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Similarity analysis for impact of rods of non-linear rate-sensitive strain-
hardening materials(*)

R. SESHADRI (EDMONTON) and M. C. SINGH (WARSZAWA)

SIMILARITY solutions are determined for a semi-infinite rate-sensitive strain-hardening rod sub-
jected to a velocity impact. The system of governing non-linear partial differential equations is.
transformed to a system of ordinary differential equations by means of a similarity transformation.
The method of HeLLums and CHURCHILL is utilized for obtaining a one-dimensional similarity
representation. The method of collocation is used to obtain approximate solutions of the result-
ing system of ordinary differential equations and their auxiliary conditions. For special forms.
of the non-linear constitutive relationship, closed form solutions are obtained.

Okre§lono rozwigzania podobiefistwa dla péhieskoriczonego preta poddanego uderzeniu
predkoéci. Pret wykonany jest z materialu wrazliwego na predko$é¢ odksztalcenia ze wzmoc-
nieniem. Uklad podstawowych nieliniowych réwnanh rézniczkowych czastkowych zostal prze-
ksztalcony do uktadu réwnan rézniczkowych zwyczajnych za pomoca transformacji podobiefi-
stwa. W celu uzyskania bezwymiarowej reprezentacji podobiefstwa wykorzystano metode
HEeLLuMsA i CHURCHILLA. Rozwigzanie przybltzone wyprowadzonego ukladu réwnan rdznicz-
kowych zwyczajnych z warunkami pomocniczymi otrzymano metoda ko!IokaCJI Dla szcze-
gblnych postaci nieliniowego zwiazku konstytutywnego uzyskano rozwigzanie w postaci zam-
knietej.

Onpegenens! pelueHHA NoHoGuA AA MomyGeCKOHEUHOrO CTEPIKHSA, MOABEPIHYTOr0 AeHCTBMIIO
yAapa ckopocTeio. CTepXKeHb M3rOTOBJIEH M3 MaTepHana, YYBCTBHTEJLHOrO Ha CKOPOCTh Je-
cdopmaruu ¢ ynpouHenueM. CHcTeMa OCHOBHBIX HeMMHeHHBIX 1uddepeHIMANBHEIX YpaBHEHHH
B YacTHBIX NPOM3BOAHBIX NpeoGpasoBaHa B cucTeMy oObIKHOBeHHBIX AudidbepeHImanbHbBIX
ypaBHEHHMH NpH nomollH npeobpasoBannsa mopobmAa. C uenslo monmydyeHHs GeapasmepHoro
npejcraBaeHusA noaobus ucnonsaopan Merof Xewtymca 0 Yepunna. ITpubmmxenHoe pele-
HHe BbIBEEHHONH CHCTeMbI OOBIKHOBEHHBIX qHddepeHIMANEHEIX YpaBHEeH It ¢ BCTIOMOraTeb—
HBIMH YCJIOBHAMM TOJY4eHO MeTomoM mporoHkH. J[JIA YacTHBIX BHAOB HEJMHEWHOro OIpe-
JeJISTIOILEr0 COOTHOLUEHHSA IOJyUYeHb] peLieHHA B SaMKHYTOM BHJE.

Notations

x coordinate along the axis of the rod (this is a Lagrangian coordinate system,
where x denotes the position of the particle in the initial unstrained state),
1 time,

o(x, t) nominal compressive stress (force transmitted across a cross-section of the rod
divided by initial cross-sectional area), compressive stress is assumed to be
positive,

e(x, t) nominal compressive strain (change in length divided by the initial length of
an element parallel to x axis) compressive strain is assumed to be positive,

v(x, t) particle velocity,

¢ mass density of the material in initlal unstrained state,

k,p,q material constants for a limited range of stress at constant temperature in

an equation of state describing stationary creep phenomena,

(*) This paper is based on a part of the first author’s Ph. D. thesis submitted to the Department of
Mechanical Engineering, The University of Calgary, Calgary, Alberta, Canada 1973.
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o exponent of time in the velocity end condition,
& similarity variable, non-dimensional,

X" generalized variables,

P! generalized parameters,

a, parameters of the group of transformation,

Xo unspecified (reference) generalized variables,

7. functionally dependent dimensionless products,

n; functionally independent dimensionless products,

Ax  matrix of exponents of the functionally independent dimensionless products,
é rank of matrix of exponents (4y),

o total number of generalized variables (x;).

1. Introdui_:ﬁon

IN the recent past the problem of impact of non-linear rate-sensitive rods has been a source
of keen interest among the research workers in the area of wave propagation. An effective
technique used for the analysis of non-linear partial differential equations arising in such
problems has been that of similarity analysis [1] which essentially deals with the reduction
of the number of variables in a system of partial differential equations and their associated
auxiliary conditions.

TAuLBEE, CozzARELLI and DyM [2] used separation of variable technique [3] to de-
termine the similarity variables and obtained some closed form solutions for the impact
of non-linear elastic and non-linear viscous rods. SINGH and SESHADRI [4] used a group
theoretic procedure [5] and obtained similarity solutions for the problem of a semi-infinite
non-linear viscoplastic rod. BURNISTON and CHANG [6] considered the propagation of
non-linear waves in rate-sensitive, elastoplastic material.

In this paper, similarity solutions are obtained for non-linear rate-sensitive strain-
hardening rods subjected to velocity impact. The constitutive equation considered describes
the stationary creep behaviour of materials for a certain range of stress. For special types
of non-linearity, closed form solutions are obtained, however, for the general problem,
approximate solutions are obtained using the method of collocation where the errors are
minimized using maximum norm criteria [7].

For specific initial and boundary value problems in engineering, it is desirable to employ
:a procedure for determining a similarity representation which takes into account the auxil-
iary conditions at the outset of the analysis. HELLUMS and CHURCHILL technique [5] is such
a procedure, which can be used to obtain either a normalized representation or a similarity
representation for a given physical problem. This procedure is essentially an extension of
Birkhoff’s method of search for symmetric solutions [8] and is based on group-theoretic
concepts. The routine selection of mass, length and time as fundamental dimensions is
implied in the procedure.

MOoRAN [8, 9] sought a generalization of the technique by making use of a multipara-
meter group of dimensional transformations. In contrast to Moran’s development in
which reference is made to a very general representation of the problem, the theory discus-
sed herein is applied to a representation involving a given set of partial differential equa-
tions and associated conditions arising from the physical considerations. More concrete-
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ly, a similarity representation is determined for the problem of impact of rate-sensi-
tive/strain-hardening rods that are subjected to a power law time variation in stress, The
resulting system of ordinary differential equations is solved by collocation where the
equations-residuals are nfinimized by making use of maximum norm criteria. For spe-
cial values of the exponents the results obtained by collocation are compared with numer-
ical solutions. Despite the nature of approximation in the conmstruction of the trial
functions, there is a good agreement in the results.

2. Group theoretic analysis of Hellums and Churchill procedure

Consider the following system of partial differential equations and conditions describing
a certain class of physical problems with m independent variables and # dependent va-
riables:

0ys &*yn )
1 gl . —_— —_— = = =t
(2'1) ¢'y’(x yeens X5 Vs eens Vs ax1!"" a(xm)* 0'! Y l‘ :N
subjected to auxiliary conditions [7]:
a’yl a.Vll 1 m) — 1
(22) ﬁu(a(xl).u'--s ox™ 3 V1 s Vns X705 o0y X —Bﬂ(d,--‘! D"),

on Z,:{x* = bi(d", ..., o)}, t < m, for o in the region of validity, where o*(g = 1, ..., 1)
locate the boundaries. Replacing x!, ..., x™; V1, ..., Yo by X*, ..., X* respectively (u =
= m+n) and noting the fact that, in addition to variables, there can be physical parame-
ters entering the problem, a generalization of Hellums-Churchill procedure is obtained
by using a multiparameter group of dimensional transformations (I'p) pertaining to the
form used in the theory of generalized dimensional analysis, i.e.,

P il:d{ﬂ"‘af“Xl ] i= Is-"’”

P | B = agn ... agep?
where X are the variables, P' are the parameters, {a,, ..., a,} are the parameters of the
transformations. As the dimensional group of transformations (I'p) is not general, not
every similarity representation can be deduced, i.e., the similarity transformation is obtained

using an assumed class of transformations.
The dimensional matrix for I'p can be written in the following form:

X X5 P ... PR

2.3
( ) L] I=I!"‘!P

a; | iy - ﬂm: Ci15-+23Cp1

a; | Pz - ﬁp:!!clz’ «er3Cp2

a, ﬁlr i ﬁﬂl’l Ciry ---,cpr
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Let the rank of the dimensional matrix be r and the rank of matrix [¢,] (I =1, ..., P;
a=1,..,r)bes, wheres < r.
Defining a set of non-dimensional variables, we have
F xt
‘ — e
2.4) X' = X,

X4 are initially unspecified quantities corresponding to X* and are introduced with the
stipulation that X > 0. By definition, X{ has the same dimensions as X, so that

(2.5 XS = abfu ... afeXi.

The X§ will be determined subsequently in order to produce a description of the problem
in terms of minimum possible number of parameters.

On introducing the Eq. (2.4) into the Egs. (2.1) and (2.2), a non-dimensional repre-
sentation for the system of differential equations and conditions can be written in terms

of the non-dimensional variables X* and the set C of non-dimensional products of the form

(2.6) = [{(Xo) ... (XEY“H{(P') ... (PPY}].

Since the = are absolutely invariant, the A’s and &’s satisfy

H P
@.7) D hbut ) hew=0, a=1,2,..,r.
i=1 I1=1

When Hellums-Churchill procedure is applied to differential equations and auxiliary
conditions arising out of physical requirements of a continuum theory, the equations and
conditions are dimensionally homogeneous [3], and as such imply the existence of a one-
dimensional representation.

By setting 4; = 0 in the Eq. (2.6), a subset C; of non-dimensional products purely
in terms of the parameters can be obtained as

2.8) m = [(PY) ... (PP)].

The other subset C, consists of all the remaining products of C. Suppose that there are &
such members denoted by

@9) 7 = (X3P ... (XY} (P ... (PPYPo}], k=1, .., ¢,

Let the rank of the matrix of exponents [4,;] be equal to (& < ). Thus, there is a subset c3
which contains & functionally independent rows of the exponents of the Eq. (2.9), so that

(2.10) 7 = [({(XAP ... X) (P ... (PPP9)); j=1,...,6.

In view of the functional independence of =;,

2.11) RS, R T T T
Jj=1

where 4;; are real numbers.
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On substituting the Eq. (2.11) into the Eq. (2.9) and rearranging, we have

(2.12), e = [{()* ... (73)43 }()].
where
(2.12), n* = {(P')A ... (PPy4»}
and
@.12), A = du— D) Aoy

J=1

Thus, the products 7, can be expressed in terms of ¢ functionally independent members
of éz, @;; j=1,...,6 and a non-dimensional parameter-product & k=1,..,8.
#* is appended to the subset C, and subsequently a functionally independent set C, is
obtained.

A representation for the system of equations and conditions can now be obtained in
terms of

(i) the non-dimensional variables X* (i = 1, ..., ),

(ii) the non-dimensional functionally independent products z; (j =1, ..., ),
and

(iii) the functionally independent set of parameter products C,.

The functionally independent products =; are determined before seeking a minimum
description for the problem. In practice this can be done by choosing ¢ members out of the
7w (k = 1, ..., £) that correspond to ¢ linearly independent rows of the matrix [4;]. This is
a direct consequence of the determination of the rank ¢ of this matrix. The remaining
m(k = d+1, ..., &) can be expressed as a function of the n; through the Eqgs. (2.12).

For a minimum description of the problem,

(2.13) m=1, j=1,..,80.

As a consequence, the representation is simplified considerably. Depending on whether
o < u, two distinct possibilities arise:

Case 1. Normalized representation

In this case, ¢ = u and the reference quantities can be fixed in terms of the system
parameters, so that Eq. (2.13) is satisfied,

Case 2. Similarity representation

When ¢ < u, a normalized representation cannot evolve. Designating

(2.19) o= iu—a’

it is seen that an invariant representation evolves. In practice, this is obtained by suitably
eliminating the reference variables that remain after setting z; = 1. With a larger number
of reference variables remaining arbitrary, the process of their elimination becomes manipu-
lative and increasingly difficult. Thus, for ¢ < u, the system of equations and conditions
is invariant under a g-parameter group of transformations.

5.
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3. Basic equations for the velocity impact of rate-sensitive strain-hardening rods

The governing equations of motion for small deformations, within the framework of
uniaxial theory of thin rods are

do v de v de
(3.1) T EHT TR s ke,
where x is a Lagrangian coordinate and ¢ and e are nominal compressive stress and nominal
compressive strain, respectively.

The Eq. (3.1); is a one-dimensional constitutive relationship which expresses the
dependence of strain rate on stress and strain. k, p and g are material constants that are
valid for a limited range of stress at constant temperature [10]. For structural steel,
k = 1/531.000; p = 10, ¢ = —2. The relationship (3.1); describes the stationary creep
behaviour of materials. The exponent q is negative, zero or positive according as creep is
primary, secondary or tertiary, respectively.

The system of equations (3.1) is quasi-linear, parabolic and coupled, however, for ¢ = 0
the system uncouples.

The auxiliary conditions are

(3.2), v(0,t) =9.1% t>0,

9. > 0; a is a parameter.

When « = 0, we have the familiar constant velocity impact. When « is allowed to take
on negative values, the physically interesting case of an applied volocity which is infinitely
large at ¢ = 0, is accounted for. Further,

(3.2); 9(x,0) = a(x,0) = e(x,0) =0, x=0.

Based on physical considerations, stress, strain and the particle velocity tend to zero as x
goes to infinity, i.e.

(3.2); a(x = 00,1) =e(x > 0,1) =v(x > ©,1) =0.

In the transformed system, the Eqs. (3.2), and (3.2); coalesce into one set of conditions
in the similarity coordinate.

4. Similarity analysis

The variables appearing in the description of the problem are rendered non-dimensional
by introducing arbitrary reference quantities as follows:

= v L [ = € 2 X - t
@.1) P, By, Pwal FeSoand e
Up Op €p Xo to

where v, 0y, €y, X, and ¢, are the reference quantities with the same dimensions as their
respective variables.
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Using the Eq. (4.1), the non-dimensional products that factoredout of the Eq. (3.1)
and conditions (3.2) can now be written as

Xo Uplo -1
42 n = 808%0 e Uslo e _ koBed':
( ) 1 Uofg L] 2 euxg ] 3 Oe% 0
o = Zelo
vg

where the superscripts e and b refer to the products factored out from the equations and the
boundary conditions, respectively. The rank, &, of the exponents of these products is equal
to 4. Thus, all of the products are functionally independent.

The functional form of the solution can now be written as

D= — = f7 I 2, 3, 753 2d),
Up

(43) = = g(®,7; 7, mj, i o),
B

e =— = h(z I; af, 75, 25; ).
0

The products n§, n§, n§, and #} contain arbitrary reference quantities which need to be
specified. One way of doing this is to set the non-dimensional products equal to unity, i.e.

Thus, the representation is considerably simplified. Since the total number of variables,
i, is 5 and the rank, o, is equal to 4, the number of reference quantities remaining arbitrary
is equal to one. Accordingly,

Up = Ulg,
-1  2@-1) 1 2eg-1)+1
(4. 5) O = 91'-?— 1 vg—r-l k(-p—l to q-p-1 ,
P 2p 1 2pa+1

—q+1_pP-q+1 3 P—q+1 ,P—q+1
€y = QP q ﬂg q k? e tg q .

1 p+4-1 1 p-g-ap+q-1)
o o P e e - 1
xo=9'rlﬂ§plk“'1!‘g pP-q+

Since the arbitrary reference quantity ¢, does not occur in the original description of the
problem, it can be eliminated by suitably combining the remaining arguments in the
Eq. (4.5).

Thus, the similarity representation can be written as
v = v.1°f(§),

q-1  2(q-1) 1 2a(g—-1)+1
0*601—3 o =:eq_'_lgg"5‘1k1‘9—1‘ g-p-1 Z(EL

P 2p 1 2pa+1

P ep—q+ lvg"“" JP-a+1gp-q+1 h(®),
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where

X
(4.6)4 fm— P pra-1 p-g-aprg-1)
Ja-p=1 Qw-F-l pi-P- 1y P-g+l

is the similarity variable and f, g and 4 are unknown functions of the similarity variable &.
These unknown functions are to be determined by solving the resulting similarity repre-
sentation.

Substituting the Eqs. (4.6) into the system of governing equations (3.1) a system of
ordinary differential equations can be obtained in the following form:

dg _ f dh _df dh
where
o e+l _p—q—a(p+g—1)
Pepmgrr ™ Y=
The transformed set of auxiliary conditions are:
(4.8), f0)=1, f(§—-> o)=0.
Evaluating g and 4 at £ = 0 by making use of the Eq. (4.7) we get
_p—g+l( df
(4'8)2 h(o) ol 2ap+1 ( dE {go,
and
2 1
@9, w0 = (22) 4oy ™
Moreover,
(4.8)s gt > ©0)=0
and
(4.8)5 h(¢ - o) = 0.

5. Solution of the similarity representation

(i) Whenp = 1,¢ = 0,  # 0, the system of the Egs. (4.7) uncouples and can be writ-
ten as

&2f 1.d
G.1) d£{ +-2-ed—£—af= 0.

The solution of the Eq. (5.1) satisfying the boundary conditions (4.8), can be written as [2]

5.2 o(x,t) = v,.1° 2:/ T(a+1)e 8 U(2a+

)
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where U (2a+1/h, &/ V Z_Z) is the parabolic cylinder function. For values « = —1/2, 0, 1/2,
1, ... etc., the solution is

(5.3) o(x, 1) = 9,172 (a+1)i** erfc (£/2),

where 2 erfc (£/2) is the repeated integral of the error function.
(ii) When p # 0, ¢ = 0, a = 0; the system of the Eqs. (4.7) can be written as

591,z

af > dg_( r ) af
p+1

F A ra

Integrating the Egs. (5.4), the following results [4] can be obtained on using the conditions
(4.8),

&

o(x,t) = z?,{l— J (C4+ﬁ:3’_)ﬁﬂ__n}’
(5.5)1.2

B Lot W
where
(55)0_s fxe r(p=1)

T 20+
==4_ﬁ I(plp—1) }T—zwm
n I'((plp—1)-1/2) -

(iii) For the case when p # 0, ¢ # 0, a = 0, the similarity representation is solved
using the method of collocation where the equation-residuals are minimized based on
a maximum norm criterion.

The following trial functions which satisfy the boundary conditions are chosen:

f(&) = et+ci(et—e%),
(5.6) g = (p—q+1)" 7" (1=2¢,) {e ¥ +c(e ¥ —e72)},
K& = (p—gq+1) (1-2¢,) {cH+cs(e ¥ —e"¥)},

¢y, ¢5,and ¢, are unspecified coefficients to be determined based on a criterion which would
minimize the equation-residuals R; (j = 1,2,3) which are obtained by substituting
the trial functions (5.6) into the Egs. (4.7). Collocation is performed, so that

(5'?) Rj(¢l)¢2!£3y 5}) = 0! j ol 1)2, 3’
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where the £; are chosen such that
(5.8) Max |Rj| = Minimum over 0 < £ < .

The non-linear algebraic system of the Egs. (5.7) is solved by generalized Newton-Raphson
procedure and the matrix inversion performed by Gauss elimination method.

In Fig. 1 the result obtained for p = 10 and ¢ = 0 by two approaches, those of col-
location technique and Runge-Kutta routine are shown for comparison. In Figs. 2 to 5,
the results are shown for different values of p and g as obtained by the collocation technique.

AE) |

ina (Constant velocity impact)
p=10, g=0
a-collocation Technique
b-Runge-Kufi {

- nge-Kulla routine

060 -

025 -

0 oz o4 as 08 10 12 14 16

& (similarily variable)

FiG. 1. f(§)vs-&; a comparison of the profiles obtained by collocation and Runge-Kutta technique; p = 10,
g = 0; constant velocity impact.

73]\

Collocation
(Canstant velocity impact)
p-m; q=-2, _41 0:2|4

0 04 a8 12 16 20 &

FiG. 2. Plot of g(§)vs.&; p = 10, ¢ = 4, —2,0, 2, 4; constant velocity impact.



he)}

30.0 Collocation )
h (Constant velacity impact)
Al . p=4,5,10, g=0
500t Collocation
(Constant velocity impact)

P-ﬂ’ q.:-‘ 2} -4! Q} 2’4

40 ¢ 0
FiG. 3. Plot of A(§) vs. & p=10, g= —4, F1G. 4. Plot of h(f) vs. &; ¢q=0; p=4,5,10,
—2,0,2,4, constant velocity impact. constant velocity impact.

g b

Colfocation
(Constant velocity impact)
p=4,5,10, q=-20

40

20

0 10 20 30 g
FIG. 5. Plot of g(§) vs. &; g = —2, p=4, 5, 10, constant velocity impact.

73]



74 R. SesHADRI AND M. C. SINGH

6. Discussion of the results

Forp =1, q =0, « #0, that is, linear dependence of strain rate on stress, the closed
form solution is the same as that obtained by TAULBEE et al [2]. Forp # 0,94 =0, =0,
non-linear dependence of strain rate on stress, and constant velocity impact at the end
x = 0, the solution compares with that obtained in [4].

The general problem where p # 0, ¢ # 0, « = 0 corresponding to the dependence
of stress on strain rate as well as strain-hardening effects, the method of collocation gives
good results in spite of a one term approximation for the trial function.
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