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Global thermodynamic field equations of balance for anelastic
bodies

C.—C. WANG (HOUSTON) and F. BLOOM (SOUTH CAROLINA)

THE mechanical model of anelastic response is generalized to allow for thermodynamical influences
and leads to restrictions on the constitutive functions and flow rate which are implied by the
Clausius-Duhem inequality. From the concept of symmetry isomorphism the anelastic global
structure and the associated geometric structures are generated and used to derive the global
thermodynamic field equations of balance.

Mechaniczny model niesprezystej reakcji os$rodka uogélniony tak, Ze uwzgledmone sq efekty
termodynamiczne, prowadzi do ograniczeri na funkcje konstytutywne i pr@dkoéé plyniecia,
wynikajacych z nierdbwnoéci Clausiusa-Duhema. Wykorzystujac koncepcje symetrii izomorfizmu
utworzono globalng strukture niesprezysta oraz towarzyszace odpowiednie struktury geome-
tryczne, ktére zastosowano do wyprowadzenia globalnych termodynamicznych réwnar
réwnowagi.

Mexanpyeckana MoJielb HEYNPYToOH peaKiu# cpefbi, 000GIIeHHAsA TAK, YTO YUTEHBI TEPMOIH~-
Hamuueckne sddexTsl, BeeT K OrpaHMueHHAM ANA onpefemolmx QYHKUMHA B A CKO-
POCTH TeueHMA, CleAyloluM M3 HepaBeHcTBa Knaysmyca-Ilrorema. Hcnonbsys KOHLEMIHIO
cumMmeTpHM H3oMopduama obpazoBaHEb! rnobanbHas HEYNpPYraA CTPYKTYpa H CONMYTCTBYIOLIHE
COOTBETCTBYIOLIME NeOMeTPHYECKHE CTPYKTYPhI, KOTOphIE IPHMEHEHbI AJIA BBIBOAA I0bab-
HBIX TEPMOAMHAMHYECKHX YDABHEHMI PaBHOBECHA.

Introduction

IN a previous paper [1] the authors constructed a theory of anelastic response for a purely
mechanical model; in the present work we generalize that model to a thermomechanical
one. The restrictions on the constitutive functions and on the anelastic flow rate, which
follow from a standard application of the Clausius-Duhem inequality, are derived in §1.
Use of the concept of symmetry isomorphism, first considered by WANG in [4], allows us
then to set forth our global constitutive assumptions in §2; here, as in [1], the anelastic global
structure of B is generated from the elastic global structure of B via the field of anelastic
transformation functions and the concept of a symmetry connection on an elastic body is
introduced. Using the global balance equations of momentum and energy for a thermo-
elastic body with uniform symmetry (e.g. [4]) we derive, in §3, the global thermodynamic
field equations of balance which apply to materials exhibiting anelastic response,

1. Local constitutive assumptions and symmetry groups

Let # be a body manifold and p a body point in #. Then as in [1] p is called an an-
elastic point if it is a quasi-elastic point such that the instantaneous anelastic response
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function G' is given by transforming a fixed elastic response function G according to the
rule

(L1 G'(¥) = G(vea(r)),

where v is an arbitrary local configuration of p, and where a(?) is an isochoric automorph-
ism of &, called the anelastic transformation. It is assumed that a(t) = ida, in any rigid
or rest process of p and that a(r) — ida, as t — c0 in any process of p in general. The govern-
ing equation of the anelastic transformation a() is called the flow rule. The model defined
by (1.1) is a purely mechanical one not involving the use of thermodynamical state varia-
bles and state functions.

To generalize the mechanical model (1.1) to a thermomechanical one, we introduce
first the usual list of constitutive relations for a thermoelastic point:

(1.2) (T,q,¢,7) = (G,1,e,h)(v,0,9),

where T, q, ¢, 1, 0, and g are the stress tensor, the heat flux vector, the internal energy, the
entropy, the temperature, and the temperature gradient, respectively. Now we regard
(G, 1, e, h) to be the elastic response functions which hold for an anelastic point p in any
rest process with constant (v, 8, g). When the process is not a rest one, we require that the
instantaneous anelastic response functions (G', I, €', ') be related to (G, 1, e, h) by

(1.3) (G Y, &, K)(v,0,8) = (G, L e, i)(vou(r),0, g),

where a(¢) is governed by the flow rule associated with the process.

By using the original argument of COLEMAN and NoLL [2], as applied by WANG and
BowEN [3] to quasi-elastic materials, we can determine the thermodynamic restrictions on
the constitutive relations (1.2) and (1.3) which follow from the Clausius-Duhem inequailty.
As usual, we choose first a local reference configuration g for p and rewrite (1.2) and (1.3)
in the form

(14) (T’ q ¢, ’?) = (Gns l1.n €us hg)(F;B; g)’
(1.5) (G, L, ey, m)(F, 0,8) = (Gy, L, e, h)(FAL(®D), 0, 8),

where F denotes the deformation gradient relative to w, i.e., F = vop™, and where
A,(t) = poa(r)o n . Since w is held fixed in the analysis for the sake of brevity, we shall
supress it from the notation here.

Our starting point is the reduced entropy inequality:

(1.6) o(ip+nb) —tr (T grad v)+%§so,

where g is the density, v is the velocity, and v is the free energy function defined by y =
= ¢—nf. From (1.4) and (1.5) we then have

1.7 vy = fiF,0,g)
in any rest process and

(1.8) v =f'(F,0,8) = f(FA(), 0, g)
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at any instant 7 in a general process. By (1.8) the gradients of f* and f are related by
af' of ;i o _ o o of
(1‘9) 'a_};;!' = aFi -4 (f), 6_6_ 6& 3 _aE;_a_gg,

where the arguments of f* and f are as shown in (1.8). By use of the chain rule we see that
the total time derivative p is given by

. 3f pa 4¢ v 6f ) af‘
(1.10) 9 = oFs (FeAS+FZA E B+—a— 8a
_ o ' e 1d a}" ' .
6F" Fb-}- aF"F AdAb + - 0+a ga,

where (1.9) has been used. Substituting (1.10) into (1.6), we obtain the following results:
(i) f*and f are independent of g so that

(1.11) v = f'(F,0) = f(FA(1), 6).
(it) A" and / are independent of g and are related to /' and f by

of'(F,0) _ _fFAQ),0)
a ’

(1.12) n = K'(F,0) = h(FA(t),0) = — =

(iii) G' and G are independent of g and are related to f*and f by

: 0
T¢ = GU(F,0) = GYFA(),0) = oF2 gbﬂ)- erzasny LE58:0.

(iv) I and 1 satisfy the inequality
(1.14) I(F,0,8)g = F(FA(1),0,8)g < 0
 (v) A(1) satisfies the inequality
(1.15) F5'9G%(F, 0) F5 A3(t) A" < 0.

We note here that the result in (iv) is somewhat stronger than the restriction on the
heat flux of a quasi-elastic point in general, ef. [3, (3.14)]. To prove (iv) we consider (1.6)
in any rest process with constant (F, 6, g) and we obtain the following inequality for the
elastic response function I(F, 8, g):

(1.16) P(F,6,8)g <0
Then (iv) follows from (1.6) and (1.5).

The preceding results, i.e. (i)-(iv), show that the elastic response functions G, 1, e, A,
and f of an anelastic point satisfy exactly the same thermodynamic restrictions as those
of a thermoelastic point. Next, the anelastic response functions G, I', €', k', and f* are
obtained from the elastic response functions G, 1, e, 4, and f by (1.3) or (1.5) through the
anelastic transformations a(t) or A(t), respectively. Finally, the flow rate A(r) must sat-
isfy the inequality (1.15). The constitutive relations (1.4) and (1.5) together with the flow
rule and the thermodynamic restrictions (1.11)-(1.15) are now admitted as the local con-
stitutive assumptions of an anelastic point.
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Since the elastic response functions G, 1, ¢, &, and f obey the same restrictions as those
of a thermoelastic point, we define the elastic symmetry groups g and g* in the same

way as in [4, Sect. IT]:
G, 1 og, B, = G, 1 ,6,
(1.17) EcgwEc L (B,): {L(v, Lg" £,0,8) = (G, 1)(v,0,8)

and

(8, h,f)(\’ °§! 9) = (e, h!f)(v: 6)

V(v,6).

We note here that in writing down (1.17) we have assumed, for the sake of simplicity
(as explained in [4 Sect. II]) that the symmetry group of G is also that of 1. As shown in [5],
g* is generally a subgroup of g. However, g* = g when p is a solid point (i.e., g is compact)
or when p is a fluid point (i.e. g = S Z(%®,)); whenever p is a fluid crystal point g*
may or may not coincide with g. As explained in [1], the elastic symmetry groups ¢
and g* give rise to the anelastic symmetry groups ¢* and ¢** via

(1.19) ¢ = a(t)ogoa(t)!, ¢ = a(f)og*oa(r)™!
which then satisfy the conditions

(1.18) Eeg*wﬁe.‘?.?(.‘?,):{

G, IN(voE,0,8) = (G, 1N(v,0,
120 geregeswayf oo H O G0
and

e, i, oE,0) = (¢, I, ,0
(1.21) Eee“aieﬂ(ﬂ,):l(v(v e;)(v TSRS

Relative to a local reference configuration . of p, the groups g, g*, ¢', and g** are
represented by the groups ¢, 4*, ¢, and %', respectively, with

(122) (g’ @*’ gt, g”) = o (g, g*;g 3 9”) o I’-—l 3
where
K == G! ] 8$
(1.23) Ke¥ <Kes20): {LTF l;(Fg), 0,8) = (G, D(F,0,g)
= h, . 7]
(1.29) Ke¥* o Ke 290): {:f&h,;)‘)(l"x, 0) = (e, h,f)(F,0)

and similar statements apply for ' and ¢**. In terms of the response function fthe group 4
can be characterized by Truesdell’s condition [5]:

(1.25) Ke%* < Kesﬂ.z’(s);iﬁ((l;xg) = f(F,0)+f(K, 0)—f(1,0)

and a similar condition holds for '* in terms of f*. For a fluid crystal point the exact rela-
tionship between ¥ and ¥* is rather complex: for certain special cases of ¢, ¥* must
coincide with %, cf. [6], but for certain other cases of ¢, ¥* must be different from ¥,
cf. [7]. The problem is solved in general in [8].
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2. Global constitutive assumptions and symmetry connections

In the preceding section we have considered the constitutive relations and symmetry
groups of an arbitrary anelastic point p € #. We now assume that all body points of #
are anelastic and that, moreover, & satisfies the following global constitutive assumptions:

(a) The elastic response functions of the body points are distributed on % in the same
way as those of a thermoelastic body with uniform symmetry as defined in reference
[4, Sect. III]. In other words, in all rest processes the global structure of # is exactly the
same as that formulated in [4].

(b) In a general process of & the elastic global structure evolves smoothly into the
anelastic global structure through the anelastic transtormation e« as explained in [1].

We shall now summarize some of the basic concepts introduced in [1] and [4]; first,
we explain the elastic global structure of #. This structure requires that for any two
points p and ¢ in & there exists an isomorphism A(p, q): #, — %#,, where &, and 4, are,
respectively, the tangent spaces to # at p and ¢q such that the symmetry groups g, and g,
are related by

(VA 9. = A(p, q)og,,OA(p,q)‘l.

Any such isomorphism A(p, ¢) is then called a symmetry isomorphism. In terms of the
relative symmetry groups the condition expressed by (2.1) means that there exist local
reference configurations ., and g,, which are related via A(p, q) = p, o u;* such that 4,
coincides with %, Thus the relative symmetry groups of the body points of # are all
of the same type in the sense that the conjugate classes of the relative symmetry groups
of # coincide with one another.

Remark. As has already been explained in [4], symmetry isomorphisms are to be
distinguished from the material isomorphisms which have been employed, for example,
in [1] and [4]. An isomorphism I(p, g): 2, — %, is called a material isomorphism of p
with g if

2.2 G(vy, 0) = G(v,°I(p, 9),0) V(v,,0)

where v, is a local configuration of g. When such an isomorphism I(p, ¢) exists, p and ¢
are called materially isomorphic, and it follows immediately that (2.1) holds with A(p, g)
replaced by I(p, q). Every material isomorphism is, therefore, a symmetry isomorphism
but the converse is, in general, not valid.

The smoothness of the distribution of the response functions requires the existence of
an elastic atlas A on #. Specifically, an elastic atlas % is a collection

(2.3) A= {%,, w),yel},

where %, C %, () is a smooth field of local reference configurations on %,, I is an
index set and the following conditions are satisfied:

(1) There exists a smooth distribution of relative response functions
(Gy, lx)(F, 6, g, p) on & such that

@4) (G, 10)(F, 0,8, 7) = Gy, 1, )(F.0,8,p) VP, yl.
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(2) The distribution (Gy, ley) has a uniform relative symmetry group %y, viz,
(2.5) Yu=9,(p) Vpel, yel.

Note. The conditions (1) and (2) above imply that the deformation gradient K,,, =
= p,o ;' from p, to w, is a smooth field on %, N %, with values in %y for all charts
(#,, p)) and (%s, p,) in A. Furthermore, the collection {K,s; ¥, 4 €1} satisfies the follow-
ing indentities:

K}'?(.p) = l VP E%y:
(2-6) K?J(P) = Kﬂ?(p)_l VP qur n %as
Kré(P)Kay(P) =Kulp) Vpe¥U,n Us N U.
Hence U can be regarded as a bundle atlas with the K,; as the coordinate transformations
and %y as the structure group as in the theory of fibre bundles, cf. [9]. The elastic atlas U
now characterizes completely the elastic global structure in accordance with (a).

From (b) the anelastic global structure of & at any time ¢ in a general process can be
obtained from the elastic glocal structure in the following way: There exists a smooth
global anelastic transformation field a(z, p) on @ such that the anelastic atlas A(¢) is
related to the elastic atlas U by

2.7 A = (%, wyt, ),y el},
where
(2.8) w2, p) = w(P)oalt,p)™" Vpe¥,yel.

Like %, the anelastic atlas (¢) satisfies the following conditions: (1)'. There exists a smooth
distribution of relative response functions (G'w,, I'ay) (F,0, g, p) on Z such that

(G'H(l)r l’i‘l{r))(F, e’ g P) = (G:&Y{t.p) s I:‘Ly(f.p))(ﬁ" 6’ g, P)

29 : Vpe, yel.
(2)" The symmetry group of (G'uqy, Yue) is uniform on 4, i.e.
(2.10) g'!m = gf-,(hn Vpe,,yel.

Indeed, from (2.8) the relative response functions (G'ug,, I'a) are the same as (Gu, la)
and the relative symmetry group %'y, coincides with %g. In the theory of fibre bundles
A(¢) is equivalent to the bundle atlas %, since its coordinate transformations K} = @,(#, *) o
ows(t, - )71, v, 8 el, coincide with those of .

Note. As explained in [4] the relative response functions Gy and G, would be
independent of p were we working with the concept of material isomorphism rather than
that of symmetry isomorphism, i.e., the explicit dependence of Gu,, G:ly (t,p), etc.,
on p would not appear in (2.9).

Now, just as in [1], we can define an affine connection on the tangent bundle of #
whose induced parallel transports (relative to ) are contained in %y. Since the charts
of A have a uniform symmetry group, we call such an affine connecttion an elastic sym-
metry connection. In the theory of fibre bundles, these connections are called struc-
tural connections or %-connections, where % denotes the structure group of the bundle
atlas. For the elastic global structure here, the bundle altas is % and the structure group
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is 9y . It was proved in [9] that a structural connection in general can be characterized in
the following way: Choose a coordinate system x = (X*) on 4. Then the charts (%,, y,)
of a bundle atlas % can be represented by the deformation gradient F = x, o ™", where x,,
denotes the gradient of x. Now suppose that 3 is an affine connection on (%), the
tangent bundle of %, with connection symbols I'sc (X) relative to (X“). Then a necessary
and sufficient condition for 3 to be a structural connection with respect to U is that

@.11) [Fc-“(gﬁ, +1‘£DF§)]eg,, B 908,

where F§ denotes the components of F and g, denotes the Lie Algebra of the structure
group %y. It was shown in [1] that a structural connection exists but is generally not unique
as the condition expressed by (2.11) does not determine the connection symbols uniquely.

The global anelastic transformation a which maps the atlas U of the elastic structure
to the atlas A(r) of the anelastic structure also maps a structural connection # relative
to U to a structural connection #" relative to 2A(z). As explained in [1] the parallel trans-
ports p(7) and p'(7) of # and H#", respectively, along any path 1 in 8 from A(0) to A(7)
are related by

(2.12) p'(7) = a(t,A(7)) e p(7) o ax(z, A(0)) .
As for the connection symbols I's-(X?) and I'sc(t, XP) relative to (X4) we have

dag 'F (1, X*)
oX¢

@13)  Te(t, X¥) = af(t, X°) | TEc(X)a5"2(1, X¥) +

dap(r, X¥) )

= @521, X*) (FSC(X“)«;(:,X*)— A

where af and o' are the components of @ and a~! with respect to (X*). The condition
expressed by (2.13) implies that the matrices given by (2.11) coincide with the correspond-
ing matrices associated with #* and U(?), viz,

OF5(t, X*¥)

aXp +I‘§D(I!XK)F§(’!XK))

(2.14)  F'(, X")(

OF5(X™)
ox®

= FE“(X‘)( +I%p X")Fﬁ(X")) -
Since gu = gu,, the identity (2.14) implies, as it should, that #* is a structural connection
relative to A(t). As we shall see, the conditions expressed by (2.11)-(2.14) are important
in the derivation of the global field equations of motion for 4.

3. Global balance equations

For a thermoelastic body with uniform symmetry the global balance equations of mo-
mentum have been derived in [4, Sect. IV]. First, we choose a reference configuration
% = (X*) and we characterize a motion by the deformation functions x* = x'(t, X4).
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Since we shall use a fixed atlas A throughout the analysis, for brevity we shall suppress
the subscript U in what follows. We denote the gradients of the response function G rela-
tive to A by

_ 0Gi(F,6,X%)

i K 1
Gl Ght= G, = JGF.0. X o _ 0G|, 0,XT)

oFt 0 i ox4

Then as shown in [4] the global balance equation of momentum takes the form

32 (Gi*x 5+ Gin) XD+ Glogi+ 0y = o,

where x and X/ denote the gradients x, and x;* of the deformation x' = x'(t, X*) and

the inverse deformation X4 = X4(¢, »’), i.e.,

axl(t, XX
33) o _xé,j‘__) Xt =

aXA(t, x7)

ox? i
and x% p denotes the covariant derivative of x* relative to the connection 3, i.e.,

L . B
T 9X49xB 4B gxc°

G4 X

and Gi*, G's, and G, are global fields given by the following local formulas:
(3'5) -}E“ i G}*B(x* F! 8’ XE)F;s éjis = G}B(ngs B! X:)’ éj‘a = G}ﬂ(xt F! &: Xi)!

where F, with components Fa, denotes the deformation gradient from g to % as shown
in (2.11). The formulas in (3.5) are only local because the domain of F is the subbody #
over which the field w is defined, where (%, p) € . However, it has been shown in [9]

that the values Gi*, Gis, and G, given by (3.5) are actually independent of the choice
of the chart (%, i) in U, so that they form global fields on 4&.

As explained in [10], in order that (3.3) can be applied to an anelastic body #, we
must replace the atlas U by the atlas 2(¢) and the connection # by the connection #*.
Thus the balance equations are

(3.6) (Kj*xn+ Kin) XP+ Kjogi+0b) = 0%,
where x% ; denotes the covariant derivative of x% relative to the connection 3, and
i’j,,‘, K}‘,, and IE}, are given by
(€3) Ky = GjP(x,oF 0, X)adF§, Kis = Gjs(x,oF, 0, X*),
K}y = Gly(x, aF, 0, X¥),

where the argument x,aF has components x%a3Fg, because the deformation gradient
F(z, -) from p(z, -) to n is related to F by

(38) FE(t, X¥) = ag(t, X¥)FA(X"),

cf. [1, Eq. (6.34)]. In [1] we have also proven that the covariant derivatives relative to »#
and " are related by

(3.9) ¢ Xap = (¢ x4).5,
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cf. [1, Eq. (6.41)]. Substituting (3.9) into (3.6), we see that the balance equations can be
rewritten as

(3.10) (HiA (@5 %),5+ Kls) X2+ Ko gi+ 0b; = 0%,
where Hj* is given by the local formula
(3.11) Hi* = G)\B(x, aF, 0, X*)F4.

We note that (3.10) is exactly the same as (3.2) except that the variable x% in (3.2) is replaced
throughout the equation by the variable x} a5 in (3.10).

Note. A variant of the balance equations which is based on the response function
for the Piola-Kirchhoff stress tensor is given by [4, Eq. (4.28)]; by following the same pro-
cedure as used in the derivation of (3.10), we can derive a similar variant of (3.10) here.

Next, we consider the global balance equation of energy. For a thermoelastic body with
uniform symmetry, the result is given in [4]. We denote the gradients of the response
function 1 relative to U by

pa JE 08X 0,0, 8, X)

(3 12) aF; ’ 8 = a& ’
‘ i o OFCE,0,8,X5) , _ OI'(F,0,g,X%)
A T X}, '

Then, as shown in [4, Sect. IV], the global balance equation of energy takes the form
(3.13) (it o+ TP+ g 1028 1 or = o,

where 144,15, I}, and ?;-" are global fields given by the following local formulas:
I = 14"(x, F, 0,8, X" F§,
I = Ij(x,F, 0,8, X"),
Ii = lx,F,0,8, XD,
= Ji(x,F,0,g,X").

To apply the balance equation (3.13) to an anelastic body with uniform symmetry we
simply replace & by UA(r) and 5 by #* and the result is

(3.14)

. o [%) .
(3.15) i X g 5 or = b,

where "4, mg, mj, and mY are given by
(3.16) mh* = I'’(x,aF,0,g, XX adF§, mp= ly(x,aF,0,g8,X%),

il = I(x, oF, 0, g, X5).
Using (3.9), we can rewrite (3.15) as

3 2 - =370 ;
(3.17) (A (@ )+ i) XE + ik, +m:‘ai;= +er = o0,
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where 7,4 is given by
(3.18) At = Ih%(x, aF, 0, g, X*)F§.
Equation (3.17) is the same as equation (3.13) except that the variable x’; of the latter is
replaced by the variable x4 a® throughout the equation.
Thus far, we have expressed the left-hand side of the balance equation (3.17) in terms

of the deformation function and the temperature field. As far as the right-hand side of
(3.17) is concerned, we have the following result, cf. [4, Eq. (4.71)]:

.= o ..
(3.19) _ n = hfxy =7 +he0,
where E}' and h, are global fields given by the local formulas

(3.20) It = hB(x,F,0,X*)Fs, by = hy(x,F,0, X*).
We remark that 4? and h; are the gradients of the response function 4 relative to U, i.e.,
locally we have
_6!:(F,9,X") _ Oh(F,0, X%)
oF} - /.

In order to apply (3.19) to an anelastic body, we replace U by U(z) as before and obtain

I

(3.21) hp , h

L T
(322} n = _?XJBO.'B ?XT +k98,

where FE;‘ and k, are given by
(3.23) kft = hP(x,aF,0, XX)F§, ko = hy(x,aF,0, X¥).

Thus the global balance equation of energy for an anelastic body with uniform symmetry
has the explicit form:
~i A7 B Sy e i - ij 08 rap OV s

(329 @ k‘('xAx%).C + mc) X{ + g+ g’ T +or = o0 |kfaixy Fr +kob |.

Note. A variant of (3.24), based upon use of the response function for the heat
flux vector relative to the reference configuration x, can be derived from the result [4, Eq.
(4.58)] for thermoelastic bodies in a manner entirely similar to that which is used in deriv-
ing the variant of (3.10) which is based on use of the Piola-Kirchhoff stress tensor.

Acknowledgement

The research reported in this paper was supported in part by Grant 23773 from the
U.S. National Science Foundation to Wang through Rice University.

References

1. C.—C. WanG and F. BLooM, Material uniformity and inhomogeneity in anelastic bodies, Arch. Rat.
Mech. Anal., 53, 246-276, 1974.



GLOBAL THERMODYNAMIC FIELD EQUATIONS OF BALANCE FOR ANELASTIC BODIES 153

2,

3.

4,

13.

B. D. CoLemAN and W. NoLL, The thermodynamics of elastic materials with heat conduction and viscos-
ity, Arch. Rat. Mech. Anal., 13, 167-178, 1963.

C.—C. WaNG and R. M. Bowen, On the thermodynamics of non-linear materials with quasi-elastic
response, Arch. Rat. Mech. Anal., 22, 79-99, 1966.

C.—C. WANG, On the thermodynamics of inhomogeneous bodies, in Fundamental Aspects of Dislocation
Theory, J. A. Stmmons, R. de Wir, and R. BuLLouGH, Eds., Nat. Bur. Stand. (U.S.) Special Publ.
317, 11, 1970.

. C. TRUESDELL, 4 theorem on the isotropy groups of a hyperelastic material, Proc. Nat. Acad. Sci. U.S.A.,

52, 1081-1083, 1964.

. C.—C. WANG, On the symmetries of certain hyperelastic simple liquid crystals, Pro. Nat. Acad. Sci.

U.S.A,, 55, 468-471, 1966.

. C.—C. WANG, A general theory of subfluids, Arch. Rat. Mech. Anal., 20, 140, 1965.
. C.—C. WANG, On the stored energy functions of hyperelastic materials, Arch. Rat. Mech. Anal., 23,

1-14, 1966.

. C.—C. WANG, On the geometric structures of simple bodies, a mathematical foundation for the theory

of continuous distributions of dislocations, Arch. Rat. Mech. Anal., 27, 33-92, 1967.

. C.—C. WANG, Global equations of motion for anelastic bodies and bodies with elastic range, Arch. Rat.

Mech. Anal., 59, 9-23, 1975.

. W. NovLL, Materially uniform simple bodies with inhomogeneities, Arch. Rat. Mech. Anal., 27, 1-32,

1967.

. C. EcKART, The thermodynamics of irreversible processes, IV. The theory of elasticity and anelasticity,

Phys. Rev., 73, 373-382, 1948.
C. TRUESDELL, The mechanical foundations of elasticity and fluid dynamics, J. Rat. Mech. Anal,, 1,
125-300, 1952.

DEPARTMENT OF MATHEMATICAL SCIENCES, RICE UNIVERSITY,
HOUSTON, TEXAS

and

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE,
UNIVERSITY OF SOUTH CAROLINA, COLUMBIA, SOUTH CAROLINA.

Received December 2, 1974.





