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J. J. Moreau’s approach to a fundamental problem: the quasi-static
evolution of a perfectly elasto-plastic body(*)

B. NAYROLES (MARSEILLE)

THE paper concerns the foundations of perfectly elastic-plastic bodies based on functional anal-
ysis. This functional analysis approach is used to formulate the basic system of equations de-
scribing a typical boundary value problem for infinitesimal strains and associated flow rules.
Certain existence and uniqueness theorems are proved and discussed.

Praca dotyczy podstaw sprezysto-idealnie plastycznych cial w terminach analizy funkcjonalnej.
Metody analizy funkcjonalnej wykorzystano do wyprowadzenia podstawowego ukladu réwnan
opisujacych typowy problem brzegowy przy zalozeniu nieskoficzenie matych odksztalcen i sto-
warzyszonych praw plyniecia. Udowodniono i przedyskutowano pewne twierdzenia o istnieniu
i jednoznacznosci typowego problemu.

Pabora KacaeTcss OCHOB YNPYTO-HAEAIHHO IJIACTHUECKHX Tel B TePMHHAX ()YHKIHOHAILHOIO
anamu3a. MeTtoas! [‘]YHHLU‘IOHWHOI‘O aHA/IH33 HCMOJIE30BaHE! MU BBIBOJA OCHOBOH CHCTEMBI
Y]JaBHI’.‘H]{ﬁ, ONMHUCBIBAXOLIMY THIIHYHYID KPacBYH 3aJady, NpPH IIPEIIIONIOMEHHH GecKOHeUHO
manerx Aedopmanmii ¥ acCOLMMPOBAHHBIX 3aKOHOB TeueHHA. [lokasawa M obcyH(IeHa HEKO-
TOpas TeopeMa CYLIECTBOBAHHA H €IHHCTBEHHOCTH THIOHYHOH 3aJauH.
VERY important progress has been made in the last five years, and they are mainly due to
French research workers G. DuvauT and J. L. LioNs on one hand and J. J. MOREAU on the
other. DuvAUT and Lions paid attention to the boundary value problem for partial deriv-
ative equations and much is to be learnt from their attempt to build a suitable functional
framework; actually their work seems to fit better the theme that was given to me. On the
other hand J. J. MOREAU sets an abstract problem that avoids some of the difficulties of
functional analysis; in fact, and at least up to now, Moreau has been more concerned with
the algebraic structure of the actual problem, than the functional frame would enable the
boundary value problem to be completely solved. A lot of fundamental questions may be
dealt with by means of this approach such as shake-down theorems, convergence of some
algorithms etc., and the existence of complete solutions in the case of the finite degree of fre-
edom. Overall Moreau’s algebraic construction furnishes a fine reference framework which
should lead mechanists to a much better understanding of plasticity. This is the reason why
Ichose to talk about it, thinking it would be very useful for people concerned with plasticity.

Let me now recall what the situation was up to 1970. The famous paper of W.T.
KoiTer ([6], 1960) still summed up the theoretical knowledge.

Many things were understood but few of them were actually proved : an easy uniqueness
theorem for the stress-field and an upper bound for plastic work in shake-down theory.
Variational principles were only half-established: it was proved that any possible solution
of the given problem would minimize such or such a functional, but generally the recipro-
cal statements were not established. MELAN’s theorem was nothing but a reasonable conjec-
ture, the so-called “proof™ of which, often repeated in literature, had no value (cf. O. DE-
BORDES et B. NAYROLES [3], 1975). Even the theory of limit loads needed to be established
on a better mathematical basis which I gave (B. NAYROLEs [17], 1970), using a new theorem

(*) I warmly thank the Polish Academy of Sciences for having invited me to give a general lecture
on the theme “Boundary value problems in elastoplasticity”.
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of convex analysis (R. T. ROCKAFELLAR [20], 1968). The very important theoretical question
was open: does there exist a solution to the evolution problem? A heuristic approach had
led to some more or less plausible algorithms, the efficiency of which rested mainly on
empirical skill, but no actual theory existed that could be compared to the firmly constructed
theory of linear elasticity. The main reason for this situation was the lack of appropriate
mathematics and the present progress is due to the development of non-linear analysis.
Hence it is not due to chance that J. L. Lionsis one of the main contributors to the
development of functional methods in numerical analysis, while J. J. MoReAuU ([7], 1966-67)
and R. T. ROCKAFELLAR ([22], 1970) have been the promotors of modern convex analysis,
the former with mechanical motivations, the latter with optimization problems in mind.

In 1971, Moreau published his first big paper on plasticity [9], followed by many others
([10] to [16]). Reference [15] is a synthetic exposition written in English and can be regarded
as a good introduction to the others; it is part of a collective book containing also lectures
by C. CASTAING [2], G. DuvauT [4], and myself [18] on closely connected matters. Up to
the present time Mox=FAU has proved all the desirable theorems for the case of the finite
degree of freedom such as is met in finite elements methods. Dealing with continuous
media he proved the existence of a unique solution for the evolution of the stress field,
using an algorithm that permits the computation of approximate solutions; the solution
is reached as a strong limit of these [10]. Probably at the same time, although published
a little later, G. DuvauT and J. L. LioNs obtained a similar existence theorem ([5], 1972);
but the numerical accessibility of the solution, which is reached as a weak limit, does not
appear so clearly. For continuous media these three research workers presently attempt
to solve the big difficulty encountered with the introduction of spaces of the L*’ type.

The connection between Moreau’s papers and boundary value problems may not be
evident to everybody, and my own contribution to the subject of this lecture will be to make
this connection clear. It will appear that the weak formulation associated with the virtual
work principle is the key to this connection; it allows mechanists to distinguish continuum
mechanics from the corresponding theory of partial derivative equations which they should
regard only as a closely connected matter, but not as the actual basis of these mechanics.
I ought to inform the reader that I shall have to propose a functional framework which
seems suitable for completing the following theory. I hope this choice will appear to be
a good one later on with the achievement of the theory.

Notation
2 non-empty bounded open set in R,
2 closure of 2,
42 boundary of £,

8; 2,0, 2, F,u® 09 is divided in two complementary parts. On d, 2 is given the displacement
field 4°; on 8, £ is given a superficial density of forces F. We may assume,
with no restriction of generality that 4° is defined on the whole £ and not
only on 4,2,

u+u® actual unknown displacement field, u vanishes on &, £2,
f given density of body forces, defined on £,
T 1[0, T)] interval of variation for the time 7,

1
grad,u (gradsu)y = = (un,y+uy,1),
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x unknown field of strain tensors, defined on 2
x° given field of strain tensors: x° = grad,u®— 0,
% given field of modulus of thermal dilatation tensors,
8 given field of temperature,
s unknown field of stress tensors (symmetrical),
divs (divs)y = siy,5,
n external unit vector normal to 422,
s° particular solution of the equilibrium Eq. (1.6),
§° elastic solution for stresses,
k field of stiffness tensors,
e elastic part of the strain x; x = e+p,
p plastic part of the strain,
E® space (isomorphic to R®) of strain tensors. At point M of 2x(M) belongs to ES,
F® space (isomorphic to R®) of stress tensors s(M)e FS,
a+ b any completely contracted product of two tensors or vectors: a- b = ab,,
(a* )y = ayby,
a b= ayy bu,
(k:e) = (kiymeim), and so on,
Cyu domain of elasticity at point M Cy < FS,

lal (a-a)'?,
a.e. ) “almost everywhere in £”, with respect to the ordinary Lebesgue’s meas-~
ure,

B(x,r) ball with centre x and radius r, in any metric space.

1. A typical boundary value problem. Virtual work approach and duality

With the notations defined above, let us write the equations of a typical boundary
value problem. Actually this one will be used only as a reference to introduce a much more
general framework

w {x = grad,u+x® on R,
u=20 on d, £2;
divs = — on £,
42 ‘s-n =Ff on 3, 9;
(1.3) x =e+p,
(1.4 s = Ke,
(1.5) VMe®R, p(M)e ¥en(s(M)).

As the Eq. (1.5) concerns the derivative p this set of equations defines an evolution
problem, at least if some initial conditions are added to it. The Egs. (1.3) to (1.5) define
the elastoplastic behaviour and will be studied in Sect. 2. Let us emphasize the meanings
of (1.1) and (1.2).

The Egs. (1.1) express some constraints on the kinematical variables x and . The given
tensor field x° summarizes all the useful information on g, 6, 4°, the definition of x°,
including the term — xf, is such that the null value of x corresponds to the unstressed state
when p is zero.

The Egs. (1.2) are the classical conditions of equilibrium. They can be understood
in the sense of distributions, or in what is more generally called a weak sense. Let us choose.
some space of “test-functions”, for instance
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V={oe(C)>v=0 on 392},

where C}, denotes the space of the restrictions to £ of functions that are continuously
differentiable on R>. In short, V¥ is a space of regular displacement fields that vanish on 4, 2.
A classical integration by parts shows that the Eqgs. (1.2) imply

(1.6) YoeV: —fgrad,v-s+fv-f+ f*v-F=0.
2 o ]

Conversely the “variational” equation (1.6) implies the Eqs. (1.2) if, at least, s is regular
enough to make them meaningful. Mathematicians, who usually start from (1.2), call
(1.6) the weak form of (1.2); but mechanists call it the virtual work equation and may
take it as a starting point. Therefore (1.6) is not weaker than (1.2) from a mechanical
point of view. We shall only use (1.6) in what follows.

However, the space V is possibly not rich enough to include the researched virtual
field u in the general case. We shall replace it by some larger space U of vector fields that
also vanish on 0,42 but subject to less restrictive regularity conditions. These conditions
will arise from the study of the constitutive equation (1.5), in a natural way, as well as
the regularity involved in the definition of the spaces X and S which are now to be intro-
duced.

The space of the considered strain fields x, subject to some regularity conditions, will
be denoted by X. This space will be chosen in such a way that

grad,;(U) < X,

and the image space grad,(U) will be denoted by 1.
The space of the considered stress fields s, subject to some regularity conditions, will
be denoted by S. The spaces X and S will be chosen in such a way that the integral

(x,5)eX xS > (x,5) = fx-s,
o

exists, at least in a more or less sophisticated sense. Hence the bilinear form denoted
by (-, *> is defined on the product X x S, and places these two spaces in duality. Let us
-assume that, for instance:

[CfesS, [C<X.

Then we have the following property: x(resp.:s), belonging to X (resp.:S) is null if, and
only if, {x, s) is zero whatever is s (resp.: x) in S (resp.: X). This property defines the duality
as “separating”.
There is no loss of generality in assuming that S contains at least one particular solution
5° of the Eq. (1.6).
Let us consider now the associated homogeneous equation, obtained for f = 0
and F = 0. The set of its solutions which belong to S is

J = {seS/Vx egrad; (V) {x,s) = 0}.

This linear subspace of S is the polar space of grad, (¥), hence denoted by
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J = [grad, (N)I°.
The space of displacement fields U is to be constructed in such a way that I be the
polar set of J
I =J° = [grad, (V)]°°

As is well known, I is nothing but the closure of grad,(F) with respect to the topologies
which are “consistent with the duality”(*). The reader is referred to [17] for some more
details,

Now the Eqgs. (1.1) and (1.6) can be written down shortly

a.mn x = x+I,
(1.8) s =5+,

where I and J are mutually polar sets.

2. Constitutive equations and functional setting

The Eq. (1.3) expresses the strain e as the sum of an elastic term e and of a plastic term p
respectively related to the stress s by the Eq. (1.4) and (1.5). Some more explanations
should be given about these equations.

At each point M of 2 is given the stiffness k(M), a positive symmetric tensor; we assume
that the field M — k(M) is measurable. The following assumption is usually made in the
linear theory of elasticity and we shall keep it for our purpose:

ASSUMPTION 1. There exist two positive numbers m, , m, such that

VMeQ, YacES: mal? <a k(M) a < mslal

The field of inverse tensors k~! possesses the same properties.
Now we may call “global stiffness” the operator K defined on the space of tensor
fields by

(Ke)(M) = k(M) - e(M).

Assumption 1 ensures that K is a one to one mapping of the functional space [L*(2)]®
into itself, whatever is a in [1, + 00]. Let us now consider the plastic part of strain.

At every point M of £ is given the “domain of elasticity” Cy, a subset of F® depending
on M(?). In the present study we do not pay attention to the particular criterion that defines
Cy, such as the Mises or Tresca’s criteria; we merely assume that Cy is a closed convex
set, the interior of which contains the origin.

The law of standard plasticity (i.e. satisfying Hill’s principle) is currently formulated
in these words: The stress tensor s(M) belongs to Cy,, and only two cases can happen;
either s(M) belongs to the interior of Cy and then the plastic rate p(M) = 0, or s(M) belongs
to the boundary and then the plastic strain rate p(M) may be any outward normal vector

(') These topologies are those for which the linear forms of the type

xXeEX—+<{x,5)€R, s5ES,

are all continuous linear forms defined on X,
(*) This dependence obviously means that the considered material is non-homogeneous.
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to Cy at the point s(M) (Fig. 1). One generally assumes that the boundary of C,, con-
sists of a finite number of smooth surfaces, hence the outward normal vectors are easily
defined at every point of this boundary. This formulation is usually called “the theory of
generalized plastic potential”,

HiLL’s principle is known to give an equivalent formulation by writing

S'(M)ECM
VoeCu:  p(M)- [s(M)—a] > 0,

which is the most efficient way to formulate the plasticity law. In fact it is free of any regu-
larity assumption but the convexity of Cy,. Inequalities of this sort are very often met with
in convex analysis; hence a special concept has been elaborated to formulate them.

(2.1)

0¥, (s+) is the hachured
cone

Conditions (2.1) express p(M) as an element of the “subdifferential” set denoted by
3¥c,,(s(M)). A shorter way to write (2.1) is

@2) (M) € e, (s(M)).

This subdifferential set 3%, (s(M)) is nothing but the cone of outward normal vectors
to Cy at the point s(M). If s(M) belongs to the interior of Cy, then this cone is reduced
to the single element 0. If s(M) belongs to the boundary, this cone contains other elements
besides 0. On the other hand, if (M) does not belong to Cy, this cone is empty. Let us
now put

C ={seSlaes(M)eCy}.

Using the subdifferential notation in the same way as in the above we can write

. seC,
@) Feotob) ¢=VueC ¢ s—d5 =0,

By integration over {2 it can easily be seen that if (2.2) is satisfied almost everywhere
in Q then (2.3) is satisfied; but the reciprocal statement is much more difficult to establish.
R. T. ROoCKAFELLAR ([20], 1968) gave a set of assumptions which ensures the implication
(2.3) = (2.2). They involve, at first, the measurability of the multivalued mapping:

ME-Q_’CMCFG,

and some conditions of “properness” which are always satisfied in mechanical practical
cases. Rockafellar’s theory needs, in additon, that X and S be “decomposable” spaces,
an assumption which is satisfied by space such as [L*(£2)]° but not by [Cglﬁ.
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As we shall comply with these assumptions the equivalence

[a.e. 25 (M) e 3V, (s(M))] <> p € 0¥c(s),

will hold; this is precisely the equation we had numbered as (1.5) above.
Now the “abstract problem” we referred to in the introduction is formulated by a set
of equations which are already written

xex®+I, ses®+J, x=e+p,
s=Ke, ped¥cs),

where I and J are two mutually polar linear subspaces of the spaces X and § placed in
duality. At this stage we seem far away from the boundary value problem initially formulated
as a reference. But this set of equations holds for every perfectly elastoplastic mechanical
system, a continuous solid or a discrete structure, under the usual assumption of infini-
tesimal displacements. This generality is the main advantage of the abstract approach.

Up to now Moreau worked under the assumption that K~! is a mapping of S onto
X, which is the usual case for discrete structures, X and S being then of the same finite
dimension. When X and § are function spaces we shall have to give up this assumption,
otherwise the abstract problem would seem of no practical meaning.

Let us now introduce:

ASSUMPTION 2. The convex sets Cy are uniformly lower-bounded and upper-bounded
by constant balls, i.e.:

Ir, >0, 3r,>0, VMeQ: B(O,r,)c Cyc BO,r,).

This assumption seems to forbid the use of criteria of the Von Mises type since they
give a cylinder for Cy . But we shall see in Sect. 5 that it can be replaced by another
assumption which comes back to the same if one uses a more sophistocated functional
framework. Let us keep assumption 2 for the sake of simplicity.

The right-hand side inclusion implies that every measurable stress field, whose value
belongs to Cy, for almost every M belongs to [L®(£2)]°; thus we shall choose this function
space as S. Then the left-hand side inclusion involves that C possesses a non-empty interior
with respect to the norm topology of S

BO,r,) = C.
By some classical properties of convex sets in topological linear spaces this ensures that
0¥¢(s) is not reduced to {0} when s belongs to the boundary of C, and, obviously, this is

necessary for the existence of a non-zero plastic strain rate p. Such a p is expected as an
element of the topological dual space of S; hence, we are induced to choose

X = [L¥'(Q)°,
S = [L2(Q)F.

In view of the properties of K previously noticed the elastic strain e is an element
of the space

(2.9)

E = K7(S) = [L2(Q).
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The choice of X and S has been made in a somewhat compulsory way, and now we meet
some difficulties. These will now be explained.
To define J is easy since we can use the space ¥ of test-functions and put

2.5) J = [grad,(V)]°.
Then I is defined as the polar set of J
(2.6) I1=1J°,

and I is the closure of grad,(¥) with respect to the topologies which are compatible with the
duality. Observe that such is not the case for the norm topology of X, and that, conse-
quently, the space I will probably strictly embed the closure of grad,(V) with respect
to this norm topology.

What is then the corresponding space U, i.e. the space of displacement fields satisfying

I = grad,(U)

and what are the regularity properties to expect of its elements? In what way can they be
approximated by regular fields?

All these questions are.probably still open and answers are to be given by specialists
of functional analysis. But we may consider that the choices (2.4) to (2.6) define an abstract
problem closely connected with the contemplated boundary value problem.

Another difficulty arises: which meaning can we ascribe to the derivatives %, p, €, §?
Indeed the functions ¢ — x(t) and others take their values in the nonreflexive Banach spaces
X and S. Nevertheless we can define the function ¢ — x(7) as a function which takes its
values in X such that the usual relation holds

@.7) Vi: x(t) = x(0)+ [ x(6)db.
0

The reader is referred to H. BRezis [1]; this is a clear monograph about monotone
operators which contains a simple and precise appendix devoted to such questions as
derivation and integration in function spaces. Following the notation used by this author
we shall sum up the previous lines and write the final functional choice

2.8) x,peW"((0,7),X), seW"((0,7),S), eew"'((0,7),E).

Due to the definition of the integral that appears in (2.7) and to I and J being closed
with respect to the norm topologies, we have the following equivalences

Vie(,T): z(t)—z(0)el<>ae (0,7): z(1)el,
Vie(0,T): z(t)—t(0)eJ<ae. (0,T): t(t)eJ.

Another assumption will be the following
ASSUMPTION 3. There exists at least one function

2.9)

t—s°(t),

belonging to W** ((0, T), S) which is a particular solution of (1.6).
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Furthermore, the given function
t - s°(1),

belongs to W** ((0, T), E).

The first part of this assumption does not restrict generality. The seconid part involves
that «° is regular enough; besides y is practically a bounded field and the temperature
field is always very regular; hence Assumption 3 will always be satisfied in actual cases.

Let me draw now the outline of Moreau’s technique.

3. Technique of resolution

Introducing the new unknowns
z=x—x% T=s5-5°
we can write down the considered system

zel, 1tel,

3.1 P =K Y r+5°)+x%+z,
3.2) p € dyc(r+59).

The first step will be the elimination of p and z. The following equality is easily proved
(3.3) VzesS: dpc(r+5°) = dpc_o(7).

As 7 must belong to C—s° and to J the set
I'"'=(C-5%nJ
is introduced in a natural way, and we have the inclusion (cf. [7], Ch. 10)
Yzes: 0¥r(1) o d¥c_p(1)+0¥(7),

which implies
(3.9) Vzes: ¥n(r) c d¥c_po(1)+1.

Now —z belongs to I because of (2.9); thus (3.1) and (3.2) imply, through (3.3) and
3.4):
3.5) —K (7 + 5% +x° € 0¥ (7),
where only the unknown 7 appears.

Now the question is: assume 7 is a solution of (3.5); does there exist 1 — z(¢) € I and
p such that (p, z, 7) is a solution of (3.1) and (3.2)? Let the first member of (3.5) be denoted
by y and let us fix the time ¢. The reader is referred to Fig. 2, drawn for the case of dimen-

sion 2; then I and J can be drawn as orthogonal spaces. The derivative p is an outward
normal vector to C—s° at the point 7; any vector ¥ such that

C=ﬁ_‘yEI!

is obviously normal to I = J n (C—s°), at the point 7: this is exactly the meaning of
(20). Conversely, let ¥ be an outward normal vector to I" at the point 7; does there exist
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.any { belonging to I such that y+{ is an outward normal vector to C—s° at the point 7?
In other words if we call

Z, = {Lelll+y e 0¥_p(7)},

is Z, empty or not? At last the non-emptiness of Z, for any y belonging to 0¥,. (7) is
.equivalent to the equality

(.6) O,(7) = I+8¥Pc_p(7).

In the case represented in Fig. 2 this equality is obvious. But Fig. 3 shows a case where
it is wrong: I'" is reduced to the single point 7 and any vector y is normal to I"'; Z, is empty

I OYp(T)=I+0W¥p-50(T)

Fio. 2.
O (1) # I+¥%. 50(T)
1 pEQWp_go(T)=I r'={r]
¥ (T) = the whole space
0 I+0¥.so(r)= I
T T
c-s°
Fig. 3.

if ¥ does not belong to I. These remarks are classically extended to the general case and
{3.6) may be classically ensured by the following

ASSUMPTION 4. J meet the interior of C—s°; in other words s°+J meets the interior
of C. '

This assumption is closely connected to the theory of limit loads (cf. comments;
Sect. 6). We can now write the obvious

PRrOPOSITION. If 7 is a solution of (3.5) there exists a multivalued mapping

tel0,T]-> Z(t) < I,
with
Vtel0,T], Z(t)+# ¢,
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such that, for any “selector” (, i.e. a funtion
te [0, T]— L(r) e Z(2),
one has
C(@)—K " (7+5°)+x° € 0¥c_so(7).

Now the end of the proof can be divided in two parts:
Part A. Assume that 7 is a solution of (3.6); prove there exists a selector  belonging

to L'((0, T), X). Then

2(0) = 20+ [ £ O)db,

p=z—K ' (z+5°)+x°

T

is a solution of the problem.

Part B. Prove that there exists at least one solution 7 of (3.6).

Moreau established part A of the proof in the case of the finite degree of freedom: X
is a finite dimensional space ([15 and 16]). His reasoning is based on the recent theory of
“multivalued measurable mappings”, a theory mainly due to C. CasTAING ([2]) and
R. T. ROCKAFELLAR ([21]). The first stage is to establish the measurability of Z which
involves the existence of a least one measurable selector {. The second stage is to prove

[liz@iiar < +oo,
0

which can be done by means of some inequality that easily follows from Assumption 4.

The unwieldy structure of X = [L*’(22]° does not allow the same way to be followed
in the case of continuous solids.

Part B of the proof was the core of Moreau’s papers. He developed some new mathe-
matical tools in order to solve the Eq. (3.5). First let us change the variable to obtain
a simpler form of this equation.

We observe that all quantities that appear in (3.5) belong either to E or to S because
of Assumption 3. K is a linear, symmetric, positive mapping of E onto S and each point e
of E can be represented by the corresponding point Ke of S and conversely. Moreover,
these two spaces can be regarded as pre-Hilbertian spaces with respect to the respective
scalar products

(er,e2) eEXE  —  (e4lle)) = ey, Key),
(51,5,) €SS = (s1]82) = (K18, 820,

and K is an “isomorphism” of these two pre-Hilbertian spaces. That means the mapping K
preserves the value of the scalar product

(esllez) = (Ke,|Ke;).

Hence we can identify E with S and consider only this last space, a procedure which
classically comes back to replace K and K~ by 1 and the bilinear form (-, -> by (| ) in
all formulae that concern only vectors of E or S.

9 Arch. Mech. Stos. nr 1/76
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Thus (3.5) may be written
—(T+5%+x° € 8¥r(7),

which is equivalent to:

{ tel”.
Vr'el”", (—1=5§"+x°r—17)>0.

In the same way I n E and J are a pair of linear subspaces of S, mutually polar with
respect to the bilinear form (-] ).

Now we can complete S and obtain the Hilbert space denoted by S. Due to Assumption
1 this space is nothing but the well known [L?(£2)]°. The completion of I n E (i.e. its closure
in S) will be denoted by I, and its polar space b‘? J, this latter embeds the completion of J.

One classicalily prove that C is closed in S. The complete proof is given in DUvAUT
et Lions [5], Chapter 3.

Another proof can be given by the mean of ROCKAFFELLAR’S thorem, already
quoted at the page 120.

Now we can introduce the “elastic solution” 5° which is the only point of the inter-
section (s°+j’\) N (x° -I-})‘

Figure 4 represents S as the (f ; f) plane. Every point of S can be projected onto these
two orthogonal complementary subspaces, hence we can put
o° = proj; 3° = proj; 5%,

5 =¢%+7° with{ . RO A B
7° = proj; 5° = proj; x°.

enfs+J)

y

Let 7 be replaced by the new unknown g:
q=s5—5"=14+(s°-59 eJ,

q is the part of the stress field which is properly due to plasticity effects. In the same way
let us put

I'=TI"+5°-5°;
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now the Eq. (3.5) takes the standard form

G.7) —g€d¥Pr(g),

characterizing what Moreau calls the “sweeping process of the point g by the given moving
set I™.

4. The sweeping process

First let me give a mechanical interpretation of the Eq. (3.7), although it stands far
away from our context. The Eq. (3.7) may be regarded as the equation of the quasi-stati-
cal evolution of a system the configuration of which is represented by the point g (for instance
g is a material point in three-dimensional space). This system is only submitted to the reac-
tion of the frictionless unilateral constraint defined by I. When g is interior s to I this
force is zero; when g touches the boundary it is submitted to a force which is an invard
normal vector to I', exactly as in the case of a frictionless contact. This image is what
tends to suggest the name of “sweeping process”.

The uniqueness of the solution, if any, corresponding to some given initial condition,
is easily deduced from the following implications:

-4, €¥r(q) = (—q4lq.—92) 2 0,

—§,€0¥r(q2) = (—42l92—91) 2 0.

Hence
(4.1) (92—9:192—91) < 0,
and finally
d
31—“41 -¢:1> <0.
Thus:

71(0)—4:(0) =0 = Ar>0, ¢q,()—q.(t) =0.

According to a general terminology (cf. H. Brezis [1]) 0¥ is 2 “monotone mapping”,
a property which implies (4.1) by the definition of this concept. Concerning plasticity this
uniqueness was established many years ago.

The question of existence is not so easily settled. In [9] MOREAU established this
existence in two different ways, the former used some regularization technique, the latter
used the so-called “catching-up algorithm” which is to be described now. Consider a family
of subdivisions of the interval [0, T7:

€ ={0= 1., .., M=T}, ie{l, 2, ..},
such that

lim max (#f—6""*) =0.
i+ l<n<N;

gs
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For each i construct the finite sequence
gf = q(0) (given initial condition),
4.2) qi*! = projrar+1)qf,
",
which is uniquely defined; consider the associated piecewise linear function of #:

t—t
<t > qt) =g+ ﬁ(&'“—qﬂ-

Notice that (4.2) is equivalent to
@—qi*" € O¥rp+n (@t).

FiG. 5.

Hence this appears as an algorithm of time discretization of the implicit type (cf.
Fig. 5); observe that the corresponding explicit type would be untractable as ¥ is not
singlevalued.

In [9] Moreau proves the

THEOREM 1. If I is of bounded variation the sequence of functions q; converges to some
g* in W1 ((0, T), S) and g* is the unique solution of (3.7) for given q(0).

Before explaining what is a moving set of bounded variation let me emphasize the power
of this result which furnishes an algorithm the convergence of which is proved to be very
strong.

What is a moving set of bounded variation? A great part of Moreau’s work is precisely
devoted to the extension of this concept to multivalued mappings, a familiar one for
functions. At once he considers the “Hausdorff distance” D(A4, B) of any two subsets
in some metric space in which the distance is denoted by d:

D(A, B) = max [sup d(a, B), sup d(b, A)].
aed beB .
These upper bounds are to be taken in [0, +o0] in such a way that D(4,¢) = 0.
It can easily be seen that D is symmetrical, non-negative
D(A, B) = D(B, A) >0,
and that the triangle inequality holds
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At last D(A, B) is zero if, and only if, 4 and B have the same closure.
Now the variation on [0, T interval of the moving set I" is defined by

: Ni
Var (I, [0, T) = sup Y, D121, (),
iel

n=1
where
(@l)’ i € I9

denotes the family of all subdivisions of [0, T] such as
C=f0=1P,8,. .1 =T}

Developing this tool in connection with convex analysis Moreau obtained the previous
theorem. Moreover, he proved the following theorem the terms of which are adapted to
our text:

THEOREM 2. Under Assumptions 3 and 4 I' is of bounded variation and thus there exists
a unique solution of the Eq. (3.7) for given q(0).

Now it can be seen that g possesses a null velocity § when I' is expanding, thus the
motion of this set plays no actual role when I is expanding. Hence Moreau thought the
hypothesis of Theorem 1 should be improved and introduced the notion of “retraction of
a moving set”, which only takes into account the variation of I" when this set is not expand-
ing. One only considers the first upper bound that appears in the definition of Hausdorff’s
distance

E(A, B) = sup d(a, B)
acd
which may be called the “excess of 4 upon B”. Now the “retraction” of I" during the
interval [0, T is defined by

Ni
Ret (I’ [0, T)) = sup Y Eqar-y, Iap).
el 421

E satisfies the triangle inequality but it is not symmetrical; hence Moreau’s theory is
quite sophisticated and many difficulties are to be solved. Eventually Moreau succeeded
in obtaining a theorem similar to Theorem 1, and this result seems an optimal one. The
reader is referred to [10, 11 and 12].

5. Dealing with criteria of the von Mises’ type

They only concern the deviatoric part of the stress tensor. Let us regard F® as the
Cartesian product:

F¢ = F'xF?3,
where F* is the space of spherical tensors, F* the one of deviators. Then the criteria give
a convex closed set Cyp, in F* and the domain of elasticity at point M is the cylinder
Cu = F' %X Cyp.
Assumption 2 is to be replaced by
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ASSUMPTION 2'. Cyy, is uniformly upper-bounded and lower-bounded by constant balls
B(O: r.‘&)! B(Os lrl)'
Now X and S may also be regarded as Cartesian products:

X=X,XX¢, S=S3XSQ,
where X and S; are spaces of spherical tensor fields, X; and S; spaces of deviator fields. As

(Xsy 8a) = (X4, 85 =0,

the formerly used bilinear form ¢ -, +) can be written

x = (x5, Xa), ¥ = (Vs Ya) = <x, 8) = (x5, 80 +{xa, 50>
Choose now the functional spaces:
X, = 8§, = L*(Q),
X, = [L>'QP, X, = [L~QF,
and denote the domain of elasticity of deviator fields
Ci = {s4€ Ss/a.e. s4(M) € Cap}.

Then C is the cylinder S x C, the interior of which is non-empty with respect to the
product topology. Hence the same technique can be used.

6. Some comments

6.1. About Assumptions 1 and 2

Assumption 1 could be weakened, one could only assume k(M) to be positive almost
everywhere on £2. In the same way K~! would define a pre-Hilbertian structure on §
and a completed space S, but this one would probably be different from [L?(£2)]°.

In the same way Assumption 2 may be weakened in order to consider a more general
type of domains of elasticity, S could be chosen as the linear space generated by all the
measurable fields, the values of which belong to Cy, almost everywhere, the convex set C
would define a semi-norm on § and so on ... But the whole corresponding functional
analysis would have to be contructed and this would not be slight work.

6.2. About Assumption 4 and limit loads

Let us consider the load (f, F) in equilibrium with s°, its limit factor is classically de-
fined by
A =max {u > 03reJus’+1eC}.

Besides Assumption 4 may be written

3reJ, 3Ir>0, B(E°+7,rcC,
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which implies

ﬂuﬁ)ﬂcc,

where || -|| denotes the norm in S and finally,

v

r
Az 14— > 1.
lis®Il

Conversely assume that 2 is larger than 1. There exists x such that
l<pu< i
3reld, wps®+7eC,

and, as 0 belongs to the interior C of the convex set C :
T a
s°+—eC
/)

which shows that Assumption 4 is satisfied. Eventually we obtain the
PROPOSITION. Assumption 4 is satisfied if, and only if, the load is never a limit one,
i.e. of its limit factor is always larger than 1.

References

1. H. Brezis, Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert.
(Cours de 3e cycle, Université Paris VI, 1971). Math. Studies, 5, North-Holland, 1973.
2. C. CASTAING, Intégrales convexes duales, New variational techniques in mathematical physics, C.1.M.E.
June 1973, Edizioni Cremonese.
3. O. DeBORDES et B. NAYROLES, On theory and calculus of shake-down in elastoplastic structures. To appear
in Archives for Rational Mechanics and Analysis, 1975.
4. G. Duvaur, Etude de problémes unilatéraux en mécanique par des méthodes variationnelles. New va-
riational techniques in mathematical physics. C..M.E. June 1973. Edizioni Cremonese.
5. G. Duvaur et J. L. Lions, Les inéquations en mécanique et en physique, Dunod, 1972.
6. W. T. KOITER, General theorems for elastic plastic solids, Progress in Solid Mechanics, North Holland,
1960.
7. J. 1. Moreau, Fonctionnelles convexes, Séminaire sur les équations aux dérivées partielles, Collége
de France, Paris 1966-67.
8. J.J. MorEAU, Sur Iévolution d’un systéme élasto-visco-plastiques, C.R. Acad. Sci. Paris, Série A. 273,
118-121, 1971.
9. J.J. MorEeau, Rafle par un convexe variable, lére partie, Séminaire d’analyse convexe, Montpellier 1971.
Exposé n® 15.2¢éme partie, ibid. 1972. Exposé n° 3.
10. J. J. MoRrEAU, Rétraction d’une multi-application, Séminaire d’analyse convexe, Montpellier 1972.
Exposé n° 13.
11. J.J. MoREeAu, Intersection de deux convexes mobiles, Séminaire d’analyse convexe, Montpellier 1973.
Exposé n° 1.
12. J.J. MorEeau, Sélections de multi-applications a rétraction finie, C.R. Acad. Sci. Paris, Série A 276,
265-268, 1973.
13. J.J. MoRreAu, Probléme d’évolution associé @ un convexe mobile d’un espace Hilbertien, C.R. Acad.
Sci. Paris. Série A. t. 276, 791-794, 1973.



132 B. NAYROLES

14. 1. J. MoREAU, Intersection de deux convexes mobiles dans un espace Hilbertien, C.R. Acad. Sci. Paris,

15.

16.

17.

18.

19.

Série A. 276, 1505-1508, 1973.

J. J. MOREAU, On unilateral constraints, friction and plasticity, New Variational Techniques in Mathe-
matical Physics, C.I.LM.E., June 1973, Edizioni Cremonese.

J. J. MoREAU, Systémes élastoplastiques de liberté finie, Séminaire d’analyse convexe, Montpellier 1973.
Exposé n° 12.

B. NAYROLES, Essai de théorie fonctionnelle des structures rigides plastiques parfaites, Journal de Mé-
canique, 9, 491-506, 1970.

B. NAYROLES, Point de vue algébrigue, convexité et intégrandes convexes enm mécanique des solides,
New Variational Techniques in Mathematical Physics, C.I.M.E., June 1973, Edizioni Cremonese,
NGUYEN Quoc SoN, Matériaux élastoplastiques écrouissables. Lois de comportement et problémes
d’évolution, Symposium Franco-Polonais de Rhéologie et de Mécanique des Sols, Nice, Juillet 1974;
ou Laboratoire de Mécanique des Solides, Ecole Polytechnique, Paris.

20. R. T. ROCKAFELLAR, Integrals which are convex functionals, Part. I, PAaciFic J. of Math., 24, 525-539,

21.

1968. Part. II, ibidem, 39, 439-469, 1971.
R. T. ROCKAFELLAR, Convex integral functionals and duality in: E. H. ZARANTONELLO, ed. “Contribu-
tions to non-linear functional analysis”, Academic Press., 215-236, 1971.

22. R. T. ROCKAFELLAR, Convex analysis, Princeton University Press, 1970.

LABORATOIRE DE MECANIQUE ET D'ACOUSTIQUE
CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE, MARSEILLE.

Received December 6, 1974.





