[369]

XVIII.

THE AUXILIARY FUNCTION 7 FOR TWO THIN LENSES
CLOSE TOGETHER IN VACUO, AND FOR A SINGLE THIN
LENS IN VACUO
July, 1833.

[Note Book 28, pp. 29-39 (back).]

For a small spheric cap at origin, with curvature =y,
zi=§ri(@f+y)+ Gr)’ @+ )75

%i—pimi— qiyi=r;" {1 = ~V1+p} + ¢}

pi+a  (Pi+q)
=— - .
2r; 8r;
Therefore for a series of n spheric refracting or reflecting surfaces close together at origin,*
P=—}S,. " (i = pia@ia)* + (piBi — pi_y Pia)?
- 7s ity — Pia%i-1)

pi — pia @) + (piBi — iy Bia).

7y (pii = pieaYi-a)? i

and

+§2(¢)’{ (

and ;
V = pn (@0 + Yn L+ 2n¥n) — po (0% + Yo Bo + 20y0) — 1.

For two thin refracting lenses close together in vacuo, with four cyrved surfaces,t
V = asaq + ysBa+ z5ya— (@ + YoBo + 2070)
+ (pra1 - @) + (u1B1— Bo)? + (pattg — a)? 4 (psBs— Be)?

27y (11— o) 273 (pgrys — o)
" (@2 = pr1)® + (B2 — 1 B)* + (a4 — pas)® + (B, — paBs)®
27y (ya— pav1) 2r4 (ya — pgys)
{01 — @) + (1 Br— Bol'* _ (st — @) + (s Bs — Bo)’}
871 (pry1 — 0)? 8rg (.U's')'s " ')’a)a
_ (e — @) + (Ba— mB)* _ {(2a— paa)?® + (By — paBa)’} .
8rs (ya— pam1)? 84 (vq — pays)’® )

Yo=VI—ad— B3 =1—}(ad+B)— (g} +R2y;
n=&c; myu—yp=m—1-tm@+6)+3(+A);
m@+E) - @+ 5D,
2(p—1) ;
* [The thickness of the lenses, although in general of the order of o2+ 2, is here neglected. The argument

used here is that of (K7) of the Third Supplement (p. 216).]
~t [The point 5, ¥, 2, is any point on the final ray.]

(myr—v)'=(u-1)"+
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370 XVIII. THIN LENSES CLOSE TOGETHER

(July 22, 18383) the approximate conditions of the stationary value* with respect to ey, @y, e are

#1.“1—00+a2—/t1l11=0 Qg — 10y [Lgaa—ag=0 p,sas—a,_'_a‘—usas:()_
that is - " Tora(u—1) T rg(ps—1) 7 T3 74 '
pa (ry— 7ra) @y = 105 — 7‘2“0}
M3 ("'3 ot ”'4) Qg = 1'glly — Tyl
and
e 5 (p1— 1) (r0q — 7405) B (s — 1) (r103 — r300)
@ {ry(pa — 1) =73 (us — 1)} = e e
BRI ke @ rary (g —1) 7173 (us— 1)} (1 —1)  ag(us—1)
ot e l"z(llal 1)—r3(us— 1)+ o s it Ot LT Syt + S

w1 -1) a(u—1) , a(us—1)
az{"‘:—’r4+’ll"f—7"2}= 7':‘1'7'4 b i Byt %
a3 {(p1=1) (r1—12) + (us = 1) (rs — )} = €0 (o — 1) (r3 — 72) + €4 (1 — 1) (11— 7a),

.+ finally} ,
v %P +aP P +aP 8 AP+ BF,
PO W R | o IR o, i T

using P, P,, to denote the powers of the 1st and 2nd lens. That is,
P (ay—az) =P, (g — o) :

an equation which probably admits of some simple geometrical enunciation.

ey =y + 25?2_;:‘0)=a2+(#1—1)7;(aa—ao)=a2+(m—1137::g4—ao)
.__ao_*_’”l_f":z?‘?%ﬂ)___ao_*_(ﬂl—l)g(aa—%) +(ﬂ1—2:1$4—ao),
Ualiy =y + 4£:"_;:‘“>=a4+(ﬂfa“1)g(a4—aa)____a4 (Ms_llz".:_(l‘?_%)
=ag+r3£:trfz) e 1)}3’(&4—%)=a2+(#a—2fg4—ao)

a4P+aoP +(ll~3—1)7‘3(a4—ao) o ¥ (/"'3“1)7'4(“4—‘10)

P+ P P+, , as before :

and similarly

#aB1=Bo + a—1)n ('84_30)§ /43,33=/34+('us_

1) 74 (Bs — Bo)
P+, '

P+ P

* [That is, of 7'; the function V plays no essential part in this investigation.]

t [In the manuscripts of this period, Hamilton used this symbol -.- consistently in the sense of “therefore.”
The symbol was used in this sense in the seventeenth century by W. Oughtred and J. H. Rahn; see F. Cajori,
History of Mathematical Notations, vol. 1 (Chicago, 1928), pp. 190, 211.]

i [Hamilton here reverts to his customary notation, in which o', B, ¥ refer to the mcxdent ray, a, B, y to the
emergent ray.|
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XVIIL. THIN LENSES CLOSE TOGETHER 371

These values of @, @y, @, 81, B2, Bs are to be substituted in ¥ or 7. Thus*

RN [ UK (1 — @) (aa ) (usag — ag)? (a4-—#3aa)
or (i —1) 2ry(uy— 1) @ 2rg(us—1) (s — 1)

+ same function of the B’s

_ 3P {(@— @)+ (Ba— B0} L3P (e o)t + (Ba— B0’}

P+Py @>+r)
_(@—dP+ (B8P
2(P+P) )
Also ( 17
. ! L
Aop=ma —ap=no(e—0a'), Arg=2(B-p'), M= "pxP ’
—-1)7s,
Any=t—mpma=M(e—a), An=N(B-8), 7\1‘—"‘(%4, :
(I-"—],')Z?;
Aoy=psts—m=2a(@-a), An=2a(B—-F), M= "PiP,
(us— 178,
Acy=ay— sz =N (e — '), Amg=N3(B—f), ha:"ﬁ}s/’jpl
and

Avo=py1—=Yo=p1— 1 —§uy (e} + B}) + § (e + ()
(0 + Aco)® + (Bo + ATo)? . al+ B

2[111 2
Aco)® + Ao
=(m—1) {1 A +‘8!25_“°A"°+'3°A"°_(_L°)4_£_.1’)«
2m pr(pa—1) 2p1 (pa

Au=y—pmyr=1-p—} (@ + B + I (@ +BY)
b oG+ B ma+B)
PP et b 7o s T
pa(a@+ B G+ Py }
2(pa—1) " 2(us—1)’
(a3+3§) a4+/8% }.
2(us—1)  2(us— 1)

AUz=#s'Ys-'Ya=(,“3—1){

Avs='n—m'ya=-(ﬂe—l){1 %
or better thus: change u;, us to u, g, ; and put

aG+Bi=¢ Q@+B=¢, aa+PiBo=¢;
then

(@a— )+ (By— Bo) =€ —2¢,+€;
Acl+ Ati =27} (e—2¢,+¢); Aa§+ATg=7\§(e—2€/+e,);
Ac? + Ar? =23 ( ); Adk+ Ar2=2l( )5
yo=1-3(@+B)=1-}¢; yu=1-}(a+p)=1—1%¢

: /. 8]
* [7'® denotes the part of the expansion of 7' which is of the second order 11 @ By @
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372 XVIII. THIN LENSES CLOSE TOGETHER

/‘1'71=/‘_g(a§+3%)=l"_%1, {o +>»o(a—a')2+/9'+7\o(,3—/3')2}

=g [ FIRL R FRN e £ 101

P2e +2PP, ¢ + P2
n=1-(+ =1~ TR LR,

1 it e il
pavo= = @+ B =~ o (@ =Nt = &P+ (B=NaB =B}
!
=I“;—“1‘ le—2ng(e —¢) +Aj (e — 2¢,+¢€')}:

2u,

r ’

Nole, =)  Aole—2¢ +e’)}
Avy = — = -1 1 e__ L ik :
Vo= pry1— o= (1t ){ +2,,, p(p—1) 2u (u—1)

{ b P% +2PP,¢,+ P2
Avl—-fya—/bﬁl——(f"-l){l‘*' S(u—-1)(P+P)y
__e'+27\0(6,—6')+7~§(€—2€,+€')}.
4 ' 2u (u—1) ¢

.  P2+4+2PPc¢ + P2
= jigryy — oy e (= 1) 11 2o 7}

Avy = pgys —v2 = (1, ){ t o D@+ D)
_e_zxs(e—e,)+x§(e—2e,+e’)}
2"'/(/"‘/""1)

Ns(e—¢) A3(e—2¢+¢)
Ay ety oo =—(u,—1 {1-{-—6 +2 e - :
Ug = /4 — 373 (w—1) 2u, " o, (,—1) 2u, (1, — 1)

Ac;1)? + (ATiy)? Aciy)? + (Ariy)?)?
T= - % E(z) ;1.,( 7]:1);Avi.(_1 1) + %2(1): {( T:)(Avqf_]_)a 1) } )

—ra(m—1)=N(P+ P);
—rp=1)=M@P+P); r(p—-1)=M@L+P);

Avy=(p—1)(1-&); Avy=—(u—-1)(1-§&);
Avy=(p—1)(A - &); Avs=—(,—1)(1—-&);
r1Ave=X (P +P)1—&); nAvuu=MP+P)1-§);
rsAve=A (P +P)(1—&); riAuvs=0(P+P)(1—&):
therefore observing that Ao+ A1 4+ As + A3 =1, we get as before*

’

’

“

r(p—1)=%(L+P);

7o — _ (€—2¢+¢€)
2(P+P)°’
T(4) i (MEO'*‘ KIEI -+ )\2&‘2 + l3£3) (6 — 26, + G')
2(P+P)
& (e— 2¢,+ €')? {x3+ x§+ x§+x§} 1
8@+P) \u-1p" G-1p
* [For a justification of the method of approximation employed, see Appendix, Note 24, p. 507.]

and
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XVIII. THIN LENSES CLOSE TOGETHER 3173

in which
A M _(u=-D)(i—rd) _ P (ri+rra+1d)
(p—1) (P+L) CRRZR Y
A'g"l'x'g=_(/‘/'—' 1)(Tg—7‘2)= PI (”'§+7'3’I'4+Ti).
(/“’/—'1)n (P+P’)8 (P+P/)3 :

e xo_e'_kg(e,—e')_)\g(e—2e,+e')
BT % p=1) 2u(-1)

Me Mo (g —€) MAG (e — 2¢, + €)

“Mbh= 2_0%’_'1—){(7\1":'7\0)’6+ o }
. Aze Az)g (6"%)_M>~§(e—2e,+e’)
2/“/ (/‘l" 0 1) My (,Uv, — 1) 2/1,' (ﬂ,’ = 1) ’

Age As(e—¢,) _)\g (e —2¢,+¢€'),
2/“! Hy (l"/ a0 2/"/ (:“I =1) 3

1

» 13
therefore since Ay =: — Ao+ PP P and Ag=—2Ag + P , we have

e 2P (e,—¢€) )»OP(e—-2e+e)
—2(7\OEO+7\IEI+X552+)‘383) p— 1 ;L(;L 1)(P+P) ,u.(p. 1)(P+P)

Pé 1 ( Je 7\0) 1 ( Uiy soft )} P2 +2PP,e,+ P,2%
,u(,u, 1) (P+P) {,u, 1\P+ P, w—1 P+P )i (0 B
P,e Az€ + 22 P, (e —¢,) o N P, (e —2¢+¢€)
[L,(/l,—l)(P-I-P) g f‘l(/‘l_l)(P+Pr) #’I(lu'l—l)(P_i—‘Pl).
If we put
T(l) P Q€2+ Q, c€, 4 Q'GE' 3 Q”e’z 4 Q,’G, €l o ererz,
then g
Q= P(Tf +r7e+13) + P, (r§ + rara+ 1Y)
. 8(P+ L)y
1 % 851 3& 853}
T2@P+DP) {"*’ Be TMge T3
g5 P(1'1+r11'z+'r2)+P (r3+ rsra+13)
15, 2(P+ Py
1 ) }
o ﬂ_—P‘, {7\0 Be 4 + P
1 3 } :
~3(P+DP) {M B¢, gE - ot ; e,
HMP ' 48
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374 XVIII. THIN LENSES CLOSE TOGETHER

July 23d.) Passing to a singie lens, r3=0, 74 =0, therefore Ay =0, A3 = 0, M+M=1, P, =0,

M€’ 2ho(e,—¢) Ao (e—2¢ +¢€') € eM
~2 (Moo + ME) = u Al A = +
Cofut M) = oy e pp=1) T pp-1) -1
e W ol _(;1,—1)7'1(6—2e,+e')_ ¢P _67'2/.(.}_
_P'“{p,e 2(e,—€) v gt 4
e ritnrt+rs (u=Dri 7
v 8P* auP®  4pE
Q __r?+'r1'rg+r§ (w—1)r} 5 Mo +(;b—1)7‘¥.
Lo 2P a5 TapTupt gups

and at the same time 7y =17y — ;1_:1 , therefore *

Q—@—x,(&+ ) 4Pz(l+ %_1)+18;?;’i_1;)

_@)rd ri@u+l) -1
SuP® ~ 8P:(u—1) 8P(u- 1)2’
7‘1 s [.l- 1| Sk 3 1) ol

__(,“+2)?”1 ri(W+p+l) o %"
2uP® T 2P (u—1) 2P (u—1)’

July 27th.) For this case of a SINGLE THIN LENS y, IN VACUO, AT ORIGIN,

V=aa+yB+oy—a'd —y g -2y —T®—T9,
(o — &'+ (uB1— B’ | (uay — @)+ (B — B

7@ 4 TW = _ L
2ry (py1—v) 21y (py1 =)
4 o =)+ (s — B [(uas— @) + (w1 = BYY.
8ry(u—1)° 8ry (u—1)°
A A
—pu+d | pm—a R R . ik
7'1 + Tz '—0, al'—_-(l_l)—ll’(rl_rz)!
Te o 71
s _(e—d)n (¢—a')7rs.
poy — o = ey ,ual—a_———rl_rz 5

similarly for the 8’s; therefore putting as before
€=a2+32) €/=aa’ +BB’, €I =a12+,8,2,
W %

3
* [These expressions have been corrected: in the first line, the MS, reads — "—i instead of + pogs; and, in

the second, (2 —5) instead of (2u+1). The compact method which follows is independent of these results.]
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XVIII. THIN LENSES CLOSE TOGETHER 375

we have

2 rs(e—2€,+€')
(pa1_¢)3+(pﬁl—ﬁ')’=-—l—m—‘ e —(e—2¢,+¢€) |

o=t 1e) [T " T@-D—r’
(pey —@)? -l-(l-‘lsl—,s)’=rz((,,.1_2:-,)—:e) il

{T‘A) (ri+mrat+rd)(e—2¢ +€)2}_-_ e—2¢+¢
8(u—1P(r — 1) TA(p—1R(r =)

=2 (py—o —p—1) = 2ra(pyp—qy—p—1)
=7 {¢ —p(a}+B)} —ra{e—p(al+BY)
=1’ —rye —p (r1— 1) (@1 + BY)

e’r?—2€,7‘17‘g+€'7'g 1
)
(r1—1s)

=1 —rge—

. 8(p=1P(r—r)*T®
€e—2¢+ ¢

=(ri+r1ra +73) (e = 26+¢) + 2 (u—1) (r1= o) (rse’ —ra¢)
—2 (1= p) (erd— 26, ry7a+ €'rl)
=e{ri(= 1+ 2u) +rre (= 20+ 8) + r3p—1)} = 2, (r}+ rra (= 1427 + 73]
4 ri@u—1)+rra(—2u+8)+ri (=1 + 2u )} ;

therefore putting
T® = Q + ee/Qr t+ed'Q + elen + ere,Q/’ +¢%Q",

we have*
Q= r1(=p+2)+rire(— 20+ 3u) + 73 (2p® — ,u:) |
8u(u—1)*(r1— )’
Q =r%+r1'r,(—;4 +u+ 1) + 73 pu? i
, —2u(p—=1P(n—-n)® ’
Q= 7y (U2 — g+ 1)+ r7a (= 202+ 8p) + 15 (u? — p.+1)
dp(p— 1) (ry—19) Slngle thin lens
Q =7‘?#+1’1"’.(—[L+2)+1‘2[L. m vacuo.
R 2u (p = 1)*(ry—1a)?
Q,=r’fﬁ'+rm(—#’+ﬂ+1)+r§.
; —2u(p—1)P(r1—m)*
Q' = 71 (20® — p) + iy (— 2° +3/»)+7‘z(—;4+2)
8u (u—1)*(ri—12)°
Let p be power; p=(u—1)(r; —rs): then

1 ’
T(’)=—%(e—2€,+e);

[The manuscript ends at this point.]

* [The expression for @ has been corrected ; the MS, reads “3” instead of “3u.”]
i 48-2

www.rcin.org.pl





