3 = 0. 
Thus we obtain the class of what will be called the plane problems. 

As examples of the plane problems we shall formulate the static plane problems of the 
theories of small elastic-slender and rigid-slender deformations. We are going to show 
that the forementioned problems are described by systems of two variational inequalities. 
Let u = id and define A = A~ for u = id. From the relations (8.3) we obtain (cf. also 
the formulas (5.2)) 

{8.4) A*S-/E -oxs(u), 

eA(X)-KA(X)aA(X)ENi+(aA(X)), A= 1, ... ,m, XED, 

where 

1 
eA(X) = tr[G A(X)Lu(X)], Lu(X) = 2 [Vu(X) + VuT(X)], 

Au(X) = (tr[G1(X)Lu(X)], ... , tr[Gm(X)Lu(X)]). 

Let L1 be the closed convex cone in W* defined by 

(8.5) L1: = {S E W*iaA(X) ~ 0 for a.e. X E !J, A= 1, ... , m}, 

where 

m 

(w, S) = J LwA(X)aA(X)dv(X), 'v'w = (wl(- ), ... , wmC ))E w. 
ll A= 1 

_Let K: W* -+ W be the linear monotone operator such that 

m 

{8.6) (KS, S) = J ,2; KA(X)aA(X)aA(X)dv(X) , S, sEW*. 
Q A=l 

Using Eqs. (8.5) and (8.6), the constitutive relations (8.4)2 can be written down in the 
form 

Au-KS E ox.1CS), 

where XLI is the indicator function of the closed convex cone L1 in W*' and ox.d (S) is its 
subdifferential at S E W*. Hence we conclude that the static plane problem of the theory 
of small elastic-slender deformations can be stated as follows: find (u, S) E V x W* such 
that 

(8.7) 
A*S-1 E -oxs(u), 

Au-KS E ox.1(S), 

holds. We have tacitly assumed that in every problem under consideration the objects 
I E V*, K: W* -+ W, E c V and L1 c W* are known. Introducing the linear topological 
space Y of the functions D: Q-+ R<2 x 2) (cf. Sect. 4) such that LV c Y and the linear 
continuous operator G: Y -+ W, defined by 

GD(X) = (tr[G1 (X)D(X)], ... , tr[Gm(X)D(X)l), 

we obtain A = GL. Hence the relations (8. 7) can also be written down in the alternative 
form 
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(8.8) 
L*G*S-1 E -oxs(u), 

GLu- KS E ox~(S), 

Cz. WoZNIAK 

in which the geometry of the fibre structure of a material is described by mapping G: Y --+ W. 
It can be shown that for the rigid-slender static deformations we obtain the fo,Howing 

problem: find (u, S) E Vx W* such that 

(8.9) 
A*S-1 E -oxs(u), 

Au E ox~(S), 

holds. This is a special case of the relations (8. 7) in which K = 0. But w E ox~ (S) implies 

S E oz1(w) = oz~.(w) where Lf* is a cone conjugate to Lf, and given by 

Lt*:= {wEWiw= (w1 (·), .•• ,wm(·)), wA(X)~O fora.e. XE!J, A= l, ... ,m}. 

Hence the problems of plane rigid-slender static deformations are governed by the system 

of two following variational inequalities: 

(8.10) 
A*S-1 E - oxs(u), 

s E ox~·(Au). 

The detailed analysis of the static problems formulated here will be given in [7]. 

9. Examples of solutions 

To illustrate the general considerations developed in the paper, we shall analyse the 

plane, axially-symmetric problem for a material made of two families of slender fibres 

and subject to the radial boundary tractions Pa, pb (cf. Fig. 2). We introduce the polar 

FIG. 2. 

reference frame (!, () on the plane OX1X 2
, putting X 1 = ecos (), X 2 = esin() for every 

X E (X1
, X 2

) E !J, !J being the circular annulus: a < a < b, 0 ~ () ~ 2n. The basic un­

knowns are: radial displacements u = u(e) and tensions a(!= a(!(e), a0 = a0(e) in the radial 

and circumferential fibres, respectively. The problem of finding u( ·), a(!(·), a8 ( ·) will be 

formulated as a problem of small elastic-slender deformations, which is governed by (8.4). 

We are not going to introduce any constraint for deformations; hence the relation (8.4)1 
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reduces to A*S = I. Under the known regularity conditions, the equilibrium equations 
A* S = I yield the well-known formulas 

(9.1) (eGg),e- Go = 0 for (! E (a, b), Ge(a) = Pu Gg(b) = Pb. 

We have assumed here that the subscript A runs over e, 0. Putting K = K(/ = K8 and 
assuming that K is constant, we obtain from the relation (8.4h 

(9.2) eg-KG(} ENi.(G(}), e8 -KG8 EN"R.(G11). 

Here and in what follows we neglect the argument e in basic formulas. The fields G A ( • ),. 

A = l!' 0, are now given by 

G,=[~ ~]. G,=[~ ~2], eE(a,b). 

Hence, from 

we obtain the strain-displacement relations in the known form 

(9.3) 
u 

eo=-. 
e 

Eliminating ee, e0 from the relations (9.2) by means of the relations (9.3) we arrive at 
the system of equations and inequalities for the functions: u(e), G(}(e), G0(e), in which. 
K, a, b, p0 , pb, are assumed to be known. It can be easily shown that the solutions of 
this problem exist only if p, ~ 0 and Pb ~ 0. Putting aside the detailed calculations, we: 
shall confine ourselves to the final results. 

1. Let us firstly assume that Pa > 0; then the existence and the form of the solutions: 
depends on the ratio PbPa - 1 • It can be shown that the following special cases have to be: 
taken into account: 

1.1. Case PbPa- 1 < ab- 1
: there are no solutions. 

1.2. Case PbPa - 1 = ab- 1
: the solutions are given by 

Go = 0, 

where D is an arbitrary constant satisfying the condition 

b 
D ~ -ap0 Kln - . 

a 

(! E (a, b), 

1.3. Case ab- 1 < PbPa - 1 < 0.5 [1 + (a/b) 2
]: there exists the "free boundary" e = r,. 

r E (a, b), determined by 

such that for e E (a, r) we have 

e u = apaKln-, 
r 
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.and for (! E (r, b) we get 

AK 
u = --+CKf!, 

(! 

·where we have denoted 

A = r2b2 (Pr-Pb) 
- b2-r2 ' 

1.4. Case pbp;1 ~ 0.5[1 + (afb)l]: the solution is given by 

·where 

AK 
u = --- +CKe, 

(! 

A 
a(}= - 2 +C, 

(! 

Cz. WozNIAK 

2. Now assume that 'Pa = 0: then the existence and the form of solutions depends on 
1he value of Pb. The following special cases have to be taken into account: 

2.1. Case Pb < 0: there are no solutions. 
2.2. Case Pb = 0 : the solutions are given by 

u = cp((!), a(} = 0, a8 = 0, (! E (a, b), 

where cp((!) is an arbitrary function satisfying the conditions: q;(e) ~ 0 and (/J ,rp((!) ~ 0 
for every (! E (a, b). --

2.3. Case Pb > 0: the solution is given by 

AK A A . 
u = - --+CKe, ae = - 2 +C, a6 = - 2 +C, e e (a , b), 

(! (! (! 

-where 

Now assume that the fibres are inextensible, passing to the theory of small rigid-slender 
·deformations. The governing relations are (9.1), (9.3) and 

·{9.4) 

or, equivalently, 

{9.5) 

It can be shown that the solutions exist under the condition that Pb ~ Pa b- 1 a and Pa ~ 0 . 
. For Pb = Pab- 1 a and Pa ~ 0 we get 

u = D, (]() = 0, (! E (a, b), 

where D is an arbitrary nonpositive constant. For Pb > Pa b-1 a and Pa ~ 0, we obtain 
.u = 0 and 
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where a6 ( ·) is an arbitrary nonnegative function such that 

b 

bpb-aPa = J O'fJd(!. 
a 

729 

Hence we see that the solution of problems concerning rigid-slender deformations is not 

unique. 
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