
Anb. Mecb., 36, 2, pp. 233- 240, Warazawa 1984 

On the fluctuations of total pressure associated with a general type 
of hydromagnetic turbulence 

H. P. MAZUMDAR (TRONDHEIM) 

CoRRELATION of fluctuations of total pressure associated with a general type of MHD turbulence 
is formulated in the wave number space. The resultant expression, as modified here for the 
case of homogeneous and isotropic MHD turbulence, reduces to an elegant expression for 
(gradw)2 , w being the total pressure. 

Sformulowano zasady korelacji fluktuacji calkowitego ciSnienia zwi~zanej z og6lnym przypad
kiem turbulencji magneto-hydrodynamicznej w przestrzeni liczb falowych. Wynik koncowy, 
zmodyfikowany tutaj do przypadku jednorodnej i izotropowej turbulencji MHD, sprowadza 
si~ do eleganckiego wyrai:enia dla (gradw)2 , gdzie w oznacza cisnienie calkowite. 

OpopMyJmpoBaHbi npHHI.Ufilbi I<oppeJUIQHH <l>JlYI<TYal\HH no;moro ~JieHIDI, CBH3aHHOH 
C 06IJ.UIM CJI)RiaeM Mai'HHTOI':&mPOroniaMHl.leCI<OH Typ6yJieHTHOCTH B npOCTpaHCTBe BOJIHOBbiX 
tiHcen. OcraTol.IHhrn pe3yJILTaT, MO~H<l>Hl\HPOBaHHbiH 3~ecL ~JUI CJI)RiaH o~opoJJ;HoH H H30-
TponHoH: Mai'HHTOI'H~pO~HHaMHtieCI<OH Typ6yJieHTHOCTH, CBO~CH I< :meraHTHOMy Bbipa-
>I<e.HHIO ~H (grad w)2

, r~e w o6o3Hat.~ae-r nomme ~asneHHe. 

1. Introduction 

IN MANY hydrodynamical problems it is important to know the distribution of pressure 
fluctuations in addition to velocity fluctuations and their correlations. The study of fluc
tuations of pressure in ordinary hydrodynamic turbulence were initiated by OBUKHOV 
[1] and HEISENBERG [2]. Batchelor [3] gave a detailed analysis of pressure fluctuations 
in the case of homogeneous and isotropic turbulence and obtained an expression for 
~2 in the wave number space, which is analogous to Heisenberg's expression for 
(gradp)2 (cf. MoNIN and YAGLOM [4]). UBEROI [5] studied both theoretically and experi
mentally the quadruple velocity correlations associated with the correlations of pressure 
fluctuations in homogeneous turbulence). CHANDRASEKHAR [6] worked out a few cor
relation functions involving fluctuations of total pressure in the case of homogeneous 
and isotropic MHD turbulence. His calculation for the double correlation of the fluctu
ations of total pressure in MHD turbulence is a straightforward generalization of BAT
CHELOR's [3] calculation for pp' in ordinary homogeneous and isotropic turbulence. 

In the present paper our aim is to derive the spectral equation for the double corre
lation of the fluctuations of total pressure associated with a general type of MHD turbu
lence as pictured in Sect. 2. The theory of such a general type of turbulence for the case 
of a turbulence velocity field and for the case of turbulence scalar fields (e.g. temperature 
and pressure) has been discussed respectively by GHOSH [7] and by the present author 
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234 H. P. MAZUMDAR 

[8, 9]. The spectral expression for the correlation (double) of fluctuations of total pressure 
associated with the MHO turbulence, as obtained herein, is simplified for the case of 
homogeneous and isotropic turbulence. 

l. Spectral formulation of the correlation of fluctuations of total pressure in MHO turbulence 

The equations governing viscous, incompressible hydromagnetic turbulent flows are 

(2.1) 

(2.2) 

(2.3) 

au, a ow 2 
-!:l-+-!:l-(u1u1-h1h1) = -~+vVxut. .. , 

vt VXi vX1 

au, -0 
ax, - ' 

()hi -0 
ox, - ' 

where u1, h1 denote respectively the turbulence components of the velocity and magnetic 

fields at the point P(X, t); v the kinematic viscosity; ,l the magnetic diffusivity ;w = l!_ + 
(! 

+ ~ lhl2 the turbulent fluctuation of total pressure; p the turbulent fluctuation of static 

pressure and e the fluid density. Taking the divergence of Eq. (2.1) and multiplying the 
resultant equation by co' at P'(X', t), we obtain on averaging 

(2.4) 

where 

o2 F<2>· <2>(X, X', t) 
ax-,-ax, 

02 
{F<! 1>·<0>(X X' t)-F< 22>·<0 >(X X' t)} 

!:1 !:1 ,, • w ' ' il . w ' ' ' vx, ux, 

F<2>: <~>(X, X', t) = ~w'; 

F<},l):<~>(X, X', t) = u,u,w'; 

p<fl>:<~>(X, X', t) = h,h,w' 

The equation for uj at the point P'(X', t) can be written as 

(2.5) au} a ( 1 f 1 1 ow' 2 1 

~+~ U1Um-h}hm)= -~+PVx,U1. 
ut uXm ux1 

Taking the divergence of Eq. (2.5) and multiplying the resultant equation by u1 u~', we 
obtain on averaging 

(2.6) 
02 

p<l).(O).(I)(l)(X X' X" t) ox' OX 1 
I ' w ' w k ' ' ' 

1 1 

=_!__a_ {F(l).(~ 1>·< 1>(X X' X" t)-F<1)·<~2>·<•>(X X' X" t) 
!:1 1 !:1 1 I • Jm , k ' ' ' i • Jm • k ' ' ' ' vx1 uXm 

where u~' is the turbulent velocity component at the point P"cX", t); 

p<p;<J~>:<~>(X, X', X", t) = u 1 uju~u~', p<p;<J~>:(P(X', X", t) = u 1 h}h~u~'. 
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Similarly, taking the divergence of Eq. (2.5) and multiplying the resultant equation by 

h1 h~', we get on averaging 

(2.7) -~ F<2>·< 0 >·<2>(X' X' X" t) 
!l 'a I I. m." ' ' ' CIXj Xj 

= _!__o_{p<2>.<tt>.<2>(X X' X" t)-P2>.<22>·<2>(X X' X" t)} 
!l I !l I I , j.. , l ' ' ' f , jm o Jo ' ' ' ' 
CIXj CIXm 

where h~' is the turbulence component of the magnetic field at P"(x", t) 

r:"{
2>·< 0 >·<2>(X X' X" t) - h "''h" c·, • w • " ' ' ' - i""' t ' 

p<~>;<J~>:<~>(X, X', X", t) = h1uju~h~', 

p<p:<J,;>;<i>(X, X', X", t) = h1 hjh~h~'. 

Now, introducing Fourier transforms of various correlation tensors as in [7], we obtain 
the reduced versions of Eqs. (2.4), (2.6) and (2. 7) respectively in the wave number space as 

(2.8) K21p<~>:<~>(K, K', t) = -K,K1 1J'<~f>:<~>(K, K', t)+K1K1 1J'<1f>:<~>(K', K', t), 

where 

and 

1J'{1f>: <~>(K', K', t) 

are respectively the Fourier transforms of F<2>: <~>(X, X', t) 

(2.9) 

K'21J'<p;<~>:<P(K, K', K" t) = -K}K~1J'<;>;<J~>:<l>(K, K', K", t) 

+K}K~1J'<p;<j;>;<~>(K, K', K", t), 

where 

tn<t>·<•t>.<•>(K K' K" t) 
T i , jm , A: ' , , 

and 

t/J<t>.<ll>.<•>ci i' i" t) 
T I , jm, A; ' ' , 

are the Fourier transforms of 

F'P:~o~:<P(X, X', X", t), p<p;<J~>;<P(X, X', X", t) 

and 

respectively; 

(2.10) K'21J'<~>;<~>:<i>(K, K', K", t) = -K}K~1J'<7>;<)!>:<~>(K, K', K", t) 

+K}K~<i>;<j;>;<i>(K, K', K", t), 

where 

7* 

http://rcin.org.pl



236 
---~ ---~~~---

and 

tp<p;<j;>;<i>(K, K', K", t) 

are respectively the Fourier transforms of 

p<~>:<~>:<l>(X, X', X", t), F<P:<J~>:<i>(X, X', X", t) 

and 

F<i>:<j~>:<~>(X, X', X", t). 

H. P. MAZUMDAR 

At this stage we take an extended view of the lemmas introduced by GHOSH [7] for the 
present case and obtain two important relations that will be used in the subsequent analysis. 
Let Y1, Yj and Y~' be the respective components of fluctuating variables (it may well be 
velocity fluctuations for magnetic vector fluctions or their combinations, no matter) 
at P(X, t), P'(X, t) and P"(x", t). 

Then, following GHOSH [7] we set for the merger of P" with P a relation of the form 

(2.11) J x1,1,k(K-K", K.', K", t)dK" = x1t,AK, K', t), 

where 

x1,1,k(k, k', k", t) 

is the Fourier transform of the correlation tensor Y1 Yj Y;' {X, X', X", t). Let us consider 
a fourth point P"'(X'", t) ami the fluctuating component (velocity or magnetic) at this 
point for the instant t. The quasi-normality hypothesis due to MILLIONSCHIKOV [9] can 
then be represented in the wave number space as 

(2.12) 

where 

x1 , 1 .~t,r(K., K', K", K."', t), X,,J(K, K', t), Xk, 1(K", K'", t) etc . 

are respectively the Fourier transform of 

Y. Y' Y:" Y"' (X X' X" X'" t) 
i j k I ' ' ' ' ' 

Y,Yj(X, X', t), Y~' Y;"(X", X'", t) etc. 

Accordingly, when the fourth point P"' coincides with the first point P and in addition 
the third point P" coincides with the second point P'. we obtain 

(2.13) Xu,Jt(K, K.', t) = J J [x1,1(K-K"', K1 ~-K", t)xk.r(K.", K.'", t) 

+ x 1,k(K-K'", K", t) -x1.1K'--::_K", K"', t)]dk"dk'" + -xll(K, t)'KJt(K', t). 

Now, employing Eqs. (2.9) and (2.10) and making use of the relations (2.11)-(2.13) we 
derive two expressions 

tp<i1,12·<0 >(K, K', t) and 'lf'~~.!>·< 0>(K', K', t), 

which, when substituted in Eq. (2.8), yield the desired spectral . equation for the correlation 
(double) of fluctuations of total pressure associated with a general type of MHD turbu
lence as 

(2.14) 
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where 

fl (K K' t) = K,~ _~;x;· [J ... j~ {mq>.<~>(K-K" K'-K" t)tn< 1 >·< 1>'K" K"' t 
l ' ' K2 K'2 • T r , J ' ' T m , l \ ' , 

and 

+ <.~) . (l)(K-K"' K" t)tn(l),(l)(K'-K" K"' t)}dK"dK'" 
"Pa,m ' ' r},l ' ' 

- fj' { <~>·<f>(K-K"' K'-K ...... " t) <2 >·< 1>(K" K"' t) "P 1 , J ' ' 1p m , l ' ' 

+ q>·<2 >(K---K-;, K" t) <l>.<t>(K' -K--" K"' t)}dK"dK"' 
"P 1 • m ' ' 1p j , I ' ' 

-J J {"P<i>;<}>(K-K'", K' -K", ~)"P<,!.>;<f>(K", K"', t) 

+"P<f>;<,!.>(K-K"', K", t)"P<}>;<;>(K'-K", K"', t)}dK"dK"' 

+ f f {"P<7>:<]>(K-K"', K' -K", t)"P<;>:<f>(K", K'", t) 

+"P<f>:<;>(K-K"', K", t)'f/J<J>:<f>(K'-K", K"', t)}dK"dK" 

H (K K' ) _K,K, KJKm [11l< 1.1>(K t)tn< 11 >(K' t) 
2 ' ' t = K2 K'2 T rl ' T jm ' 

-tp<~J>(K, t)"P<J~>(K' , t)-1p< 2d>(K', t)1p<j,!>(K', t)+"P<1f>(K, t}1p<j;>(K', t). 

3. Reduction of equation (2.14) for the case of homogeneous and isotropic models in MHD 

turbulence 

a) case of homogeneous turbulence: 

In homogeneous turbulence, the correlation functions 

F<~>: <~,>(X, X', t), F<f>;<j>(X, X', t) , p<p;<j>(X, X', t) 

and 

F<7>:<n<x', x', t) 

composed of fluctuations of relevant physical quantities pertaining to the points P(X, t) 

and P'(X', t) are not separately dependent on X and X' but only on;= X'-X. According

ly, we may introduce a three-dimensional Dirac-delta function of the form <5(K + K') 

for simplification of Eq. (2.14) to the case of homogeneous turbulence. The spectrum 

tensors 

"Pc~>·<2>(K, K', t) , "P<f>:<J>(K, K', t), tp<[>;<]>(K, K', t), 1J'<f>;<j>(K , K', t) etc. 

appearing in Eq. (2.14) are to be replaced respectively by 

1p<~> · <~>(K, K', t) <5(K + K'), 1J'<f>;<J>(K, K', t) <5(K + K'}, 

tp<p;<]>(K, K', t)<5(K+K'), 1J'<f>:<J>(K, K', t)<5(K+K') 

etc. before performing integration over the whole of K, K'- spaces. Taking the above 

into consideration, we obtain after usual calculation the simplified form of Eq. (2.14) 

in the of homogeneous turbulence as 
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238 H .. P. MAZUNDAR 

(3.1) f 1/J(O), (O)(K - K t)dK 
T CD , Cll ' ' 

= Jfx:vxrxrx~v·m<ll>.o>(K -K t)'t'<l>.<l>(-K' K' t) 
Klul T , } ' ' T m , l ' ' 

+ ,n< 1 >·< 1 >(K' -K' t)tn< 1>·<,1>(-K K t)-,n<1).< 2>(K -K t)'t,<2>·< 1>(-K' K' t) 
Tl,m ' ' T}• ' ' Tl,j t t T,,l ' ' 

-1p<P:<!>(K', -K', t)"P<]>:<f>(-K, K, t)-tp<f>:<J>(K', -K', t)tp<;.>:<f>(-K', K', t) 

- tp<~>;<!>(K', -K, t)'fl'<]>:<f'( -K, K, t)+ "P<t>:<J>(K', -K', t)'P<~>:<i>( -K', K', t) 

+VJ<f>;<,!>(K', -K', t)V'(J>:<~>( -K, K, t)]dKdK' where K1v = K+K' 

It is to be noted that H 2 (K, K', t) appearing in Eq (2.14) has no contribution in the sim
plified case of homogeneous turbulence as this disappears when requisite integrals are 
computed. 

b) Case of homogeneous and isotropic turbulence: 

In the case of homogeneous and isotropic turbulence, the convergences of the type 
u1 hj (h being assumed skew) are to vanish identically because of refiexional symmetry 
(cf. TATSUMI [10]). To obtain the result in a suitable form, we multiply Eq. (2.14) by K 2 

and all through follow the same procedure as adopted in deriving Eq. (3.1), and obtain 
in the case of homogeneous and isotropic turbulence, the equation 

(3.2) JK 2 'm< 0 >·<0 >(K' -K t)dK 
T W, Ql ' ' 

j.f x•v KJV KJV KJV 
= I l j m [1n(l),(l)(K -K t) 1//(1),(1)(-K' K' t) 

KJV2 T I • } ' ' T m , l ' ' 

+V'q>:<~>(K', -K', t)tp<}>:<P( -K, K, t)+V'<f>:<1>(K, -K, t)tp<~>:<f>(K, -K, t) 

+tp<f>;<,;>(K', -K', t)tp<j>:<f>( -K, K, t)]dKdK'. 

Let us now introduce the isotropic forms for the spectrum tensors 

V'<~>:<~>(K, -K, t), V'<P:<J>(K, -K, t) and tp<f>:<J>(K, K', t), 

respectively, as 

(3.3) 1n<0 >·< 0 >(K -K t) = -
1
-£<0 >(k t) 

T w. w ' ' 4~K2 ' ' 

(3.4) ·w<t.>. <Jo(K - K t) = !o'(k, t2_ {~~ - - _I!_tKj l 
.,. ' · ' ' 4nK2 J K 2 f' 

and 

(3.5) 1n<2>.<2>(K - K t) - £<2>(k, t) J ~ . - K,KJ l_ 
.,. ' • J ' ' - 4nK2 \ iJ K2 f ' 

where E<0>(k, t) is the spectrum for the total pressure; E<l>(k, t), £<2>(k, t) are respect
ively the kinetic energy spectrum and magnetic energy spectrum. 
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Substituting Eqs. (3.3)-(3.5) and expressions similar to Eq. (3.4) and (3.5) for the 

second rank tensors appearing in Eq. (3.2), we obtain the reduced version of Eq. (3.2) as 

00 00001 

(3.6) f k2E<0>(k, t)dk = f f f 16k1~~2k, 2 [E< 1>(k, t)E<1>(k', t) + 
0 0 0 -1 

+ E< 2>(k, t)E<2>(k't)]dkdk' dp., 

where the space integral dK has been replaced by 4nk2dk and the multiple integral dK.dK 
has been replaced by 4nk2dk · 2nk'2dk'djJ, p. being the cosine of the angle between K 
and K', and Q has the symmetric form given by 

(3.7) 

Now taking 

(3.8) 

00 

(grad£0}2 = J k2E< 0>(k, t)dk 
0 

into account and effecting integration on the right hand side of Eq. (3.6) with respect to 

p,, the reduced version of Eq. (3.6) is obtained as 

00 00 

(grad£0)2 = f f {E<1>(k)EO>(k')+E<l>(k)E'''(k'))kk't/> (:.) dkdk', 
0 0 

where 

( 
1 ) 1 ll 1 1 +s 

cp(s) == cp - = - - (s3 -s- 3)+--(s+s-1}+-(s-s-1} 4 ln - -. 
s 8 24 16 I 1 - sl 

Expression (3.8) for (grad£0)2 thus obtained may be considered as a generalization of 

Heisenberg's expression for (gradp)2 e.g. 

00 00 

(3.9) (gradp) 2 ~- p2 J J E'''(k)E'''(k')kk't/> ( ~·) dkdk' 
0 0 

to the case of homogeneous and isotropic MHD turbulence. Estimation of (gradro)2 

might be desirable for analyzing certain aspects of fluctuations of total pressure associated 

with the homogeneous and isotropic MHD turbulence; however, a comprehensive study 

will be possible when much experimental information regarding measurements of fluctu

ations of total pressure is available. 

Acknowledgements 

The author thanks Professor Dr. Ambarish GHOSH (Calcutta) and Professor L. N. 

PERSEN' (Norway) for stimulating discussions on this problem. 

http://rcin.org.pl



240 H. P. MAzUMD.U 

References 

1. A. M.OBUKHOV, Compt. rend. acad. Sci. U.R.S.S., 66, 17, 1949. 

2. W. HEISENBERG, Z. Physik, 124, 628, 1948. 

3. G. K. BATCHELOR., Proc. Comb. Phil. Soc., 47, 359, 1951. 

4. A. S. MONIN and A.M. YAGLOM, Statistical fluid mechanics, Vol. 2, M.I.T. Press, P453, 1975. 

5. M.S. UBER.OI, J, Aeronaut. Sci., 20, 197, 1953. 

6. S. CHANI>R.ASEKHAR, Proc. Roy. Soc. Lond., A204, 435; A207, 301, 1951. 

7. K. M. GHOSH, Ind. J. Pure and Appl. Math., 3, 157, 1972. 

8. H. P. MA.zuMDAR., Appl. Sci. Res., 32, 571, 1976. 

9. H. P. MAZUMDAR., Appl. Sci. Res., 35, 367, 1979. 

10. M. Mn.uoNSCHIKOV, Dokl. Akad. Nauk. SSSR, 32, 611 , 1941. 

11. T. TATSUMI, Rev. Mod. Phys., 32, 806, 1960. 

INSTITUTE FOR MECHANICS, 
TECHNICAL UNIVERSITY OF NORWAY, TRONDHEIM, NORWAY. 

Receired September 14, 1983. 

http://rcin.org.pl




