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IV.

ON THE APPLICATION TO DYNAMICS OF A GENERAL 
MATHEMATICAL METHOD PREVIOUSLY APPLIED 

TO OPTICS

[British Association Report, 1834, pp. 513-518.]

The method is founded on a combination of the principles of variations with those of partial 
differentials, and may suggest to analysts a separate branch of algebra, which may be called, 
perhaps, the Calculus of Principal Functions', because, in all the chief applications of algebra 
to physics and in a very extensive class of purely mathematical questions, it reduces the 
determination of many mutually connected functions to the search and study of one principal 
or central relation. In applying this method to Dynamics, (having previously applied it to 
Optics,) Professor Hamilton has discovered the existence of a principal function which, if its 
form were fully known, would give by its partial differential coefficients all the intermediate 
and aU the final integrals of the known equations of motion.

Professor Hamilton is of opinion that the mathematical explanation of all the phenomena 
of matter distinct from the phenomena of life will ultimately be found to depend on the pro­
perties of systems of attracting and repelling points. And he thinks that those who do not adopt 
this opinion in all its extent must yet admit the properties of such systems to be more highly 
important in the present state of science than any other part of the appucation of mathematics 
to physics. He therefore accounts it the capital problem of Dynamics “to determine the 3w 
rectangular coordinates, or other marks of position, of a free system of n attracting or repelling 
points as functions of the time,” involving also 6n initial constants which depend on the initial 
circumstances of the motion and involving besides n other constants called the masses, which 
measure, for a standard distance, the attractive or repulsive energies.

Denoting these n masses by , , ... and their 3π rectangular coordinates by , ,
«1, ... , 2/n 5 ⅞ θJsθ component accelerations, cr second differential coefficients of
these coordinates taken with respect to the time, by ,yι,z'i, ...x",y",z", he adopts I^agrange’s 
statement of this problem; namely, a formula of the following kind,

∑m (x"8x + y"8y + z"8z) = 8U, (1.)
in which U is the sum of the products of the masses, taken two by two, and then multiplied by 
each other and by certain functions of their mutual distances such that their first derived 
functions express the laws of their mutual repulsion, being negative in the case of attraction. 
Thus, for the solar system, each product of two masses is to be multiplied by the reciprocal 
of their distance and the results are to be added in order to compose the function U.

Mr. Hamilton next multiplies this formula of Lagrange by the element of the time dt, and 
integrates from the time 0 to the time t, considering the time and its element as not subject at 
present to the variation δ. He denotes the initial values, or values at the time 0, of the co-
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or di n at es  x,  y,  z a n d  of  t h eir first diff er e nti al  c o effi ci e nts  x',  y',  z'  b y  α,  b,  c  a n d  a! , b' , c' ∖ a n d  t h us 
h e  o bt ai ns  fr o m L a gr a n g e ’s f or m ul a ( 1.) t his ot h er  i m p ort a nt f or m ul a

( 2.)

S  b ei n g  t h e d efi nit e  i nt e gr al

( 3.)

If t h e k n o w n  e q u ati o ns  of  m oti o n,  of  t h e f or ms

( 4.)

h a d  b e e n  c o m pl et el y  i nt e gr at e d, t h e y w o ul d  gi v e  t h e 3 n  c o or di n at es  x,  y,  z a n d  t h er ef or e als o  > S  

as  a  f u n cti o n of  t h e ti m e i, t h e m ass es ,,.. a n d  t h e Q n  i niti al c o nst a nts  α,  b,  c,  a' , b',  c' ∖ s o 

t h at, b y  eli mi n ati n g  t h e 3 n  i niti al c o m p o n e nts  of  v el o citi es  a',  b',  c' , w e  s h o ul d  i n g e n er al  o bt ai n  

a  r el ati o n b et w e e n  t h e I n +  2  q u a ntiti es  > Sf,  i, m,  x,  y,  z, a,  b,  c  w hi c h  w o ul d  gi v e  S  as  a  f u n cti o n 

of  t h e ti m e, t h e m ass es  a n d  t h e fi n al a n d  i niti al c o or di n at es.  W e  d o  n ot  y et  k n o w  t h e f or m of  

t his l ast f u n cti o n, b ut  w e  k n o w  its v ari ati o n  ( 2.) t a k e n wit h  r es p e ct t o t h e 6 n  c o or di n at es;  a n d  

o n  a c c o u nt  of  t h e i n d e p e n d e n c e of  t h eir 6 n  v ari ati o ns  w e  c a n  r es ol v e t his e x pr essi o n  ( 2.) i nt o 

t w o gr o u ps  c o nt ai ni n g  e a c h  3 n  e q u ati o ns:  n a m el y.

a n d

( 5.)

( 6.)

t h e first m e m b ers  b ei n g  p arti al  diff er e nti al  c o effi ci e nts  of  t h e f u n cti o n ∕ S, w hi c h  Mr.  H a milt o n  

c alls  t h e Pri n ci p al  F u n cti o n  of  m oti o n  of  t h e attr a cti n g  or  r e p elli n g s yst e m. H e  t hi n ks t h at, if 

a n al ysts  h a d  p er c ei v e d  t his pri n ci p al  f u n cti o n > Si a n d  t h es e gr o u ps  of  e q u ati o ns  ( 5.) a n d  ( 6.), 

t h e y m ust  h a v e  p er c ei v e d  t h eir i m p ort a n c e. F or  t h e gr o u p  ( 5.) e x pr ess es  t h e 3 n  i nt er m e di at e 

i nt e gr als of  t h e k n o w n  e q u ati o ns  of  m oti o n  ( 4.) u n d er  t h e f or m of  3 w  r el ati o ns b et w e e n  t h e ti m e 

i, t h e m ass es  m,  t h e v ar yi n g  c o or di n at es  x,  y,  z, t h e v ar yi n g  c o m p o n e nts  of  v el o citi es  x', y',  z'  

a n d  t h e 3 n  i niti al c o nst a nts  a,  b,  c;  w hil e  t h e gr o u p  ( 6.) e x pr ess es  t h e 3 n  fi n al i nt e gr als of  t h e 

s a m e k n o w n  diff er e nti al  e q u ati o ns as 3 n  r el ati o ns, wit h  6 n  i niti al a n d ar bitr ar y  c o nst a nts  

a,  b,  c,  a',  b',  c',  b et w e e n  t h e ti m e, t h e m ass es  a n d  t h e 3 n  v ar yi n g  c o or di n at es.  T h es e  3 n  i nt er­

m e di at e  a n d  3 n  fi n al i nt e gr als it w as  t h e pr o bl e m  of  d y n a mi cs  t o dis c o v er.  M at h e m ati ci a ns  

h a d  f o u n d s e v e n  i nt er m e di at e a n d  n o n e  of  t h e fi n al i nt e gr als.

Pr of ess or  H a milt o n ’s s ol uti o n of  t his l o n g c el e br at e d  pr o bl e m  c o nt ai ns,  i n d e e d, o n e  u n ­

k n o w n  f u n cti o n, n a m el y,  t h e pri n ci p al  f u n cti o n S,  t o t h e s e ar c h a n d  st u d y of  w hi c h  h e  h as  

r e d u c e d m at h e m ati c al  d y n a mi cs.  T his  f u n cti o n m ust  n ot  b e  c o nf o u n d e d  wit h  t h at s o  b e a utif ull y  

c o n c ei v e d  b y  L a gr a n g e  f or t h e m or e  si m pl e a n d  el e g a nt  e x pr essi o n  of  t h e k n o w n  diff er e nti al  

e q u ati o ns. L a gr a n g e ’s f u n cti o n st at es, Mr.  H a milt o n ’s f u n cti o n w o ul d  s ol v e t h e pr o bl e m.  T h e  

o n e  s er v es t o f or m t h e diff er e nti al  e q u ati o ns  of  m oti o n,  t h e ot h er  w o ul d  gi v e  t h eir i nt e gr als. 

T o  assist  i n p urs ui n g  t his n e w  tr a c k a n d  i n dis c o v eri n g  t h e f or m of  t his n e w  f u n cti o n, Mr.
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H a milt o n  r e m ar ks t h at it m ust  s atisf y t h e f oll o wi n g p arti al  diff er e nti al  e q u ati o n  of  t h e first 

or d er  a n d  s e c o n d d e gr e e,  (t h e ti m e b ei n g  n o w  m a d e  t o v ar y,)

( 7.)

w hi c h  m a y  ri g or o usl y b e  t h us tr a nsf or m e d, b y  t h e h el p  of  t h e e q u ati o ns  ( 5.),

( 8.)

£ > 1 b ei n g  a n y  ar bitr ar y  f u n cti o n of  t h e s a m e q u a ntiti es  t, m,  x,  y,  z, a,  b,  c, s u p p os e d o nl y  t o 

v a nis h  (li k e 8 }  at  t h e ori gi n  of  ti m e. If t his ar bitr ar y  f u n cti o n 8 ^  b e  s o c h os e n as  t o b e  a n  

a p pr o xi m at e  v al u e  of  t h e s o u g ht f u n cti o n 8,  ( a n d it is al w a ys  e as y  s o t o c h o os e  it,) t h e n t h e 

t w o d efi nit e  i nt e gr als i n t h e f or m ul a ( 8.) ar e  s m all, b ut  t h e s e c o n d is i n g e n er al  m u c h  s m all er 

t h a n t h e first; it m a y,  t h er ef or e, b e  n e gl e ct e d  i n p assi n g  t o a  s e c o n d a p pr o xi m ati o n,  a n d  i n 

c al c ul ati n g  t h e first d efi nit e  i nt e gr al t h e f oll o wi n g a p pr o xi m at e  f or ms of  t h e e q u ati o ns ( 6.) 

m a y  b e  us e d,

( 9.)

I n t his m a n n er,  a  first a p pr o xi m ati o n  m a y  b e  s u c c essi v el y a n d  i n d efi nit el y c orr e ct e d.  A n d  

f or t h e pr a cti c al  p erf e cti o n  of  t h e m et h o d  n ot hi n g  f urt h er s e e ms  t o b e  r e q uir e d, e x c e pt  t o m a k e  

t his pr o c ess  of  c orr e cti o n  m or e  e as y  a n d  r a pi d i n its a p pli c ati o ns.

Pr of ess or  H a milt o n  h as  writt e n  t w o Ess a ys  o n  t his n e w  m et h o d  i n D y n a mi cs,  a n d  o n e  of  

t h e m is alr e a d y  pri nt e d  i n t h e s e c o n d p art  of  t h e P hil os o p hi c al  Tr a ns a cti o ns  ( of L o n d o n)  f or 

1 8 3 4. *  T h e  m et h o d  di d  n ot  at  first pr es e nt  its elf t o hi m  u n d er  q uit e  s o  si m pl e a  f or m. H e  us e d  at  

first a  C h ar a ct eristi c  F u n cti o n  V,  m or e  cl os el y  a n al o g o us  t o t h at o pti c al  f u n cti o n w hi c h  h e  h a d  

dis c o v er e d,  a n d  h a d  d e n ot e d  b y  t h e s a m e  l ett er, i n his  T h e or y  of  8 y st e ms  of  R a ys.  I n b ot h  o pti cs  

a n d  d y n a mi cs  t his f u n cti o n w as  t h e q u a ntit y  c all e d  A cti o n,  c o nsi d er e d  as  d e p e n di n g  ( c hi efi y) 

o n  t h e fi n al a n d  i niti al c o or di n at es. B ut  w h e n  t his A cti o n- F u n cti o n  w as  e m pl o y e d  i n d y n a mi cs  

it i n v ol v e d a n  a u xi h ar y  q u a ntit y  H,  n a m el y,  t h e k n o w n  c o nst a nt  p art  i n t h e e x pr essi o n  of  h alf  

t h e h vi n g  f or c e of  a  s yst e m; a n d  m a n y  tr o u bl es o m e eli mi n ati o ns  w er e  r e q uir e d i n c o ns e q u e n c e,  

w hi c h  ar e  a v oi d e d  b y  t h e n e w  f or m of  t h e m et h o d.

Mr.  H a milt o n  t hi n ks it w ort h  w hil e,  h o w e v er,  t o p oi nt  o ut  bri efl y  a  n e w  pr o p ert y  of  t his 

c o nst a nt  H,  w hi c h  s u g g ests a  n e w  m a n n er  of  e x pr essi n g  t h e diff er e nti al  a n d  i nt e gr al e q u ati o ns  

of  m oti o n  of  a n  attr a cti n g  or  r e p elli n g s yst e m. It is oft e n  us ef ul  t o e x pr ess  t h e 3 n  r e ct a n g ul ar 

c o or di n at es y ,̂  Zj,  ... X n >  V n∙ >  ⅞  as  f u n cti o ns of  3 y ⅛  ot h er  m ar ks  of  p ositi o n,  w hi c h  m a y  b e  

t h us d e n ot e d, η ,̂  ... a n d  if 3 n  ot h er  n e w  v ari a bl es, nj g,  ... b e  i ntr o d u c e d a n d  

d efi n e d  as  f oll o ws,
I R∕j∕  ∖

* [ P p. 1 0 3- 1 6 1  of  t his v ol u m e.]

w w w.r ci n. or g. pl



IV. APPLICATION OF OPTICAL METHOD TO DYNAMICS 215 

it is in general possible to express, reciprocally, the 6n variables x, y, z, x', y', z' as functions of 
these 6n new variables η, zn; it is, therefore, possible to express as such a function the quantity

(11.)

(12.)
under the form

in which the part F is rational, integer and homogeneous of the second dimension with respect 
to the variables zπ. Now Mr. Hamilton has found that when the quantity H is expressed in this 
last way as a function of these 6n new variables, η, τa, its variation may be put under this form.

(13.)

η', τa' denoting the first differential coefficients of these new variables η, zσ, considered as 
functions of the time. The 3w differential equations of motion of the second order, (4.), between 
the rectangular coordinates and the time, for any attracting or repelling system, may therefore 
be generally transformed into twice that number of equations of the first order between these 
6n variables and the time of the forms

(14.)

To integrate this system of equations is to assign from them 6n relations between the time t, 
the 6n variables , ¾ and their Qn initial values which may be called , . Mr. Hamilton
resolves the problem, under this more general form, by the same principal function S as before, 
regarding it however as depending now on the new marks η, e of final and initial positions of the 
various points of the system. For, putting in this new notation

(15.)

and considering the time as given, he finds now the formula of variation

(16.)

(17.)

and therefore the 6n separate equations

which are forms for the sought relations.

Professor Hamilton thinks that these two formulae of variation, (13.) and (16.), namely.

and

are worthy of attention as expressing, under concise and simple forms, the one the differential 
and the other the integral equations of motion of an attracting or repelhng system. They may 
be extended to other problems of dynamics besides this capital problem. The expression H can 
always easily be found and the function a8' can be determined with indefinite accuracy by a 
method of successive approximation of the kind already explained.
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The properties of his Principal Function are treated of more fully in his “Second Essay on 
a General Method in Dynamics*”; in which he has introduced several forms of a certain 
Function of Elements, connected with the Principal Function and with each other, and adapted 
to questions of perturbation; and has shown that for the perturbations of a ternary or multiple 
system with any laws of attraction or repulsion and with one predominant mass the difiEerential 
equations of the varying elements of all the smaller masses may be expressed together, and as 
simply as in the usual way, by the coefficients of one disturbing function, (namely, the dis­
turbing part of the whole expression H,} and may be integrated rigorously by a coroUarv of his 
general method.

* This essay will be found in the Philosopliical Transactions for 183δ. [Pp. 162-211 of this volume.]
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