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Microstress approach in thermoplasticity(*)

V. KAFKA (PRAGUE)

THE presented paper, leaning on earlier author’s papers [1, 2], shows their generalization to
non-isothermal slow plastic deformation processes. A technical polycrystalline material is
described as a special kind of a composite of two material constituents, where the second con-
stituent simulates the influence of obstacles to plastic deformation. Elastic modulus of the
composite and plastic limits of the constituents depend on temperature. The consequences of the
presented theoretical approach are compared with two kinds of experimental observations and
a good qualitative agreement is found.

Niniejsza praca, wykorzystujac wcze$niejsze koncepcje autora [1, 2], stanowi ich uogb6lnienie na
nieizotermiczne wolne procesy deformacji plastycznej. Techniczny material polikrystaliczny
opisano jako specjalny rodzaj kompozytu dwuskladnikowego, w kt6rym drugi skladnik gra role
barier przy odksztalceniu plastycznym. Modut sprezysty kompozytu oraz granice plastyczno$ci
poszczegblnych skladnikow zaleza od temperatury. Otrzymane wyniki teoretyczne poréwnano
z dwoma rodzajami obserwacji do§wiadczalnych i stwierdzono dobra zgodno$é jakosciowa.

Hacrosmas pabora, 6asupys Ha Gonee panHux pabortax aBTopa [1, 2], cocraBnser ux oGobie-
HHME HA HEM30TEPMHUECKHe CBOOOMHEIE Mponecchl mnacTHueckoi medopmarmm. TexHudecki
MONUKPUCTAUTHYECKHH MaTepHasl ONHCaH KaK CrelManbHLIA pOf [BYXKONMOHEHTHOIO KOM-
TMO3HTA, B KOTOPOM BTOPOH KOMIIOHEHT HIpaeT poJib GapkepoB NpH IIACTHYECKO#H AedopmarHy.
Monyne ynpyrocTH KOMIO3MTa M Ipeeikl IIACTHYHOCTH OTIEbHBIX KOMIIOHEHTOB 3aBHMCAT
or Temieparyphbl. [loyueHHBIe TEOPETHYECKHE Pe3YNIBTAaTHl CPABHEHBI C ABYMSA POJIaMH 9KCIIe-
PHMEHTATBHLIX HabMoAeHuit W KOHCTATHPOBAaHO XOPOLIee KAYECTBEHHOE COBNAfEHHE.

Notations

4*

oy macroscopic stress tensor,
Siy macroscopic stress deviator,
sys mean value of the stress deviator in the n-th material constituent,
Sijn residual value of sy,
sijn deviator expressing the heterogeneity of distribution of sy,
sifa residual valve of sijn,
€y macroscopic strain tensor,
€,; macroscopic strain deviator,
e;;» mean value of the strain deviator in the n-th material constituent,
E Young's modulus,
v Poisson’s ratio,
u = (1+v)/E,
G =1/,
di, scalar measure of the incremental plastic deformation in the n-th material
constituent,

9= volume fraction of the n-th material constituent,

(*) Presented at the Euromech 53 Colloquium on Thermoplasticity, Jablonna, Poland, September 1974.



52 V. KAFKA

na positive material constant relating to the n-th material constituent, depending
on the structure of the material,
k. plastic limit under pure shear loading of the n-th material constituent,

¢ =2klV3,
T absolute temperature,
T* room temperature,
c*,u* values of ¢, 4 at room temperature,
A, B, C material constants — functions of 3., $». Mas s
X, X%, Y, Y*, v, v* quantities defined by the Eqs. (3.2) and (3.11),
f yield function of the n-th material constituent.

IN earlier papers of the author (cf. [1, 2]) a continuum theory of isothermal time-independent
plasticity was formulated, the basic idea of which was that a technical polycrystalline
material was considered as a conglomerate of two kinds of microparticles: the particles
of the basic material that deform easily and the fixed obstacles.

In this paper we consider the possibility of moderate temperature change which exerts
influence upon the elastic constants and the criteria of yielding. Furthermore, the obstacles
are supposed here to be capable of undergoing also plastic deformation if the temperature
is elevated.

1. Basic relations

Principally the analysed material is arrived at as a special kind of a quasi-homogeneous
quasi-isotropic composite of two material constituents which do not differ in their elastic
properties, but differ in their resistance to plastic deformation. The a-material is charac-
terized by a low resistance and the b-material by a high resistance. The last named material
constituent simulates the influence of fixed obstacles which are assumed to be concentra-
ted mostly at grain boundaries owing to impurities, precipitates the change of orientation,
an “obstacle” in itself (cf. [1] and experimental works quoted in the paper).

The constitutive equations of both kinds of microparticles are supposed to be of the
Prandtl-Reuss type as follows:

{11) de,j = ﬂdﬁj'l‘.i'udj., di = 0,

where e, s;; are the deviatoric strain and stress respectively, u = (1 +¥)/E is the elastic
compliance and dA is the scalar measure of plastic deformation.

With low stresses the response of both material constituents is elastic (d4 = 0), the
elastic compliance u is constant and the material behaves thus as homogeneous (stage I).

With higher stresses plastic deformation in the a-material steps in with the b-material
remaining elastic (stage II).

Only under special conditions — relatively high temperature — is the b-material also
supposed to be capable of undergoing plastic deformation (stage III).

As to the first invariants of strain due to stressing and thermal expansion, they are
supposed to have the same course as in a homogeneous material and may thus be analy-
sed separately from the deviatoric parts.
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The basic relations for a quasi-homogeneous composite consisting of two kinds of ma-
terial constituents may be formulated as follows (cf. e.g. [5, 6, 7, 1]):

(1.2) B 0ija+ Gy oy = 0y,
(1.3) Patijatheijp = &,
(1.8) 0ij€ij = €y,

where oy;, ¢;; are the stress- and strain-tensors, respectively, 9,(= 1—49,) is the volume
fraction of the g-material constituent, gy, is the arithmetic mean of ¢;; in the g-material
and g;; is the arithmetic mean of oy; in the composite.

The first of the three equations expresses the static equilibrium condition, the second
one the kinematic composition of deformation and the third one expresses the equality
between the work of macroscopic stress and strain and the mean work of the respective
micro-quantities.

By linear combinatiens it can easily be shown that the first two equations hold equally
good for the deviatoric parts and the first invariants separately.

From the Eq. (1.4) it follows

Sijey+30e = 5e;+30¢,
where o = g;;/3, ¢ = &;/3 and according to our supposition ¢ is distributed as in a homo-
geneous material, so that ¢ = oz, and thus

(1.5) Sij€iy = Sij€.

With some simplifying assumptions concerning the law of distribution of stress and
strain in the composite, it was shown — primarily in [1], but more simply and precisely
in [3] — that

(1.6) Sidey = ) Ou(indesn+ L sijadeyss)
with e’ "

(1.7 deyjy = pdsijn+Sijndiy,

(1.8) dejj, = deyjy—de;; = pdsijn+5ijndhy,

(n = a, b, no summation over n)
7= 2 0 being positive material constants.

The methods of determination of #,, #, from macroscopic tests are showh in [4]:
Combining (1.5) with (1.6), (1.2) and (1.3) we arrive at:

o m Siia St
0= 6(.9;}8;1—3!}(’”) — ﬁ,ﬂb(su‘,-sm+ ’;J e %) (ﬁe’m—ﬁeu,).
a b

The last equation must be fulfilled for any de;j,, de;;, and any stage of the process and
thus

kY i
(1.9 Stpa=Syp+ —2& — 2= 0,
ija ijb e T

throughout the process.
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Combining further the Eqgs. (1.2), (1.3), (1.7), (1.8), (1.9) and their differentiated
forms it can easily be deduced that

(1.10) dEU = pd§u+0,su,d2,+t9,su,d.1,,
(1.11)  dsj, = ds,; — oL {[Pana+DBsmp) 5y
1 (Dana+ P Mp+Na)
— Mo StjaldAa— [(Faa+Fo M) Sijo — NaSijpldAs } -
Ly = T - el dAa— [8s My ij + Bp SiipldAs ),
(1.12)  dsjj, p(ﬂam+ﬂbm+mm){[19a’?a-9ua (Ba+1mb) Sija) [@onp 5156 + B Sipl d Ay }

where 5;;, e;; are macroscopic deviatoric stress and strain, s;;,, 5;;, are the arithmetic means
of the deviatoric stress in the respective material constituents and s7,, si;» are deviators
that describe the heterogeneity of distribution of s;;,, 5;;, and are defined by the Eq. (1.8)
(for details see [3]). The values of s;j, 5ij in any stage may be obtained from the Egs.
(1.2) and (1.9).

To complete the constitutive equation it is necessary to express dA,, 44, on the basis
of the criteria of yielding in the two material constituents. In our concept the mechanical
state of the material constituents is described by the deviators 5;j,, 5ij» and the yield crite-
rion is formulated therefore in terms of these variables:

(1°l3) f;(sljln S;jm kn) = 09 n=a, b,

where the quantities k,, k, representing the plastic limits depend on temperature.
By differentiation of the Eq. (1.13) we have
of, afy ., Ofs 1 _ "
(1.19) "fj_-ﬁ;dsi”+ ﬁdru.+ —aTdT =0, (n=a,b,no summation over n)
and inserting ds;;,, dsj;, from the Egs. (1.11) and (1.12) and dsyy, dsip from the dif-
ferentiated Egs. (1.2) — rewritten for deviatoric components — and (1.9) we arrive at
a system of two linear equations for di,, di,:

' a a s a a
(119 A~ D)ssa =il e+ m B Ot s
ija Sija

ofa
5

+dA, iﬂb[wﬂﬁu+'9o’?b)-‘ijb—??a-5';1b] as,

ofa
= Nal By 7 5155 + Py 5ij] %}
Sija

+p(19,?},+t9,,7},,+7},m)(;i 5+ -gf-idT) = 0.
Sija a
The second equation is obtainable by the interchange of the indexes a, b.

All the above equations were written for the case of an active plastic process in both
the material constituents, i.e. “stage III”. The respective equations for “stage IT” may be
obtained by setting di, = 0 and for “stage I” by setting dA, = dA, = 0.

Once the yield criteria are formulated the decision, if the process in the respective ma-
terial constituent is active, is simple:
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by definition
di,=0 for f,<0,

= 0fa ofa
or f:, = 0, BSU,, dEU + —a"j;dT < 0.

For d4, = 0, one of the two equations (1.15) in which there appear the derivatives
of f,, must be omitted.

In our forthcoming qualitative demonstrations we shall consider the simplest variant
of the criterion:

(1.16)  f, = SijuSijn—2k% = 0, (summation over i, j, no summation over )

or

(1.17) Jo = Gy+5iin) Gy +5i) —2k; = 0,
with

(1.18) Siin = Sijn—Sij

meaning residual microstresses due to the preceding plastic deformation and elastic un-
loading.
It is easy to see that in this case

(1.19) —afn— = 2Sijns

i.e. the directions of the increments of plastic deformation in the Eq. (1.10) coincide with
the normal directions to the respective yield surfaces (1.19).

2. Tempering of specimens prestrained plastically by tension

To illustrate the concept outlined in Sect. 1 let us consider plastic deformation of
a metallic polycrystalline specimen at room temperature due to tension &y; > 0. In
such a process the obstacles do not undergo plastic deformation (d4, = 0) and temper-
ature is constant (dT = 0).
For the stress components during the process it holds
2 _

‘3‘0'11 =8 = =253, = —2533 >0, S50 = —25330 = —2533, > 0,

and the residual stresses after unloading are
S;la == _23523 == "ZSESa{ 0; Si’la= = :'z'za = —251‘{3‘ > 0.

The last two inequalities may be deduced from the Eqgs. (1.11) and (1.12) as follows.
For 5,14 > 0, 511, = 0 it holds:

@.1) [(Paa+Bo70) St 10— MpSiral > [BoTpS11a— Fat76)Si10]

as 9,, B, 14, My are positive. On the plastic limit sj;, = 0, 8y, = §;; > 0; 57, increases
further with plastic deformation, but it cannot overpass the value of [s;,,% 78/ (s +15)]
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as the increase is proportional to [#,7,5;14— (, +17,)5114)- It holds therefore throughout
the drawing:

dsiia = dsiia > 0
and by the Eqgs. (1.11) and (2.1):
dsty, = dsy,—ds;; <0, q.ed.
For residual stresses it holds furthermore according to (1.2):

o0

(2.2) S;j - “'ﬁ_bsf)‘m
and as #, <€ &, it follows:
3 It > [8ijal -

Now if the temperature of the prestrained unloaded specimen is elevated, two mecha-
nisms of plastic deformation may occur:

a) Temperature lowers k, as much as the residual stresses cause plastic deformation
in the basic material;

b) Temperature lowers k, —i.e. weakens the obstacles —as much as the residual
stresses cause plastic deformation of the obstacles.

(The decrease of flow stress with increasing temperature is a generally observed phe-
nomenon —see e.g. [8, 9, 10, 11]. In some cases—cf. [8]—the flow stress divided by the
respective shear modulus was observed to be constant in some interval of temperature,
but as the shear modulus decreases with temperature (cf. [12]) it means that even in this
case the flow stress decreases).

The basic material is weaker, but residual stresses are much higher in the obstacles
as stated by (2.3).

In both cases (dA, > 0, di, = 0 or dA, > 0, di, = 0) residual microstresses relax
according to (1.11), (1.12), (2.2) (1.2), (1.1) in both the material constituents, but in the
first case the respective plastic deformation is, according to (1.10):

@4 déy, = dey; = 0,5110d2, < 0,
4 do33 = o3y = DusSaadls > 0,
i.e. contraction in the direction of the previous drawing and expansion in the transverse
direction.
In the second case:
(2 5) dEIl = de_ll = ‘ﬂbs;lhd&b > 0,
' dey, = dey; = Oys525dly > 0,

i.e. expansion in the direction of the previous drawing and contraction in the transverse
direction.

Both these phenomena were observed by the authors of the experimentals works
[13 and 14].
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For the case of carbon steels, which were investigated in the paper [13], the observed
course of deformation is schematically illustrated in Fig. 1. (full lines e,,, ¢,,). Such
a course of deformation may be explained by the analysis outlined in the foregoing section
if the law of change of k, and k, with temperature is supposed to have such a character
that at first the basic material deforms plastically (k, = ]/ 35514/2), which results in con-
traction of the specimen in the direction of previous tension and expansion in the trans-
verse direction [cf. the Eq. (2.4)]. With the temperature further increasing, the obstacles
are substantially weakened, their plastic deformation steps in (k, = J/35,,,/2) and predo-~

£ Xy
~. 1—4)(’
.

Fic. 1.

minates [cf. the Eq. (2.5)]. However, residual microstresses s;;,, 55 relax in the course of
this process [cf. the Eqgs. (1.11) and (1.2)] and the deformation rate tends to zero.
Alternatively the process may be illustrated by the change of the yield surfaces as is
done in Fig. 2. Accepting the yield criterion (1.17) the yield surfaces are — in the space
of the macrostresses 5;; — hyperspheres, their shift from the central position being given
by the residual microstresses sf;,. The central sections of the hyperspheres are schematic-
ally illustrated in Fig. 2. The microstresses 5% have opposite signs in the ¢- and b-ma-
terial constituents [cf. the Eq. (2.2)] and therefore the centres of the hyperspheres f, f;.
are shifted in opposite directions. At room temperature the surface f3 is far smaller than f;'
and is enclosed in it, i.e. the elastic domain is limited by f} only and the obstacles cannot
deform plastically. With increasing temperature the diameters of the surfaces decrease
(i.e. k,, ky decrease). At the moment when the zero-point of the macroscopic stress gets
onto the yield surface (f2), plastic deformation steps in the a-material which, according
to (2.4), represents contraction in the x,-direction and expansion in the transverse direction.
With the plastic deformation increasing, residual stresses are being reduced, which means
that the centres of the yield surfaces are shifted towards the zero-point. The decrease of
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the diameter of f} (i.e. the weakening of the obstacles) with the increase of temperature
may be so rapid that the zero-point gets onto this second yield surface (position f3 in
Fig. 2) and this new plastic deformation, which takes an opposite direction, preponderates
over the first one. Then the shift of the centre of f, due to the decrease of the resid-
ual stress sj;, may be larger than the decrease of the diameter of f; and the zero-point
falls into the area limited by f, i.e. plastic deformation proceeds only in the b-material

d ' ;" A -
\ dz” sf.. 5 \}a;‘&s'&;fl ) 5
\ ._.-", '\-:_' __,b

.\ "'--........‘--"'.‘_/

\\ ’/_ /

FiG. 2.

and in the direction of the outward normal to f, (positions f# and f3* in Fig. 2). This means
expansion in the x,-direction and contraction in the transverse direction [cf. the Eq. (2.5)].

In both the quoted experimental works their authors connect the observed deforma-
tions with the change of microstresses.

The consequences of the presented theoretical approach agree also with other experi-
mental observations recorded in [13]:

a) The rate of deformation decreased in the range of temperature over 300°C — i.e.
microstresses causing the deformation were already small in this range;

b) The time of tempering did not affect the observed deformations;

c) The density changes were very small, expansion in the x,-direction was accompanied
by contraction in the transverse directions;

d) Deformations during cooling corresponded to normal isotropic thermal contraction
only;

€) A new tempering after cooling did not lead to new changes in the material up to the
temperature of the first tempering and then it proceeded in the same way as if the interrup-
tion had not existed;
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f) Presence of carbide in the material increased the observed effect compared with
other steels with the same content of carbon, i.e. the presence of hard carbide particles
led to a more substantial effect of the obstacles.

3. Influence of the temperature of prestraining upon a new deformation process at room
temperature

Let us now consider two successive deformation process-drawings in the same
direction x,. The second process proceeds at room temperature, the first process at dif-
ferent temperatures. The extent of plastic deformation in the first process is supposed fixed
and we are going to investigate the influence of the temperature of the first process upon
the second one. The temperature changes are considered to be relatively small in this case
so that d1, = 0 in both the processes, plastic deformation steps in only in the a-material
and only due to loading and the change of microstresses is connected only with this plas-
tic deformation.

By integration of the Egs. (1.10) to (1.12) with the yield criterion (1.16) for n = a
and with dA, = 0 the following description may be deduced for the first process that starts
from the virgin state (for details see [4]):

@3.1) Y = Av—BIn(l-v), X = —Cln(l—-v)
with
Y = S1—¢ X = 2y ﬂ=-#n+3?b S1ta
c '’ uc’ o
(3-2) S1p = =282 = —2833, S11a = ~25324 = —25334,
s;ln - _zsila = _'2'5',33“” Egl = _2652= —2353;
4 Oim _ Ba(Bamta+Po s+ 1as)
(3'3) Wc(aa"' 7}'&)2 ? m(ﬂa+%)2 :
ﬂa(ﬂa Na + ﬂ'b Mo + Na ’?b) £l
C= , ¢=2kV3.
'fa(ﬂa'l"]b) /'/

After unloading there remain in the material residual microstresses (see Sect. 2):

Slia = — 28520 = —2553, < 0,  s{j,= =255, = —25%3, > 0.

The respective components in the b-material would follow from the Egs. (1.2) and (1.9).
According to the yield criterion (1.16) and the Egs. (3.2); and (3.2)s the following
relations hold true:

(34) Si1a = Slin_-iu =¢—c¥—c = —<¢Y.

Now we suppose that after unloading the temperature of the specimen was changed
to room temperature which we denote by T*. This means that ¢ and g changed to new
values ¢*, u*. The specimen is drawn anew in the same direction as before. New plastic
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deformation will begin when the new plastic limit is reached in the g-material, which —
according to (1.16) and (3.3), —is:

(3.5 St = c*.
Let us denote the respective new macroscopic plastic limit by 5%, . It holds:
(3.6) STie = S11a+55,
and inserting from (3.4) and (3.5) into (3.6) we obtain:
3.7 5t = c*+cY™,

where Y™ is the value of ¥ reached in the first process before unloading.

If thé maximum fixed deformation [ef7] that had been reached in the first process
was large enough, the first addend on the right-hand side of (3.1); may be neglected and
it holds approximately:

B

3.9) V" X™ = e e,
and inserting (3.8) into (3.7):
(39 Shi=c*+— {E

Let us further express the deviatoric stress 5V that corresponds in the second process
to some fixed plastic deformation [e5¥]. Integrating again the Egs. (1.2) to (1.4) with
new initial values §%;, 55, = s{1, we arrive at the following description of the second
process:

* P
(3.10) X*= —Cln 11 ﬂ“ i F¥= A(v*—-t:*‘-)—BlnH*—L .
with
& §y1—5% Doty 51
* _ 11 = 11 11 * a b l.lc .
el Xmtpe Vo T e

Again we suppose that the fixed deformation [e§}(] is large enough so that the first
addend on the right-hand side of (3.10), may be neglected.
Then it holds approximately:

B B
and inserting (3.12) and (3.9) into (3.11), gives:
M m
(3.13) M =c*+ B L2 [ef]

C u* Cp

If the temperature of the first process is changed, nothing in both the expressions (3.9)
and (3.13) will change but .
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Let us suppose the temperature of the first process to be in the range from —200°C
to +200°C. In this range the change of the Young modulus E is approximately linear
in most metals (cf. [12]) and the change of

1 E
— = =2G
U 1+

is approximately linear as well (cf. [8, 9]).
Introducing the change of temperature from the first process to the second process

(3.14) AT =T*-T,

and the shear modulus G instead of y, the relations (3.9) and (3.13) may be rewritten in
another form:

_ B G
3.9y %, = C"‘+ZEF"‘1’""}(G" 3?“”')’

- B B oG
(3.13y G =c*+2E,-G*[§’IT]+2-CT[§‘I‘T](G*—-—aTAT),

where dG/0T is negative and in the considered range of temperature constant.

What the above equations say is that in the second process both the deviatoric plastic
limit and the deviatoric stress after a fixed plastic deformation display a linear decrease
with the temperature increasing in the first process (T increasing means AT decreasing).
The same holds of course for the normal components o§; and o} in regard to the independ-
ence of the first invariant o;; on the temperature of the first process.

In the paper [15] (p. 218) the results of experiments are referred to where the dependence
of o¥, on the temperature of the first process was investigated and really a decrease with
the temperature was found which was very closely linear.

It is important to note that, according to our analysis, the decrease is connected with
the change of the elastic modulus G and independent of ¢ in spite of the fact that the stud-
ied process is plastic. This theoretical conclusion seems to be corroborated by the quoted
experiments. In the experiments, performed on copper specimens, the observed decrease
was linear with the same slope in the whole range from —200°C to +200°C, the change
of the elastic modulus is — according to [12] — in this range also linear to a good degree
of approximation, but the change of the plastic limit of copper is — according to [8] —
strongly non-linear, substantially differing in the interval —200°C to 0°C from that in the
interval 0°C to +200°C.
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