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On a certain solution of dual integral equations and its application to 
contact problems of consolidation 

J. GASZYNSKI (KRAKOW) 

THE paper presents the method of construction of the solutions of the dual integral equations 
with trigonometric kernels 

(1) 

CX) 

J 4i(v)G(v)[cosuv, sinuv]dv = f(u), u < 1, 
0 

CX) 

J 4'(v) [cosuv, sinuv]dv = 0, 
0 

u> 1, 

where 4'(v) is an unknown function, and G(v) is a given function satisfying the condition 

a 
(2) G(v) =- [l+H(v)] 

V 

in which a is a constant and H(v) is such a function that the integral 

CX) 

(3) J H(v)cosuvdv 
0 

exists. The system of dual integral equations is reduced to a Fredholm equation of the second 
kind. The results derived are used for solving the problem of a punch acting on a consolidating 
visco-elastic halfplane. The contact stresses and displacements of the punch are determined 
effectively. 

W pracy podano konstrukcj~ rozwi~zania dualnych r6wnan calkowych z j~drami trygono­
metrycznymi 

(1) 

CX) 

J 4'(v)G(v)[cosuv, sinuv]dv = f(u), u < 1, 
0 

CX) 

r (l).(v) [cosuv, sinuv]dv = 0, 
0 

u> 1, 

gdzie 4'(v) jest funkcj~ niewiado~, G(v) jest funkcj~ dan~ i tak~, ze 

(2) 
a 

G(v) =- [1 +H(v)], 
V 

a - pewna stala; oraz istnieje 

CX) 

(3) J H(v)cosuvdv. 
0 

R6wnania (1) sprowadzono do r6wnania Fredholma drugiego rodzaju. Otrzymane rezultaty 
wykorzystano do rozwi~nia problemu stempla dla konsoliduj~cej p6lplaszczyzny lepko­
spr~i;ystej. Wyznaczono efektywnie napr~i:enia kontaktowe i przemieszczenia stempla. 
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76 J. GASiZYNSKI 

B pa6oTe AaeTCH nocrpoeHHe pemeHWI AYaJlbHhiX HHTerpam.HLIX ypaaHeHHii c TpHroHo,MeTpH­
qecKHMH H,Z:tpaMH: 

(1) 

Cl() 

J 4>(v)G(v)[cosuv, sinuv]d'U = f(u), u < 1, 
0 

Cl() 

J 4>(v)[cosuv, sinuv]dv = 0, 
0 

u < 1, 

rAe tl>(v) HBIDieTcH HeHaaecrHoii <PYHKIU~eii, G(v)- AaHHOH <PYHI<UHeii H Tai<OH, ~o 

(2) 
a 

G(v) =- [1 +H(v)] 
V 

a- HCI<OTOpaH DOCTOHHHaH; a TaiOKC ~ecrayeT 

(3) 
Cl() 

J H(v)cosuvdv. 
0 

YpaBHCHWI (1) CBCACHbl I< ypaBHeH;mo <l>peALrom.Ma BTOporo pOAa. Tio.nyq:eHHbiC pe3yJib­

TaTbl HCDOJib30BaHbl AIDI pemeHWI 3aAaqu WTaMDa AID! I<OHCOJIHAYJOII.\erOCH BH3I<O-ynpyroro 

DOJIYIIPOCTpaHCTBa. 3<P<Pei<THBHO onpeAeJieH;bl I<OHTai<THbie HanpiDKeHWI H nepeMell\CHHH 

WTaMDa. 

1. Introduction 

THE paper presents a certain method of solution of integral equations with trigonometric 
kernels. The following equations are considered: 

(1.1) 

as also the equations 

(1.2) 

Cl() 

J f/>(v)G(v)coszrodv = f(u), u < 1, 
0 

00 

J f/>(v)coszrodv = 0, 
0 

00 

J f/>(v)G(v)sinzrodv = f(u), 
0 

Cl() 

J f/>(v)sinuvdv = 0, 
0 

u > 1, 

u < 1, 

u > 1. 

Approximate solutions of the dual integral equations with trigonometric kernels were 
given in [6], the problem being reduced to a system of algebraic equations. G. SzEFER [7] 
outlines a method of reducing the Eqs. (1.1) and (1.2) to the Fredholm integral equations 
of the second kind with a weakly singular kernel. The considerations are based on the 
assumption that G(v) has the form 

(1.3) G(v) = v[1 +H(v)], 
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ON A CERTAIN SOLUTION OF DUAL INTEGRAL EQUATIONS 

where H(v) is a function ensuring the existence and convergence of the integral 

(1.4) 
00 

J H(v)[sinuv; cosuv]dv. 
0 

77 

A number of papers dealing with the solution of dual integal equations is encountered 
in the scientific liTerature. Most of those papers are devoted to the equations with Hankel 
kernels and contain numerous effective methods of solution. 

The dual integral equations with trigonometric kernels are much less frequently dealt 
with in the literature. 

The application of Fourier transforms to the solution of mixed boundary value prob­
lems of mechanics of continua makes it possible to reduce the problems to the dual integral 
equations (1.1) or (1.2). In a number of problems, like e.g. the contact problems, the function 
G(v) has the form 

(1.5) 
1 

G(v) =- [1 +H(v)], 
V 

function H(v) satisfying the condition (1.4). Such problems cannot besolved by the method 
presented in [7]. The method of solution to be outlined in this paper deals with the system 
(1.1), (1.2) with the condition (1.5) and constitutes a generalization of the method by N.N. 
LEBEDEV- J. S. UFUAND [9] to the dual integral equations with trigonometric kernels. 
The method [9] has been generalized previously to the case of dual integral equations with 
Hankel kernels of arbitrary (even or odd) order [8]. In order to construct the corresponding 
solutions, the properties of Weber-Schafheitlin integrals will be used. The Eqs. (1.1) and 
(1.2) will be reduced to a Fredholm integral equation of the second kind what in many 
cases proves to be advantageous in view of the possibility of constructing the solutions 
for that type of integral equations. 

Due to the applicatory character of our considerations, the conditions of existence 
of the solutions will not be considered here. All the transformations will be assumed to be 
possible, and all the integrals- convergent. The results will be used for solving the contact 
problems of a consolidating viscoelastic halfplane. 

2. Solution of the Eqs. (1.1) 

First of all let us tackle the problem of solution of the Eqs. (1.1). The function (/)(v) 
is sought for in the form 

1 

(2.1) (/)(v) = v J ~q;(~)J1 (~v)d~ . 
0 

Inserting (2.1) into (1.1h we obtain after transformations 
00 1 00 1 

(2.2) J v J ~q;(~)J1 (~v)d~cosuvdv = J [- ~q;(~)J0(~v)IA + J (~q; (~))' J0(~v)d~] cosuvdv 
0 0 0 0 

00 1 00 

= - q;(l) J J0 (v)cosuvdv + J [~q;(~)]' J J0(~)cosuvdvd~ . 
0 0 0 
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78 J . . GASZYNSKI 

On using the properties of Weber-Schafheitlin integrals [4] 

00 { 1 J J0(~v)cosuvdv = y~2 -u2 
0 0, 

(2.3) 
~ > u, 

~ < u, 

,we conclude that the Eq. (1.1)2 is identically satisfied by (2.1). 
Let us now substitute the function (2.1) into (1.1) 

00 1 1 00 

J v J ~cp(~)J1 (~v)d~G(v)cosuvdv = J ~cp(~) J [1 + H(v)]J1 (~v)cosuvdvd~ 
0 0 0 0 

1 00 1 00 . 

= J ~cp(~) J J1 (~v)cosuvdvd~+ J ~cp(~) J H(v)J1 (~v)coswvdvd~ = f(u). 
0 0 0 0 

Using the properties of the Weber-Schafheitlin integral [4] 

1 u 
oo T- ~yu2-~2 ' J J1 (~v)cosuvdv = 

o ; V~2-u2, 
(2.4) 

~ < u, 

~ > u, 

we obtain 

(2.5) 
u ucp(~) 1 oo 

J y' 2 _e d~- J ~cp(~) J H(v)J1 (~v)cosuvdvd~ = h(u), 
0 u 0 0 

where 
1 

(2.6) h(u) = - f(u) + J cp(~)d~. 
0 

In the first integral of (2.5) the substitution is made~ = usinO, while in the second integral 
the Bessel function representation is used 

n/2 

J1 (~v) = 2 J sin(~vsinO)sinOdO. 
no 

Then we obtain 

(2.7) 
n/2 n/2 1 oo 

J ucp(usinO)dO-l:_ J J ~cp(~) J H(v)sin(~vsinO)sinOcosuvdvd~dO = h(u). 
o no o o 

The Eq. (2.7) is now written in the form 

(2.8) 
n/2 

J F(usinO)dO = h(u), 
0 

where the following definition has been used 

(2.9) F(usinO) = ucp(usin0)-2 j ~cp(~) j H(v)sin(~usinO)usinO cosuv dvd~. 
n 

0 0 
u u 
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ON A CERTAIN SOLUl'ION OF DUAL INTEGRAL EQUATIONS 79 

The Eq. (2.8) is the well-known Schlomilch equation and possesses the solution 

2 
n/2 

(2.10) F(u) =- [ h(O) +u J h'(usinO)dO]. 
'l'l 0 

From the relations (2.9) and (2.10) it follows that 

2 1 C() 

(2.11) wp(u)-- J ~q;(~) J H(v)sin~vcosuvdvd~ = F(u). 
'l'l 0 0 

Certain transformations and substitutions are now made in the Eq. (2.1) 

sin~vcosuv = ~ [sinv(~+u)+sinv(~-u)], 
C() C() 

(2.12) K(u, ~) = J H(v)sinv(~+u)dv + J H(v)sinv(~-u)dv, 
0 0 

1p(u) = uq;(u). 

Finally, we obtain 

1 

(2.13) 1p(u)-~ J K(u, ~)1p(~)d~ = F(u). 
no 

The Eq. (2.13) thus obtained is a Fredholm integral equation of the second kind. Its 
solution yields the function q;(u) and then l/J(v) what completes the solution of Eqs. (1.1). 

3. Solution of the Eqs. (1.2) 

The function l/J(v) is assumed in the form 

1 

(3.1) l/J(v) = v J q;(~)J0 (~v)d~. 
0 

Its substitution into the Eq. (1.2h yields after transformations 

C() 1 1 C() 

J v J q;(~)J0 (~v)d~sinuvdv = - : J q;(~) J J0(~v)cosuvdvd~ = 0. 
0 0 u 0 0 

This equality is fulfilled due to the Eq. (2.3). Let us now insert (3.1) into (1.2)1 , 

1 C() 1 00 

J q;(~) J J0(~v)sinuvdvd~ + J q;(~)j H(v)J0(~v)sinuvdvd~ = f(u). 
0 0 0 0 

The Weber-Schafheitlin integral [4] has the properties 

C() { 0, J J0(~v)sinuvdv = 1 
o y'u2-~2 ' 

~ > u, 

~ < u, 
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~0 

.and hence 

{3.2) 

·On substituting in the first integral ~ = usinO, and in the second integral 

n/2 

J0(~v) = J cos(~vsinO)dO, 
0 

-we obtain again the Schlomilch equation 

n/2 

{3.3) J F(usinO)dO = f(u), 
0 

-where 

{3.4) F{usinO) = q;(usinO)+ 2 j q;(~) J H{v)sinuvcos( ~v usinO)dvd~). 
no o u 

Using the solution of the Eq. {3.3) 
2 tr/2 

{3.5) F(u) =- [r(O)+uJ f'(usinO)dO], 
n o 

-we obtain the final form of the equation for q;(~), 

1 1 

(3.6) q;(u)+- J K(u, ~)q;(~)d~ = F(u), 
no 

1. GASzvNsKI 

the function F(u) being given by the formula (3.5), and the kernel is determined in the 
following manner: 

00 00 

(3.7) K(u, ~) = J H(v)sinv(u+~)dv+ J H(v)sinv(u-~)dv. 
0 0 

We have obtained again the second kind Fredholm integral equation. Its solution may 
now be used to construct the solution of the system (1.2), and so the principal aim of our 
.consideration is achieved. 

4. Pressure of a punch acting on a consolidating viscoelastic halfplane 

Let us consider the state of stress and strain in a consolidating viscoelastic halfplane 
produced by a flat-ended punch of width 2/ pressed into the halfplane by a force P{t), 
Fig. 1. The displacement equations of such medium have the form [1, 3, 10] 

(4.1) 

Nt1u(X, t)+(N+M)e,x(X, t) = Ap,x(X, t), 

Nt1w(X, t)+(N+M)e,z(X, t) = Ap,z(X, t), 

_k_t1p(X, t) = l!:_p(X, t)+e(X, t). 
y aw 

Here, the following notations are introduced: 
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ON A CERTAIN SOLUTION OF DUAL INTEGRAL EQUATIONS 81 

u(X, t), w(X, t)- components of the displacement vector, 

(X ) 
_ ou(X, t) ow(X, t) 

8 
'

1 
- ox + oz ' 

p(X, t)- fluid pressure inside the pores of the medium, 

X= X(x, z), (·)=ofot, t- time, 

X 

z 

FIG. 1. 

k- coefficient of filtration, n- porosity, r- weight density of the liquid, aw- modulus 
of compressibility of the liquid; 

(4.2) 

t 

N- 1 = ,-l [t+ f K(t-T) ... d-r], 
0 

t 

A;1 = a; 1 [t+ f Kv(t--r) ... d-r], 
0 

t 

A;; 1 = ai1 r 1+ f K,(t--r) ... d-r], 
0 

t 

N=p.(t- f R(t--r) ... d-r], 
0 

I 

A = a~ [ 1-f R.,(t- -r) ... d-r], 
0 

t 

A, = a, ( 1- j Rp(t- -r) ... d-r], 
0 

K(t- -r), K11(t- -r), Kp(t- -r), R(t- -r), Rv(t- -r), R,(t- -r)- kernels 

and resolvents of the kernels of shear and voluminal creep deformation as also the deform­
ation due to pressure of the liquid within the pores; p., a.,, a,- moduli of deformation: 
shear, voluminal and that produced by pressure of the liquid. 

6 Arch. Mech. Stos. nr 1176 
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82 J. GASZYNSKI 

Application of the Laplace and Fourier transforms to the system (4.1) yields 

(4.3) 

00 00 

~(w, z, s) = J J u(;, z, t)sinwxe-stdxdt, 
. 0 0 

Gw(w, z, s)J f00 f00

[w(x, z, t)J -
= coswxe stdx dt, 

(w, z, s) 0 0 
p(x, z, t) 

00 

[A, N, M] = j [A, N, M]e-stdt, 
0 

and the convolution theorem enables us to derive the Laplace transforms of the functions 
sought for: 

(4.4) 

00 - - -

-( ·) 2 J[c ( )N+M( 3n A ) -wz ux,z,s =- 1 w,s ---- --·+=--= ze 
n 

0 
2N aw N+M 

-C2 (w, s) Aw e-'"z+C3 (w, s)e-wz] sinwxdw+u*(s), 
sB(2N+M) 

00 - - -

_( ) 2 f [c ( )N+M( 3n A ) -wz w x, z, s = - 1 w, s --=- - + =---= ze 
n 0 2N aw N+M 

-C2 (w, s) Am e-'"z+C4 (w, s)e-CDz]coswxdw+w*(s), 
sB(2N+M) 

00 

p(x, z, s) = ! J [C1(w, s)e-CDz+C2 (w, s)e-mz]coswxdw. 
0 

Here1 the notations are used 

m2 = w2 +sii, - jj y ( 3n + A ) 
=k aw 2N+M. 

Moreover, the coefficients Ci(w, s) should satisfy the condition: 

(4.5) 2Nro(C~(ro, s)- C4 {ro, s)]+ [ ~ (3N +M)+A ]c, {w, s) = 0; 

which follows from the method of solution of the system (4.1), [2, 3]. 
The ,boundary and initia~ value problem for the case of a frictionless punch and perme­

able halfplane boundary takes the ·form 

(4.6) 

w(x, 0, t) = c(t), -I< x <I, 
o'z(x, 0, t) = 0, 

G,xz(X, 0, t) = 0, 

x < -1 or x >I, 

-oo<x<oo, 

p(x, 0, t) = 0, -oo < x < oo, 

p(x, i, 0) = u(x, z, 0) = w(x, z, 0) = 0. 

Obviously · [3] we have 

(4.7) 
Gz(X, t} = 2Ne~(X, t)+Me(X, t)-Ap(X, t), 
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ON A CERTAIN SOLUTION OF DUAL I~GilAL EQUAnONS 83 

Elimination of the coefficients C2(w, s), C3(w, s), C4 (w, s) from (4.6)1-(4.6)4 , account 
being taken of Eqs. (4.5), (4.7), makes it possible to write the mixed boundary condition 
(4.6)1 , 2 in the form 

(4.8) 

where 

(4.9) 

00 - - -

2 f C ( )(3n 2N+M A) coswx ..~ _*() _1 ) 
- 1 w,s - +~ --uw+w s = c,s 
n CXw 2N 2N W ' 

0 

00 [ -- ] 2 . 3n - - - 2ANw(m-w -J C1(w, s) - (N+M)+A- ) coswxdw = 0, 
n 0 CXw sB(2N +M) 

00 

c(s) = J c(t)e-stdt. 
0 

The following substitution is made in (4.8): 

x = ul, w = vl- 1 , 

tf>(v, s) = C1 (v, s)[~ (N+M)+A- 2.i.Nv(m~v) ], 
CXw sB(2N +M) 12 

(4.10) G(v,s) = v- 1 [~(N+M)+A- 2ANv(m-'()) ]-
1

, 

CXw sB(2N+M)F 

f(s) ="' N (~. + A )-
1 

[C(s)-w*(s)], 
2N+M CXw 2N+M 

and after simple transformation we obtain 

(4.11) 

00 

J f/>(v, s)G(v, s)cosuvdv =f(s), u < 1, 
0 

00 

J <P(v, s)cosuvdv = 0, 
0 

u > l. 

The function G(v, s) may be transformed as follows: 

(4.12) G(v,s) = v- 1 (m+v>I[~CN+M)+A](m+v)- 2
Aii \-

1 

CXw 2N+M .f 

X< I, 

X> I, 

- - ( 3n A )-
1 

= v- 1 [1-H(v,s)](N+M)- 1 -+--=-
CXw 2N+M 

with the notation 

2 ABN 
si 

(4.13) H(v' s) = ---=---------==---2_N_+_M_----:==----

[ 
3n - - -] 2AN - (N+M)+A (m+v) 2 ---=--= v(m+v) 
CXw 2N+M 

6* 
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84 

The Eq. (4.11) is now written as 

(4.14) 

with the notation 

00 

J ! [1-H(v, ~)]4>(v, s)cosuvdv = g(s), u < 1, 
0 

00 

J 4>(v, s)cosuvdv = 0, 
0 

u >I, 

- - ( 3n A ) N(N+M) (4.15) g(s) = (N+M) -+ f(s) =·:n: [C(s)-w*(s)]. 
IXw 2N+M 2N+M 

J. GASzvNSICI 

Thus the mixed boundary value problem is reduced to the dual integral equations (1.1) 
which were considered in Sect. 1 of this paper. Applying the representation (2.1) to the 
Eq. (4.14) 

1 

4>(v, s) = v J ~q>(~, s)J1 (~v)d~ 
0 

and using the results (2.2) and (2.5), we obtain the equation 

u 1 00 

(4.16) J ?~~·~dE+ J E9'(E,s) J H(v,s)J1 ("')cosuvdvd~ = h(s). 
0 u ~ 0 0 . 

Here 
1 

(4.17) h(s) = -g(s) + J " q>(~ ,s)d~. 
0 

Further transformation of (4.16) leads to the equation 

I 

(4.18) 1 f 2 'P(u, s)+- K(u, ~' s)'P(~, s)d~ = -h(s), 
n n 

0 

with the following notations: 

'P(u,s) = uq>(u,s), 

(4.19) 00 00 

K(u, ~, s) = J H(v, s)sinv(~ +u)dv + J H(v, s)sinv(~ -u)dv. 
0 0 

The complicated form of the kernel {4.19h of the Eq. (4.18) does not allow for deter­
mining the accurate solution in a closed form containing elementary functions. The form 
of the kernel (4.19)2 shows it to be continuous and bounded within the region of its de­
termination, and hence-in view of the continuity of h(s) (4.17) and according to the 
corresponding theorems of functional analysis-the solution of the Eq. (4.18) is found 
to be also continuous and bounded. The solution may be determined by approximate 
methods; thus the difficulty-mentioned earlier does not,exclude the possibility of analyzing 
the solution qualitatively. 
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ON A CERTAIN SOLUTION OF DUAL INTEGRAL EQUAnONS ss 

In what follows we shall determine the contact stresses under the punch, q(x, t) = 
= o'z(x, t)hx

1
<, and the corresponding displacements c(t). These results are of primary 

importance from the points of view of soil and rock mechanics. 
The solution of the Eq. (4.18) is written in the form 

1 

(4.20) 2 1 J 2 1p(u, s) = - h(s)-- R(u, ~' s)- h(s)d~, n n · n 
0 

where R(u, ~, s) is the resolvent of the kernel K(u, ~' s). Using the notation 

1 

R*(u, s) = 1- ~ J R(u, ~' s)d~, 
0 

the Eq. (4.20) is written as 

(4.21) 
2 

1p(u, s) = - h(s) R*(u, s). 
n 

Once the function tp (u, s) is known, the La place transform of the stresses under the punch 
may easily be determined since, according to the Eqs. (4.8h, .(4.10) and (2.1), we have 

00 [ ~- J 2 3n - - - 2ANw m-w 
q(u, s) =-J C1 (w, s) - (N+M)+A- ( ) coswxdw 

n 
0 

CCw sB(2N +M) 

00 1 

= J v J ~lp(~, s)J 1 (~v)dEcosuvdv. 
0 0 

Evaluation of the integral yields 

(4.22) 
1 ' 

-( ) _ 2 1p(1, s) 2 J 'PE(~, s) dt: q U,S - -- I +- ~ 
n y 1-u2 n ve-u2 

u 

and, using the relation (4.21), we obtain 

(4.23) 

The punch is acted on by the force P(t), and so 
1 00 

(4.24) 21 J p(u, s)du = P(s), P(s) = J P(t)e-stdt, 
0 0 

whence, in view of the relation (4.23), we have 

- ~ h(s) J1 [ R*(l, s) - J1 R:~ (E' s) d~] du = P(s) 
n2 yl-u2 y ~2-u2 

0 u 
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and 

(4.25) 

with the notation 

(4.26) 

n 2 P(s) 
h(s) = - 8{ L(s) 

L(s) = Jl [ R*(l' s) -J! R;' (E' s) d~] du. 
y1-u2 y ~l-'u2 

0 u 

Substitution of (4.25) into (4.23) yields 

(4.27) -(u s) = P(s) [ R*(l' s) - Jl !!!' (~, s) ] 
q ' 2/L(s) y1-u2 · y~2....;u2d~ · 

u 

]. GASzvNSKl 

The final expression for contact stresses (after the inverse Laplace transform) has the form 

(4.28) (u t) = _1_J[R*(l,s) _ Jl Rt'(~,s) ] P(s) estds. 
q ' 2n1 y1-u2 y~l-u2 d~ 2/L(s) 

s 11 

Let us now pass to the determination of the punch displacement c(t). Like in the two­
dimensional problems of single-phase media, we shall determine the relative displacement 
[5]. Assume the halfplane to be fixed at two points lying on the boundary z = 0, symmetric 
with respect to the Oz-axis: 

(4.29) w(x0 , 0, t) = w( -x0 , 0, t) = 0 

and, obviously, 

(4.30) 

From (4.4h it follows that 

(4.31) 
00 - -

-•( ) _ 2 J C ( ) ( 3n 2N +M , A ) cosu0v -~. w s - -- 1 v,s - +---=- --uv. 
no ~ W W v 

Onsubstitutingheretherelations (4.10)h (4.10)1 and (4.12)we obtain after transformations 

(4.32) w*(s) = - _!_ 2N +M [fl q;(E' s)dE- f .. Uoq>,(E. ·~dE 
n N(N+M) 0 0 yuo-E 

l 00 

-J ~q>(E, s) J H(v, s)J 1 (Ev)cos u0 vdwdE J. 
0 0 

From the Eqs. (4.17) and (4.15) we obtain 

--- ---- l 

h() N(N+M) _() N(N+M) -•() f. (t )-lt s = - n c s +n w s + q; ~, s u~, 
2N+M 2N+M 0 
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or, by means of the Eq. (4.32), 

-- - uo 

(4.33) h(s) = -n N(N +M) c(s)+ I Uo((J(~, s) d~ 
2N+M 0 yu~-~2 

l CO 

+I ~q;(~, s) I H(v,s)J1 (~v)cosu0vdvd~. 
0 0 

The Eq. (4.33) is now reduced to the Schlomilch equation (like in Sect. 2), and its 
solution takes the form 

1 -- -

(4.34) 1Jl(Uo, s) =_!_I K(u0, ~' s)1p(~, s)d~ = 2h(s)+ 
2
N(N+M) c(s), 

no n 2N+M 

where K(u0 , ~, s) is given by (4.19)2 • From the Eqs. (4.21) and (4.25) it follows that 

(4.35) _ n P(s) * 
1p(u, s) - - 41 L(s) R (u, s). 

Taking into account the Eqs. (4.25) and (4.35) in the Eq. (4.34) we have, after certain 
transformations, 

(4.36) 
_ n 2N+M . -
c(s) = -

81 
D(u0 , s)P(s), 

N(N+M) 

where the following notations are introduced: 

(4.37) 

( 
L(u0 , s) 

D u0 , s) = -L(S)-, 

1 

L(u0 , s) = 1-R*(u0 , s)- ~I K(u0 , ~' s)R*(~, s}d~. 
0 

Displacements of the punch are now written in the final form 

(4.38) ( ) 1 f n 2N+ M ( ) -( ) std c t = -
2 

. -
81 

D u0 , s P s e s. 
m :r N(N+M) 

The results ( 4.28) and ( 4.38) thus obtained constitute the solution of the contact boundary 
value problem of the consolidation theory formulated at the beginning of this section. 

5. Concluding remarks 

1. The results derived in Sections 2 and 3 may be applied to the solutions of boundary 
value problems of continuum mechanics as it has been shown in Sect. 4 of this paper. 

2. The same method of solution may be applied to the case of a punch acting on a 
consolidating, viscoelastic halfplane with an impermeable boundary. It is easily verified 
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that the only difference is manifested by different forms of the functions C/J(v, s), G(v,s), 
H(v, s) which in the present case are 

[ 

2AN-v
2 

(m-v)] 
C/J'(v,s) = C1(v,s) -

3
n (N+M)+A---m __ _ 

CXw sB(2N + M)f2 . 

r 
3
n _ _ _ 2AN ~ (m-v)J-t 

G'(v, s) = v-t tXw (N+M)+A- sB(2N+M)F 

lil& 
sf2 . (m+2v) 

H'( ) = 2N+M 
V, S [ J -3n - - - 2AN 

-- (N+M)+A m(m+v)2
- v 2 (m+v) 

tXw 2N+M 

The class of regularity of these functions being the same as in the previous case, the method 
of solution remains unchanged. 

3. The integrals occurring in the solutions (4.28) and (4.38)are not elementary; however, 
they satisfy all the convergence requirements and thus may effectively be evaluated by means 
of the interpolation polynomials as shown in [2, 3]. 

4. It follows from the form ofEq. (4.28) that the contact stresses in a two-phase medium 
possess the same character of singularity as the contact stresses in single-phase media. 
The same result was obtained in the case of an axi-symmetric punch in [2]. 
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