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Derivation of a generalized continuum theory for heterogeneous
materials

G. DIENER, Ch. RAABE and H.-G. SCHOPF (DRESDEN)

STARTING from the microstructure of a heterogeneous (composite) material by means of en-
semble-averaging a macroscopic continuum theory is derived. Besides the mean field it contains
additional degrees of freedom, called “multipole”-fields. It is shown that, as a matter of prin-
ciple, a local theory of that kind, described by differential equations, cannot be achieved up
to an arbitrarily high accuracy. On the contrary, it is restricted to the long-wave-range. In
the present paper the approach is explained in a rather general notion and illustrated by means
of a simple model. Application to the elastic case is reserved to a subsequent paper.

Wychodzac z mikrostruktury materialu heterogennego (kompozytu) i wykorzystujac usred-
nienie zbioru wyprowadzono makroskopowa teorie kontinuum. Oprécz pola usrednionego
zawiera ona dodatkowe stopnie swobody zwane “multipolami”. Wykazano, ze w zasadzie
tego rodzaju teorii lokalnej, opisanej roGwnaniami rézniczkowymi, nie mozna otrzymaé z do-
wolnie duza dokladnoécia, poniewaz jest ona ograniczona do zakresu fal dlugich. W niniejszej
pracy sposob podejécia wyjasniono ogélnie i zilustrowano prostym modelem. Zastosowanie
niniejszej teorii do przypadku spr¢zystego bedzie przedmiotem nastgpnej pracy.

Hcxoaa M3 MAKPOCTPYKTYPbI FETEPOreHHOr0 MaTepHasia (KOMIIO3UTA) M CHOMb3YA YCPEIHEHHE
MHO)KECTBa, BBIBEAEHA MAaKPOCKONIHYECKAA TEOPHSA KOHTHHYyM. Kpome ycpeqHeHHOTo moJs
COMIEPYUT OHA JOMOJIHHTEIBLHbIE CTEMeHNn CBOOOABI, HaskIBaeMble ,,MyabTHnoAmMu’’. IToka-
3aHO, YTO B TNPHHUMIIE 3TOrO pOJAa JIOKAIBHOH TEOpHM, OMMCAaHHOH auddepeHIHANEHBIME
YPaBHEHHAMH, HE MOXKHO NOJYYHTh C NPOH3BONEHO Gosbluoil TouHocThio. HampoTHER oHa
OrpaHHyeHa JHANA30HOM AJHHHBIX BoJIH. B Hacrosuei paborte cmocob moaxona ofbsCHEH
obupm 0o6pasoM M HUTIOCTPHPOBAaH TPOCTONl MoAensio. [IpHMeHEHHE HACTOALUEH TEOpHM
K YNpyroMy ciiyuaio GyIeT npeamMeToM clieayroLuei paboTsl.

Introduction

MANyY continuum theories have been proposed which are generalized in the sense that,
besides the mean displacement field, additional degrees of freedom are assumed (micro-
morphic, micropolar, multipolar theories) [1, 2, 3]. The aim is to characterize the internal
structure of the body in more detail. Especially, in some cases this approach has been
used for describing heterogeneous materials, for instance laminated or fibre-reinforced
bodies [4, 5, 6]. Apart from such well established applications, there seems to be a lack
concerning a sufficient physical interpretation of the additional degrees of freedom. In
the same way, physical reasons for the accepted constitutive relations are desirable.

This state of affairs suggests an attempt of deriving such a generalized continuum
theory by means of remodeling and averaging the exact microscopic equations. The nota-
tion “microscopic” does not refer to the atomic scale but to the characteristic length of
heterogeneity. Obviously, in our case it is sufficient to explore the general structure of
the macroscopic equations without taking care of numerical coefficients. The latter will
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strongly depend on the underlying special model whereas the form of the field equations
is expected to posses a more general validity.

In the first section a scheme is offered according to which such a transition from the
microscopic equations to macroscopic ones may be performed. This scheme is restricted
to linear phenomena like elasticity, conductivity et al.

In the second section the general considerations of the first one are briefly illustrated
by means of a simple model. The more complicated but most interesting case of elasticity
will be treated in a subsequent paper.

1. The general scheme

We consider inclusions E being stochastically distributed within a matrix M. In M
a certain field u(r, t) may be governed by a field equation

(1.1 Lyu = f,
where L, is a linear differential operator with constant coefficients, / being a source term.
In the same way, inside the i-th inclusion we have

(1.2) Liu = f,

L} being of the same type as L.
At an arbitrary point an equation

() Lu={Lu+ D Llu=71
i

holds. Concerning time dependence le tus think of a Fourier-transformation to be carried
out, such that a frequency w will appear, In Eq. (1.3) L is a stochastic operator with
coefficients being piecemeal constant, and

(1.4)

L= Li—L, inside the i-th inclusion,
0 otherwise.

The final aim is the replacement of the microscopic field equation (1.3) by a macro-
scopic one for the mean field {u), supplemented by field equations for additional degrees
of freedom. The symbol <...> denotes the average over an ensemble of samples, being
macroscopically equivalent but differing from one another microscopically by various
arrangements of the inclusions. The additional degrees of freedom are related to the
fluctuations of the field u(r, £).

Let us write the general solution of Eq. (1.2) as

(1.5 u= (LY~'f+ ) ¢hOk

where the first term denotes the particular solution vanishing on the surface of the i-th
inclusion. The second term is a solution of the homogeneous equation expressed by an
appropriate system @k, being complete on the surface of the i-th inclusion.

The coefficients Q}, whose values are beforehand open, denote the degrees of freedom
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within the i-th inclusion. Generalizing simple cases, henceforth they should be called

“multipoles”.
Now, the Eq. (1.3) is formally remodeled into an integral equation
(1.6) u=Lit{f~ D L'd},
i

where Ly is that Green-operator of the infinite homogeneous matrix whose kernel
vanishes at infinity. Inserting (1.5) into (1.6) yields

(L.7) u=Lt|f- 2 [@H-rr+ 3 vi0i]}.

Here we have taken into account that, according to the Eq. (1.4), on the right-hand
side of the Eq. (1.6) there appears only the u-field in the interior of the i-th inclusion.

The Eq. (1.7) shows us, that the microscopic problem is reduced to the task of finding
the multipoles Q.. Equations for these quantities can be obtained from the Egs. (1.7)
and (1.5). To this end, we apply the operator L’ to the Eq. (1.7), taking into account
again, that, because of (1.4) the field-variable u occuring behind L’ can be replaced by
the Eq. (1.5). Thus, we obtain

a8)  Dladr+ Y elol = v {r- ZL‘[(L&)*H XA

It is suitable to introduce a system of functions @ being adjoint to ¢} in the sense
that

(1.9) [ ava L1+ Lid Ly gh = s

Such a system can be obtained, for instance, from

2 easPp = (D)%

(1.10) d
elo = [ AV(@Y L'(1 + Ly L) g}

We get a system of equations for the unknown Q) by means of applying the operator

[avg to the Eq. (1.8).
With the aid of the abbreviations

AY = - [av@ ULy Ui g},
BN = [avgiiii | f- 3 Dahr|-ab ),
J
the result takes the compact form

(1.11) 0L = BN+ D Y 440}

e 8
Accordingly, the multipoles depend on the positions of all the inclusions, whereas L', @4
depend on the position of the i-th inclusion only. Concerning ensemble average of Eq.
(1.7), this fact gives rise to a decomposition as

(1.12) (L9205 = (L'gudQa>ei >,
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where {...) is the average under the condition that the i-th inclusion is situated at r'.
In the special case of identical inclusions (equal size and material) we consider

(1.13) Qi = Qu(r)

as macroscopic fields, i.e. as additional degrees of freedom besides {u).
According to the Eq. (1.7) the field equation for {u) takes the form

(1L14)  LuCu) =<f)>— [avig@) LLD) ™ (fou - Z J avig(e) L'gi Qe

where g(r) denotes the one-particle distribution function.
Before we go over to the average of the Eq. (1.11) let us rewrite this equation, namely,
replacing {(f) within B.[f] by means of the Eq. (1.14). The result is

(1.15) = Bilf1+ D Z A%0}

Ji£D
where

b= — [AVEL'Ly* (1 - #) L g},
Bi[f1= f VL +Lit [(1— ) f~ 3 (- ) D) f] - @),
JGED
The operator #(...) = {...) affects the average of all the terms subsequent to ., inclusive
Q: which appear after 4. With it, the 4% become operators.
In order to get equations for the macroscopic field Q.(r), the following procedure is
proposed. From the Eq. (1.11) we obtain a hierarchy as
Q> =<B>+{40),
(4Q) = (ABY+(AAQ,
(AAQ) = (AAB)+{AAAQ),

where, for the sake of clarity, all indices and sums are omitted. The brackets denote con-
ditional averages analogous to the Eq. (1.13). Since this infinite hierarchy does not permit
a direct calculation of Q,(r') = (Q%),, it must be closed. This may be done, for instance,
replacing Q% by its mean value Q,(r) in the last term of the m-th equation. Then suc-
cessive substitution finally leads to equations of the type

0u(0) = "€ [, f1+ [ V"B, ¥) u@)+ D, [ dV "t op(r, ¥)Q5(r),
(1.16),,, f
LyCu@) = Efr, f1+ D, [ V' 2u(r, 1) 0. ().

The last equation is identical with the Eq. (1.14). The kernel ™#/,; means the conditional
average for two inclusions being fixed at r and r’:

(1.17) "ol p(r, ¥) = 1g71(r) 2 Z(A‘" oy ATl
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This equation shows us that ™2/, contains the distribution-function for m+1 inclusions.
Therefore, the considered approximation disregards correlations between more than m+1
grains.
The Eq. (1.17) is suitably illustrated as a sum of irreducible graphs (Fig. 1).
R, XD, EoN; o, Dy LaTe—ps

_____

Fic. 1.

This is explained as follows: A straight line —- means any Ji{, where the vertices (points)
denote the position and the multipole-index.

In order the perform the average, the vertices have to be connected in all possible
ways by correlation-functions and autocorrelation-functions. These ones are symbolized
by full and dashed bows, respectively. Further, integration (summation) over the posi-
tions and multipoles of the interior vertices is prescribed. However, graphs containing
autocorrelation between neighbouring vertices as well as reducible graphs are excluded.
The latter are those which decay into two graphs by intersecting any A4%-line. The re-
striction to irreducible graphs is caused by the operator (1—.#) in (1.15).

Obviously, our aim of writing down a finite system of differential equations has not
yet been achieved. The system (1.16) consists of integral equations for the mean field
{u) and an infinite number of multipoles.

In order to overcome these difficulties we decide for the following procedure. First
of all, for the sake of simplicity, statistical homogeneity is assumed; that is

"l og(X, 1) = " 5(r—r’),
(1.18) "B.(r, 1) = "B, (r—1),
Da(r, ) = Do(r—r').

Consequently, the Fourier-transform of (1.16) turns out to be an algebraic system

ém = Z mﬁaﬂéﬁ"'m*éu(ﬁ)‘{'éU]l
(1.19),., o .
Lty = D) 9.0.+611.

(The roof indicates the Fourier-transform).

Further, under the restriction to long wave-lengths, i.e. small k, we try an expansion
of the coefficients with respect to k and to the frequency w. Truncating these series at
a certain power of k and w and retransformation into the physical space lead to a system
of differential equations of corresponding order. Moreover, this approximation would
permit to single out higher multipoles which contribute to the Eq. (1.19), in an order of
k which is beyond the considered accuracy such that they can be dropped altogether.
In this way, finally, our system would become a finite one.

The realization of this program up to an arbitrarily high order is possible if only
there is a suitable dissipative mechanism, which causes that s,; tends to zero more
rapidly than any power of 1/r. Otherwise we can be sure that the Green-functions behave
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like 1/r (r = o0). It can be shown that in this case graphs will occur which decrease like
a power of 1/r only, even when the correlation-functions are assumed to decrease ex-
ponentially for example (Fig. 2)

Fic. 2.

The Fourier-transform of these contributions cannot be expanded into a power series
of k. Besides the powers there appear terms like k"In k. Since they do not go over to
differential operators by retransformation, our program is realizable only up to a restricted
order. Higher accuracy can be achieved only by nonlocal continuum theories.

2. Nlustration by means of a model

In the following the statements of the first section may be briefly illustrated by means
of a special model. We restrict ourselves to spherical inclusions of equal size and material.
Further, we consider a scalar model theory with the model-operator

L = p(t)w?+Ve(r)V,
o(r) = eu+(ee—0m)OR~r—r')),
(2.1 e(r) = ext(ce— ) O(R—[r—r)),
Ly =puw*+eyd,
L' = (0z~om)OR~[r—r')w? +(cg—cp) VO(R—r—1']) V.
Ris the radius of the inclusions, r’ the position vector of the i-th inclusion. Because of the

spherical symmetry, the system ¢% (1.5) is chosen as

A A R

o
o PR P T

where Y, denotes the spherical harmonics and

jole) = ]/ 211 (@

the spherical Bessel-function of the first kind. The wave-number x is given by the dis-
persion relation of the inclusions,

The adjoint system @}, (1.10) is proportional to (gi)*.
The execution of the program, skeched in the first section, yields the following results.
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For sufficiently small wavevector k& and frequency w ~ x the leading terms in the system
(1.16) behave like

& o000 ~ (KR)°(%R)?,

doolm L2 (kR)l: l# 0,
G2 imoo ~ KRR, 140,
impg ~ (KR)'P, otherwise,

Ql'n 2t (kR)l’ @ oo ™~ fo)2, glm o (kR)ls !?é 0

Here we have assumed that the correlation lengths are of the order of magnitude R
(inclusion radius). Otherwise R has to be replaced by the largest characteristic correlation
length. According to a remark in the introduction of this paper, the calculation of nu-
merical coefficients has not been carried out. No general assertions about the inhomo-
geneities "¢ and & of the Egs. (1.16) can be made. They may assume an arbitrary order
of magnitude according to the choice of the source term f. However, this does not matter
since we will restrict ourselves to free waves, f = 0.

Besides the leading terms (2.3) there will occur additional terms with higher powers
of k and w. Moreover, as has been mentioned above, we are confronted with logarithmic
terms, namely, in lowest order

#0000 = (KR)*(%R)*In(kR),
Hoom = kR)+*In(kR), [#0,
24) Linoo = (KR)'*+*(xR)?In(kR), 1#0,
A impg = (KR} +P+4In(kR)  otherwise,
B, - (kR)**In(kR),
or (kR)"**(xR)*In(kR).

As already discussed, these terms do not correspond to any differential operator.
Consequently, one can achieve a localized theory, governed by differential equations,
if only these contributions are negligible. Moreover, our considerations may be restricted
to the case that k and x are of the same order of magnitude. In analogy to crystal vibra-
tions we speak about “acoustic modes” in contradistinction to “optical modes”, where
# # 0 when k — 0. The latter ones are related to vibrations of the inclusions, most of
which are decoupled from the mean field <{u).

In the case of acoustic branches a careful inspection of the Egs. (1.19) shows that
for small k the multipoles reveal the same order of magnitude as the coefficients %, i.e.

2.5) Otm ~ (kR)' ).

On the other hand, disentangling the system (1.19) step by step leads to the following
conclusion: If the logarithmic terms are disregarded, then in the Eq. (1.19), an error is
caused whose order of magnitude is (kR)®In(kR) - {u). Therefore it is meaningless to take
into regard terms of higher order than k7(u) in the Eq. (1.19), so far as we decide for
a local approximation. This fact in connection with (2.5) and 2,,, ~ (kR)' means that
all the multipoles with / > 3 may be neglected altogether. In this way, the approximation



332 G. DiENER, CH. RAABE aAND H. G. SCHOPF

which has been introduced for the sake of localization automatically reduces the infinite
number of multipoles to a finite one.

This enables us to eliminate the multipoles from the system (1.19),,, to obtain an
equation for the mean field {u) alone. After retransformation into the physical space
it is the question of a differential equation being at most of seventh order.

The relative error, which is caused by localization in the equation for mean field {u),
is of the order (kR)In(kR). This can easily be seen observing that the operator L, has
the order k2.

Summarizing we assert that the proposed procedure yields in fact local continuum
theories with additional degrees of freedom. However, as a matter of principle, their
validity is restricted to a certain degree of accuracy which depends on the considered
wave-lengths. Higher accuracy can be achieved only by use of nonlocal theories.
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