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X VI.

O P TI C A L  I N V E S TI G A TI O N S ( 1 8 3 1)*

*  [ S e e A p p e n di x,  N ot e  2 3,  p.  5 0 6.  ]
+  [It m ust  b e  r e m e m b er e d t h at at t his ti m e t h e p oi nt  of  vi e w  of  t h e T hir d  S u p pl e m e nt  h a d  n ot  b e e n  

d e v el o p e d : t h at is, W  is still t o b e  r e g ar d e d as  a  f u n cti o n of  fi n al dir e cti o n,  r at h er t h a n of  i niti al p oi nt  a n d  fi n al 
dir e cti o n. T h e  i niti al c o or di n at es  d o  n ot  a p p e ar  e x pli citl y. T h e  f or m h er e  gi v e n  f or W  d o es  n ot  d e p e n d  o n  t h e 
f a cts t h at t h e s urf a c es ar e  s p h eri c al a n d  cl os e  t o g et h er: it c a n  b e  d e d u c e d  fr o m s y m m etr y  al o n e. T h e  e x pr essi o n  
f or V  c a n  t h e n b e  d e d u c e d  b y  eli mi n ati n g  α,,  β,  b et w e e n  V +  W = a, x " + β, y " + γ,z "  a n d  t h e t w o first e q u ati o ns  o n  
t h e n e xt  p a g e,  a n d  t h e n tr a nsf or mi n g fr o m x ",  y ", t o x,,  y,,z,.

[ M a r c h 1 1.) R e vi e w  of  s o m e s h e ets of  o pti c al i n v esti g ati o ns, b e g u n  F e b.  2,  1 8 3 1,  

r es p e cti n g t h e a b e r r ati o ns  a n d  c a usti c s u rf a c es of  t h e s yst e m of  r a ys, p r o d u c e d  

b y  o r di n a r y  r ef r a cti o n of  s p h e ri c l e ns es h a vi n g  a  c o m m o n a xis  of  r e v ol uti o n,  

t h e fi rst i n ci d e nt r a ys h a vi n g  di v e r g e d  f r o m a  p oi nt  n ot  f a r f r o m t h at a xis.

O n  t h e Fi r st  S h e et,  I h a v e  gi v e n  a n  a p p r o xi m at e  i nt e g r al of  t h e p a rti al  diff e r e nti al  e q u ati o n  

t hi s i nt e g r al r e p r e s e nt s t h e C h a r a ct e ri sti c  F u n cti o n of a n o r di n a r y r ef r a ct e d s y st e m, wit h  

i n d e x μ,  p r o d u c e d  b y  a gi v e n  r ef r a cti n g s p h e ri c s u rf a c e, t h e i n ci d e nt r a y s h a vi n g  b e e n  p a r all el  

t o e a c h  ot h e r  i n v a c u o,  p e r p e n di c ul a r  t o t h e a xi s  of  y,  a n d  sli g htl y i n cli n e d t o t h e a xi s  of  z.

I n t h e Fi r st  S h e et,  f o u rt h p a g e,  w e  s u p p o s e d t h at t h e r a y s of  t h e r ef r a ct e d s y st e m e m e r g e d  

i nt o a  v a c u u m  t h r o u g h a s e c o n d r ef r a cti n g s p h e ri c s u rf a c e i nfi nit el y n e a r  t h e fi r st, a n d h a vi n g,  

li k e it, t h e a xi s of  z f o r a di a m et e r ; a n d t o t h e e n d of  t h e T hi r d  S h e et  w e  di s c u s s e d  t hi s a n d 

si mil a r p r o bl e m s,  wit h  a vi e w t o o bt ai n t h e a p p r o xi m at e d e v el o p m e nt  of t h e C h a r a ct e ri sti c  

F u n cti o n  F,  a n d  t h e r e b y a n  a p p r o xi m at e  i nt e g r al of  t h e p a rti al  diff e r e nti al  e q u ati o n  

a p pli c a bl e  t o e a c h  p r o bl e m.

W e  h a d  n o w  f o u n d t h e f oll o wi n g g e n e r al f o r m f o r t h e a p p r o xi m at e  i nt e g r al, i n all  p r o bl e m s  

of t h e p r e s e nt cl a s s, s u p p o si n g t h e l a st ∕ x =  l, a n d r e p r e s e nti n g b y x,, y,, z, r e ct a n g ul a r  

c o o r di n at e s s u c h t h at t h e a xi s  of  z, i s t h e a xi s  of  t h e l e n s a n d  y,  i s p e r p e n di c ul a r  t o t h e di a m et r al  

pl a n e  of  t h e l e n s a n d  s y st e m.

■ "  ∖ " z ' "" ∖"l  *

i n w hi c h  « ο  i s a  s m all c o n st a nt, n a m el y  t h e si n e of  t h e i n cli n ati o n of  t h e r a y t h r o u g h t h e o ri gi n  

t o t h e a xi s  of  t h e l e n s; a n d  Λ,  a,  b,  c, e  a r e  c o n st a nt s c o n n e ct e d s o wit h  t h e d e v el o p m e nt  of  t h e 

f u n cti o n ∣ Γ, +
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XVI. OPTICAL INVESTIGATIONS 365We had also found rules for computing the values of these constants, for each successive system, and specially for calculating their changes produced by passing through an infinitely thin lens in vacuo*  In the expression for W, is the cosine of the angle which a variable ray makes with a perpendicular to the given ray that passes through the origin; β, is the cosine of the angle which the same variable ray makes with the axis of y,, which also is perpendicular to the same given ray; and if we take new rectangular axes of coordinates, a;", y", ∕', having the same origin as x,,y,, z,, and such that α,, √1 — α∕-are the cosines of the angles which theymake with the variable ray (y" coinciding with y,, and z'' with the ray from the origin) we shall have for the equations of this variable ray
which equations contain the whole theory of the aberrations and the caustic surfaces. The equations of the ray may be thus written.

In transforming these equations I made use of the following suppositions and changes of notation: I put 
and therefore
Next I took a new origin and a new unit, making

* [Hamilton here refers to formulae established on the Third Sheet, second page, of the MS. These formulae, 
in which a is written instead of βo, are as follows:]

These formulae relate to the change in the coefficients of the Characteristic Function, produced by passage 
through an infinitely thin spheric lens in vacuo, of refraκ5tive index μ, and of rawiii r, / (positive when convexities 
are turned towards incident rays). [These formulae are deduced without difficulty from the general form of Γ given 

Γ 'above (writing — instead of V inside the lens), on putting 

at the first and second surfaces respectively, and using the condition of the continuity of V (∆ F=0).]
HMP 47
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366 XVI. OPTICAL INVESTIGATIONSand making alsoI found*

* [In deriving these expressions, it is assumed that √" is small.]
+ [Of. p. 300. ]

Finally considering z"' as small of the order k, or and changing the direction of the coordinates, so as to take for new vertical axis the ray for which α = 0, = 0, and thereforeα, = HttQ, and representing the new rectangular coordinates by x, y, z, I found the equations
These two equations seem very fit to be taken as fundamental in investigating the aberrations of a lens for ordinary rays which emerge slightly inclined to its axis, and in examining the shape and position of the caustic surfaces near their cusps and principal foci, x, y, z are rectangular coordinates of any point near these foci, the axis of z being a certain ray which we may call the 
central ray∖ of the system ; α, β are the cosines of the angles which the ray passing through the point X, y, z makes with the axes of x, y; is a small constant which vanishes when the system is of revolution, but which for other systems we may suppose to be > 0, since if it presented itself at first as < 0, we should only have to interchange the coordinates x, y, and then it would become > 0. The unit ∂f length is the coefficient of longitudinal aberration, or the longitudinal divided by the square of the sine of the angular, in either of the two coordinate diametral planes of xz, yz, passing through the central ray. In the plane of xz, the ordinate of the central focus is = — k; in the plane of yz, the corresponding ordinate, or ordinate of the second focus of the central ray, is = + k; thus the origin of coordinates which we have chosen bisects the interval between the two foci of the central ray. To distinguish these two foci more completely we may remark that the point x = 0, y = 0, z = — k, has no ray passing through it, except the central ray, because the equations

can only be satisfied by making /3 = 0, α = 0; but that the point x — 0, y = 0, z = k, has not only the central ray passing through it, but two others also, in the plane of xz, for which /3=0, = 2k.Knowing therefore that there exists a central ray and that one of the two foci of this ray, or points of contact with the caustic surfaces, is a point through which passes no other near ray of the system, while the other focus has two other near rays passing through it, contained in one common plane; we may define the former to be the First and the latter the Second Focus of the central ray; and placing the origin of coordinates midway between them, may define the positive direction of the coordinate z to be the direction from the first towards the second; the plane of the two near rays which cross the central ray in the second focus we may take for the plane of xz, and the plane perpendicular to this, and passing through the central ray, will then be the plane of yz∖ finally with respect to the unit of length, it is the distance between the foci of the central ray, divided by the square of the sine of the inclination of that ray to either of the two other rays which cross it at its second focus. We shall also see that there are two principal rays or axes of the system which are contained in the plane of xz, and which have their angle bisected at the origin by the central ray; and we might define the origin, the ray with its positive direction or the positive axis of z, and the plane of xz with respect to these two principal rays.
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