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On fibrous slender materials
Cz. WOZNIAK (WARSZAWA)

THE AM of the paper is to describe and discuss materials made of smooth and intersecting slen-
der fibres, i.e. fibres which are not able to sustain compressive forces. It is shown that, due to
the slenderness of fibres, the related problems lead to certain systems of quasi-variational in-
equalities. The obtained relations can be applied to an analysis of some problems concerning
fabrics and other textile-like materials.

Celem pracy jest opis i dyskusja materialdbw utworzonych z gladkich i przecinajacych sie wza-
jemnie wiotkich widkien, tj. wiokien nie przenoszacych sit Sciskajacych. Wykazano, ze zalozenie
wiotko$ci wiokien prowadzi do zagadnien opisywanych ukiadami nierowno$ci quasi-waria-
cyjnych. Otrzymane relacje moga byc stosowane do analizy niektorych probleméw dotyczacych
materiatow tekstylnych.

Ilenpio paboTh! SIBJISIETCSI ONMCAHHME M OOCY K/eHHE MaTepPHaJIOB, 00Pa30BAHHLIX H3 IJIAJKHX
M IIePeceKarolUXCsl B3aMMHO THOKHMX BOJIOKOH, T.e. BOJIOKOH HE TepeJarOl(HX CKHMATOIIMX
CHJI. HOKBSHHO, UTO IIPEOITOJIOMEHUE I'HGKOCTI/I BOJIOKOH IIPpHUBOJHT K 33JjayaM OIMCbIBaH-
HBIM CHCTEMaMH KBa3MBADHALMOHHBIX HepaBeHCTB. [loJiyueHHbIE 3aBHCHMOCTH MOTYT ObITh
NPHUMEHEHBbI K aHaJIM3y HEeKOTOpbIX 3a/ay, KacCalOIUXCS TEKCTHIILHBIX MaTepHasloB.

1. Introduction

THE OBJECTIVE of the paper is to formulate and discuss governing relations of materials
made of a few families of mutually intersecting smooth fibres. The constitutive modelling
of materials under consideration will be based on the following assumptions:

1. Every fibre is slender, i.e. it is unable to sustain any compressive force, bending
couple and torque.

2. Every configuration of a material is represented by m, m > 2, virtually continuous
families of smooth lines which occupy a regular region on a plane or on a smooth surface.

3. The material response depends exclusively on the material properties of fibres and
on the geometric structure of a fibre lattice.

The ideal materials under consideration will be referred to as the fibrous slender ma-
terials; in a separate paper we are to show that they can be applied to the analysis of some
special problems concerning fabrics and other textile-like materials. The approach pre-
sented here is different from the one given in [1-3] whére the “slenderness” of a material
was not related to its fibrous structure.

2. Modelling of elastic-slender deformations

Let 2 be the regular plane region and t,: Q->RL,A=1,....,m,m32,be conting—
ous fields of unit vectors such that |t,(X)  75(X)| < 1 for every 4 # B and every X € 2.
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Following the approach used in [4] for the modelling of smooth, thin and regularly distrib-
uted families of cords, we shall assume that the vectors #,(X) are tangent to the A-th
family of fibres, 4 = 1, ..., m (cf. Fig. 1 where m = 3). Thus we introduce the virtually
continuous description of the fibre lattice under consideration. If m = 3, then we deal
with the plane lattice in the sense of W. BLASCHKE, [5]. Let 2 be a set of smooth invertible

FiG. 1.

mappings (deformations) p: £ — R3; hence p(£2) is a smooth surface in R*® for every
p € 2. Moreover, let %, x € 9, be the known deformation. We shall assume that the ma-
terial of fibres is elastic and that x corresponds to the natural state of the fibre lattice under
consideration. The Lagrangian (plane) strain tensor will be defined by E(X) =
= 0.5[VpT(X) Vp(X)—VxT(X)Vx(X)], X €£2; note that the material gradients Vp(X), Vx(X)
are represented here by 3 x 2 matrices. Putting G,(X) = 1,(X) ® 1,(X) we define m scalar
fields £,(X) =tr [GU(X)EX)], A=1,....,m, Xef2. Hence the strains e,(X) in the
fibres of the A-th family are given by

e X) If e X) =0,
@1 e‘(X)z{ 0 if e, (X) < 0.

The formula (2.1) describes the fact that it is not possible to realize any shortening of
a fibre which is unable to sustain compressive forces.

Let o4 = 0,4(X) stand for a tension at point X and in the A-th family of fibres. The
condition o4 > 0 holds for 4 =1, ..., m and every X € 2. We shall assume that for
o4 > 0 the material of the fibre can be treated as elastic with the strain-stress relation
given by &, = @, (X, o,). Putting K,(X, o) = dp (X, 0)/do, 0 > 0, and defining &,,
&4 as the values of the stress and strain rate, respectively, we shall assume that for every
(¢4, 84,04, 64) € R* the following condition

(22) [[ea>0]Ao, > O[04 € RIA[64 = Ku(X, 0,)5,4]]
V[[leq =0]A[o, =0]A[6, > 0]A[&, = K (X, 0)o,]]
V[[ea = 0la[o4 = 0]A [6,4 = 0]A [£, < O]]
V[les < 0]afo, = 0]A [0, = O]A [&, €R]], 4=1,..,'m,
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holds; at the same time the formula (2.1) has to be taken into account. It can be shown
that the condition (2.2) is equivalent to (*):

; ; ; R,
(23) EA_KA(X, GA)UA GNTZ(EA)(G‘)(GA)y 2(6) = {{0} lf e < 0’ A = L, e, M.

The relation (2.3) can also be transformed to the form
'EA:KA(X, O-A)&A-J-A'Ai AA(T—O'A)SO, VTEE(EA),

(24) Gaka =0, G4eTy (@), A=1,..,m.

In the foregoing formulas the subsets 2(e,) of R have to be interpreted as the sets of all
o4 which are admissible for the prescribed value of ¢,.

The constitutive relations (2.3) and (2.4) can be easily modified by assuming that there
exist plastic deformations &4(X) and putting

P 1 > P
2.5) (o) = {[0, o4(X)] ff 8 > ei(X), )
{0} if e,<ef(X), A=1,..,m,

where ¢§(X) is the known yield stress. Taking into account Eq. (2.5), we arrive at the case
of what can be called elastic-plastic-slender deformations which are described by the
formulas (2.4) and (2.5). In what follows we shall restrict ourselves to the case of elastic-
slender deformations which are described by the formulas (2.4) in which 2(¢) is defined
by Eq. (2.3),.

It must be emphasized that the “slender” models of fibres proposed in the paper cannot

be used is such problems as the bending or buckling of fabrics in which the compressive
forces also have to be taken into account.

3. Incremental theory of finite elastic-slender deformations

Let the mapping ¢ — p(-, t) € @ describes a certain motion of the material surface
under consideration and let o4(-, 1), 4 = 1, ..., m, be the stress distribution at the time
instant ¢, defined almost everywhere on 2. Moreover, let b(X, t) € R be the external
body and inertia force density (related to 2 and defined a.e. on ) and let s(X, ) € R?
be the boundary traction density (related to 92 and defined a.e. on 9£2). Let us also intro-
duce a linear topological space ¥ of the (sufficiently regular) functions »: £ — R*, which
will be treated below as the test functions. The equations of motion of the material surface
under consideration will be postulated in the form (%)

m
il 5
(G.1) [ X ouX. DGPXpka(X, D)0, 5(X)do(X)
0 A=1 )
= f phAX, 05X, Do da(X) + [ [PE(X, DBX, D+r4(X, DB (X, Do) do(X),
a0 Q
-(1)}01‘ a_ny closed, convex and nonempty subset A of R", we define Ngj(x): = {z€ R"|z* (w—x) <€ 0,
Vwed} for xed; Na(x) =¢ for xe RN\A4, Ta(x): = {zeR"|z-w< 0 YweNs(x)} for xed;
Talx) = qS for x € R 4 and refer Na(x), Ta(x) to as a normal and tangent cone, respectively, to a set
A at a point x € R",
(%) The indices « /3, run over the sequence 1, 2, while the index k runs over 1, 2, 3; summation con-

vention holds. The symbol n(X, 1), X € 2, stands for the unit vector normal to the surface p({2, ¢) in R?
at point p(X,?). '
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which has to hold for every v € ¥ and every time instant ¢, for which all integrals exist.
The equations of motion (3.1) can be expressed in a simple form. To this end we introduce
the linear topological space W of the functions w: 2 — R™ and the linear continuous

operators (defined for everyp € @) A4,:V — W given by

(3.2) (4,9)(X) = (tr[Vp(X) G (X) Vo (X)), ..., tr[Vp(X) G.(X) Vo(X)]).

We shall also introduce dual pairings (V,{, >, V*), (W, (, ), W*) and the operator
A%*: W* > V*, conjugate to A,,i.e. such that (4,0,8) = <v, A} S> hold for every
(v, S) € Vx W*. Defining the functionals

33) oS0 = § X DS, Do) dacX)
1o

+ [ [Pra(X, DB (X, 1) 474X, DB (X, D]v(X)do(X),

w, S0 = [ Y w0 Xo X, Ddo(X), veV, weW,

2 A=1
we shall rewrite Eq. (3.1) in the form (A,yv, S(2)) = (v, (1)), Yo e V, p(¢) = p(-, 1),
or
(3.4 M S(0) = £,(0),

which has to hold for every time instant # for which the functionals S(¢), f,(¢) exist.
The equations of motion (3.1) or (3.4) and constitutive relations (2.3) or (2.4) in which

ey = 84X, 1) = %tr[GA(X) (VpT(X, 1) Vp(X, £)— V=" (X)Vx(X))],

3.5 £q = E(X, 1) = tr[G 4(X) (Vp"(X, )Vp(X, 1))],
og,=04X,1), o,=04X,8), A=1,..,m,

constitute the governing relations of the theory of finite elastic-slender deformations.

4, Incremental theory od small elastic-slender deformations

Theories of small deformations of fibrous slender materials are based on the following

assumptions:
1. The fields e4(X, t), £4(X, t) in constitutive relations can be approximated by the

fields obtained from the RHS of Egs. (3.5),,, by linearization with respect to the displace-

ment gradients V[p(X, t)—»(X)],
2. The equations of motion (3.1) and (3.4) can be approximated by the equations ob-

tained from Eq. (3.1) by linearization with respect to
VIp(X, )= =(X)], 0.4(X, 1), s*(X, 1), b*(X, 1), B(X, 1),

3. The displacement field p( -, #)—x(-) for every time instant ¢, can be approximated
by a certain field u(-, #) from the linear topological space V.
From Assumption 2 it follows that Eq. (3.4) has to be replaced by

4.1 AES() = £.(8),



ON FIBROUS SLENDER MATERIALS 721

where A,V — W is defined by Eq. (3.2) for p = ». From Assumptions 1, 3 we obtain
that

€y = SA(X’ t) = tr[GA(X)Lxu(X7 t)]’

G2 ta= 40X, 1) = tr[G (X LiX,0)], A=1,..,m,
where
4.3) Lu= %(V%TVM-I-VMTVM).

Here L, can be treated as the linear continuous operator defined on ¥ and with values:
in a certain linear topological spaces Y of the functions D: 2 — k2%, It must be empha-
sized that in the theories of small deformations the fields e (-, ¢), ¢..(, t) are defined
by the formulas (4.2), i.e. they are not the strain and the strain rate fields, respectively.
Let us also observe that the functional £,(¢) in Eq. (4.1), defined by (cf. the formula (3.3),(3)

@AO) = § X)X, Do) da(X) + [ OB, 1)

én Q
+N*(X)B3(X, D)o (X)dv(X),.
is independent of u(-, t).
The equation of motion (4.1) and constitutive relations (2.3) or (2.4) in which o, =

= 0,4(X,1),0, = 64(X, 1) and &4, &, are defined now by the formulas (4.2), constitute
the governing relations of the incremental theory of small elastic-slender deformations.

5. Theory of linear-elastic slender deformations

We shall postulate now that the assumptions 1, 2, 3 of Section 4 hold and that for
every o4 > 0, strain-stress relations have the linear form ¢, = K, (X) 04, K4(X), 4 =
=1, ..., m, being the known positive numbers. Then, due to the slenderness of fibres,
for every (e4, 04, 64) € R® the following condition holds:

(5.1) [los>0lA[64€RIA[e4 = KX)o J]V[[o4 = 0]A[6, > 0]A[e, = O]
V[l64=0lrl6,=0Ale,<0]], A=1,..,m.

The foregoing condition is equivalent to

(5.2) es— K (X))o, ENT,;JGA)(&A)’ A = 1y ettty

or to

eq=KiX)04+5y, A €Ngs(0y), Gala=0, G.€Tre(oy), A=1,...,m.

The equation of motion (4.1) and constitutive relations (5.2) in which o, = o,(X, 1),
64 = 64(X,t) and &, is defined by Eq. (4.2),, are the governing relations of the theory
of linear-elastic slender deformations.

(®) Here N(X) stands for a unit vector normal to the surface #(£2) in R? at point »(X), X € Q.
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6. Modelling of rigid-slender deformations

Now assume that the fibres can be treated as inextensible, i.e. they are subject to the
condition ¢, < 0. Taking into account the slenderness of fibres, for every (e,, 04, £4, 04)
€ R* we obtain
6.1) [[ea=0]A[o, > 0lA[6,€RIA[e, = 0]

V[lea = 0ln[o, = 0] [0, > 0]A [, = O]]
V[[ea =0]a[o, = 0]A[6, = 0]A [£, < O]]
V[[eq <O0lA[o, =0JA[6, =0lA[é4€R], A=1,..,m.

Hence

R, if &=0,
(6.2) RGO O S P
or

6.3) e4(r—0) <0 Vrvel(e,), 0484=0, d,€ Tre (o), A=1,..,m.

are the constitutive relations of rigid-slender deformations. It can be easily observed that
the relations (6.2) and (6.3) constitute a special case of Egs. (2.3) and (2.4) in which
K, = 0. For small deformations we obtain the conditions (5.1) and (5.2) in which K, = 0.
Thus the constitutive relations for small rigid-slender deformations will be given by
6.4 e,€Ng (o), 06,6,=0, G,e€Tgr (o), A=1,..,m.

Note that the condition &4 € Ng, (&A) in the relations (6.4) is equivalent to the condition
04 € Nr_(e4). =

Using the approach analogous to that of Sects. 3, 4, 5, but taking into account the
constitutive relations (6.3) or (6.4) (instead of the constitutive relations (2.4) or (5.2),
respectively) we obtain the governing relations of what can'be called:

1. The theory of finite rigid-slender deformations, based on the equation of motion
(3.1) or (3.4), constitutive relations (6.3) and formulas (3.5).

2. The incremental theory of small rigid-slender deformations, based on the equation
of motion (4.1), constitutive relations (6.3) and formulas (4.2).

3. The theory of small rigid-slender deformations, based on the equation of motion
(4.1), constitutive relations (6.4) and formula (4.2),.

It must be emphasized that the formulation of special problems within the theories
formulated in Sects. 3, 4, 5 as well as the theories mentioned above requires also infor-
mations about the interrelation between the material body under consideration and its
exterior. The general form of this interrelation will be proposed in the subsequent section.

7. External constraints and loadings

Let I';,a =1, ..., n, be the known parts of 2 and g, = R* a=1,..,n, be the
known fields of the unit vectors. Taking into account the physical premises concerning
fibrous materials, we shall postulate the external kinematic constraints in the form

EO0PWX, Dp(X, )20, Xel,, a—1,..,n.
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Putting
(1.1)  E(p@):= {veVuX)pr(X, t)gi(X) >0 for ae. Xel,, a=1,..,n}

and using the general theory of constraints, [6], we shall assume that the functional f,(¢),
fp(t) € V* determining the external forces in the equation of motion (3.4) is given by (*)

(7.2) Jo0) = L) +r(1),  r(1) € =dxz¢pen (P(1)).

where /,(¢) are the loadings and r(¢) are reactions to the kinematic constrdmtp(t) eZ(p(1)).
The formula (7.2) will be applied in theories of finite deformations.

On passing to theories of small deformations, we have to replace the deformation
gradients p*,(X,t) in Eq. (7.1) by the gradients x*,(X); such an approximation is consistent
with the assumptions mentioned at the beginning of Sect. 4. Putting

(7.3) E:={weVpX)x (X)gi(X)=20 Xel,,a=1,..,n}

we shall assume that the functional f,(z), f,(t) € ¥* in the equation of motion (4.1) is
given by

(7.4) flt) = LD +r(t),  r(t)e —dx=(a(t)), u() =u(-1),
where [,(t) are the known loadings. The formula (7.4) will be applied in incremental

theories of small deformations. In the nonincremental theories we shall postulate the
external constraints in the form u(¢) € 5. Hence

(7.5) L) = L(D+r@),  r(t) e —dx=(u()),

has to be substituted into the equation of motion (4.1) if we deal with the theory of small
elastic-slender or rigid-slender deformations. Postulating Eqs. (7.2), (7.4) or (7.5), we
have tacitly assumed that the problems under consideration are quasi-static problems,
i.e. we have neglected inertia forces. It must be also emphasized that the functionals r(t),
r(t) € ¥* can have a more general representation than that given by the formula (3.3),;
that is why the equation of motion has to be postulated in the form given by Eqs. (3.4)
or (4.1) instead of that given by Eq. (3.1). The functionals /,(¢) have representations of
the form (3.3); and hence they depend on the deformation p(¢); the functionals / ()
have representations of the form (4.4) in which »*,x(-) and N*(-) are known.

8. On the formulation of boundary-value problems

Using the results of Sects. 2-7 we can now formulate the basic boundary-value problems
for fibrous slender materials. We confine ourselves to the quasi-static problems only and
assume that the initial values of the functions ¢ — (p(¢), ¢(¢)) or t — (u(z), o (1)), where
a(t) = (a,(-, 1), ..., 0,(-, t)) are known. We are not going to investigate the fornulated
problems from the point of view of the existence and uniqueness theorems; hence the
spaces V, V* and W, W* are not made precise here (the existence theorems concerning
plane static problems will be studied in [7]).

(*) The symbol y z stands for the indicator function of the set Z'in V and ¢y z(v) is the subdifferential
of yz at v € V; here = is a nonempty closed, and convex cone in V.The subset dyz(v) of F* represents
the cone normal to = at v € ¥; it is the set of all reactions due to the constraints v € =, while — ¢y z(v)

the set of all reactions maintaining the constraints (external reactions).
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1. Incremental theory of finite elastic-slender deformations. We look for the function
t - (p(t), o(¢)) which satisfies the following relations:

(B.1) A} oS@)—1,(t) € —0x=run (I.’(f)),
e4X,0)—K, (X, g 4(X, t))"TA(Xs 1) ENTZ(SA(X"))(GA(XJ)) (éA(X, t)).f

A=1,....m; XeQ,
where

ea(X, 1) =t (G.((X) VpT(X, DV (X, )~ VT (X) V(X))

and where S(z) is given by Eq. (3.3),. The functionals /,(¢) are assumed to be uniquely
determined by the deformations p(t); the mappings Z( ), K,(*), 4 = 1, ..., m are assumed
to be known.

2. Incremental theory of small elastic-slender deformations. We look for the function
t — (u(t), o(t)) which satisfies the relations

(8.2) AxS()—h(r) € —dxs(u(®)),
E4(X, ) KX, 04X, 0))64(X, 1) € NT):(sA(X. )CAX. 1) (ca(X,0);

A=1,...,m; Xe@,
where

X, 1) = 4 (0G0 VAT (X)Vu(X, 1)+ VaT (X, V(X))

and where S(¢) is given by Eq. (3.3),. The functionals () and mappings K (), A4 =
=1, ..., m, as well as the subset = of V are assumed to be known.

3° Theory of small elastic-slender deformations. We look for the function z — (u(1),
a(2)) which satisfies the relations

(8.3)  A*rS(t)—L(t) e —dx=(u(r)),
eaX, )= Ka(X) 04 (X, 1) €Nt 0,0y (64X, D); A =1,...,m; XeQ,

where
e X, 1) = %tr{GA(X) [Va"(X)Vu(X, )+ VuT (X, )Vx(X)]},

and where S(¢) is given by the relations (3.3),. The functionals /,(¢), functions K (), 4 =
=1, ...,m, and subset = of V are assumed to be known.

Substituting K, =0, A = 1, ..., m, into the relations (8.1)-(8.3), we arrive at the
corresponding theories of the rigid-slender deformations. Taking into account the equiv-
alent forms of the constitutive relations in the relations| (8.1)-(8.3) (cf. the formulas
(2.4) and (5.2)), we conclude that the problems under consideration are governed by systems
of quasi-variational inequalities (in the incremental problems) or variational inequalities
(in the nonincremental problems, i.e. problems governed by relations of the form (8.3)).

Now assume that @ is a set of plane deformations p: £2 — R2, cf. Sect. 2; hence every
Vp(X), X € 2 is a 2 x2 nonsingular matrix and ¥ can be assumed as a linear topological
space of (sufficiently regular) functions V: 2 — RZ2. The formulas (3.1), (3.3), (4.4), (7.1)
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and (7.3) hold under the assumption that the index £ runs over 1,2 and that 5* = 0.
Thus we obtain the class of what will be called the plane problems.

As examples of the plane problems we shall formulate the static plane problems of the
theories of small elastic-slender and rigid-slender deformations. We are going to show
that the forementioned problems are described by systems of two variational inequalities.
Let % = id and define A = /A, for » = id. From the relations (8.3) we obtain (cf. also
the formulas (5.2))

84 A*S—le —dy=z(u),
SA(X)_KA(X)UA(X.)GNR+(UA(X))5 A=1,....,m, Xe,
where

6X) = (GO Lu(X)],  Lu(X) = V() +VaT (X)),

Au(X) = (tr[G(X) Lu(X)], ..., tr[G(X) Lu(X)]).
Let 4 be the closed convex cone in W* defined by

(8.5) A:= {SeW*o,(X)=>0 forae Xef, A=1,..,m},
where
w9 = [ D wXoDdeX), ¥Yw= (n(-), .. wal ) EW.
2 A=1

Let K: W* — W be the linear monotone operator such that
(8.6) (KS, S) = f ZKA(X)GA(X)BA(X)dv(X), S, Sew*
Q A=1

Using Egs. (8.5) and (8.6), the constitutive relations (8.4), can be written down in the
form

Au—KS € dx4(S),

where y, is the indicator function of the closed convex cone 4 in W*, and dy,(S) is its
subdifferential at S € W*. Hence we conclude that the static plane problem of the theory
of small elastic-slender deformations can be stated as follows: find (4, S) € ¥ x W* such
that

A*S—le —dyx=(u),
Au—KS € dy4(S),
holds. We have tacitly assumed that in every problem under consideration the objects
leV*, K: W* > W, ZE < V and 4 ¢ W* are known. Introducing the linear topological
space Y of the functions D: 2 — R@x2 (cf. Sect. 4) such that LV < Y and the linear
continuous operator G: Y — W, defined by

GD(X) = (tr[G,(X)D(X)], ..., tr[G.(X) D(X)]),

we obtain /1 = GL. Hence the relations (8.7) can also be written down in the alternative
form

3.7



726 Cz. WozZNIAK

L*G*S—1le —dys(u),

(8.8) GLu—KS € dx4(S),

in which the geometry of the fibre structure of a material is described by mapping G: ¥ - W.
It can be shown that for the rigid-slender static deformations we obtain the following
problem: find (u, S) € ¥x W* such that

A*S—le —ox=(u),
Au e ax,s(S),

holds. This is a special case of the relations (8.7) in which K = 0. But w € 9y, (S) implies
S € 0y¥(w) = Oya4(w) where A* is a cone conjugate to A, and given by

A* = {weWw= (W(+), ... Wm(-)), wo(X) <0 forae Xe@, A=1,..,m}
Hence the problems of plane rigid-slender static deformations are governed by the system
of two following variational inequalities:
A*S—le —dx=(w),

S € dy4(Au).

The detailed analysis of the static problems formulated here will be given in [7].

(8.9)

(8.10)

9. Examples of solutions

To illustrate the general considerations developed in the paper, we shall analyse the
plane, axially-symmetric problem for a material made of two families of slender fibres
and subject to the radial boundary tractions p,, p, (cf. Fig. 2). We introduce the polar

Fic. 2.

reference frame 0,0 on the plane OX'X?, putting X' = pcosf, X? = gsinf for every
X e (X!, X?) e, 2 being the circular annulus: @ < ¢ < 5,0 < 0 < 2n. The basic un-
knowns are: radial displacements u = u(p) and tensions g, = ¢,(g), 6y = (o) in the radial
and circumferential fibres, respectively. The problem of finding u(-), o,(), os( ) will be
formulated as a problem of small elastic-slender deformations, which is governed by (8.4).
We are not going to introduce any constraint for deformations; hence the relation (8.4),
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reduces to A*S = I Under the known regularity conditions, the equilibrium equations
A*S = | yield the well-known formulas

6.1 (00,),,—09 =0 for pe(ab), oc,a)=p, 0,b) = ps.

We have assumed here that the subscript A runs over g, 0. Putting K = K, = K, and
assuming that K is constant, we obtain from the relation (8.4),

9.2) &,— Ko, € Ng,(0,), €& —Kop € N5, (0y).

Here and in what follows we neglect the argument p in basic formulas. The fields G (),
A = p, 0, are now given by

10 00
GQ:[O 0]’ Gez[o 92], oe(a,b).

g %tr[GA(Vu+VuT)], A=0,0,

Hence, from

we obtain the strain-displacement relations in the known form
(9.3) &§=MU, & =—.

Eliminating ¢,, & from the relations (9.2) by means of the relations (9.3) we arrive at
the system of equations and inequalities for the functions: u(p), o,(0), 0s(p), in which
K, a, b, pa, py, are assumed to be known. It can be easily shown that the solutions of
this problem exist only if p, = 0 and p, = 0. Putting aside the detailed calculations, we:
shall confine ourselves to the final results.

1. Let us firstly assume that p, > O; then the existence and the form of the solutions.
depends on the ratio p,p,~!. It can be shown that the following special cases have to be:
taken into account:

1.1. Case py,p,~' < ab~': there are no solutions.

1.2. Case p,p,~! = ab™!: the solutions are given by

u= apaKln%JrD, g, = p,,%, g,=0, pe(ab),
where D is an arbitrary constant satisfying the condition
b
D < —ap,Kln e

1.3. Case ab™! < ppp,~* < 0.5 [1+ (a/b)?]: there exists the “free boundary” p =r,
r € (a, b), determined by

L=(”)2Pb_ P\ _(a)
a a Pa Pa b ’
such that for g € (a, r) we have

u:ap,,Kln%, 6, =pPo—, 0g=0,

a
0
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and for g € (r, b) we get

AK A A
U= —T"‘CKQ, U'e = —QT_'_C’ Oy = —?"i“C,

‘where we have denoted

A= rzbz(pr_Pibﬂ) C = bzpb_rzpr

=—p_p  C=Tpop o BTPy
1.4. Case ppp;!' = 0.5[1+(a/b)?]: the solution is given by
u= ——ZZ—K%-CKQ, g, = fi-i-C, Oy = —%-{—C, o €(a,b),
‘where
_ a’b*(p,—ps) _ b’py—a’p,
A = Cbr—ar L= b2 —a®

2. Now assume that p, = 0: then the existence and the form of solutions depends on
the value of p,. The following special cases have to be taken into account:

2.1. Case p, < 0: there are no solutions.

2.2. Case p, = 0: the solutions are given by

u= QJ(Q), 0 = 0: Gy = 0; gE (as b),
where @(p) is an arbitrary function satisfying the conditions: @(¢) < 0 and ¢ ,(0) < 0

for every g € (a, b).
2.3. Case p, > 0: the solution is given by

AK A 4
u= —_+CKQ, Gy, = 7727+C’ Og = _2_+C’ Qe(a’b)’
0 v € °
‘where
azbzpb bzpb
AS 5 C=pm g

Now assume that the fibres are inextensible, passing to the theory of small rigid-slender
-deformations. The governing relations are (9.1), (9.3) and

(9‘4) & € NR+(GQ)’ ] ENE+(UB)!
-or, equivalently,
49.5) 0, € Ng_(8,), 0y € Ng_(&0).

It can be shown that the solutions exist under the condition that p, > p, b~ a and p, > 0.
For p, = p,b~'a and p, = 0 we get

u=2D, 09=pa%, g,=0, o€(a,b),

where D is an arbitrary nonpositive constant. For p, > p,b~' a and p, > 0, we obtain
4 =0 and

[
.1
o= Ler [ad, ec@b).
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where o,(*) is an arbitrary nonnegative function such that
b
bp,—ap, =faade-

a

Hence we see that the solution of problems concerning rigid-slender deformations is not
unique.
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