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The optimum shape of a hydrofoil giving maximum lift 
in steady. two-dimensional partial cavitating flow 

A. Pl. ESSAWY (EL-MINIA) 

WB CONSIDER a t~p-dimensional hydrofoil at rest in the (xy)-plane embedded in a steady two­
dimensional partjtl cavitating flow. In maximizing the lift we use standard variational calculus 
techniques and the problem of the optimum shape of the hydrofoil is shown to reduce to the 
solution of a pair of coupled singular integral equations from which we show that the shape 
of the mefin chord of the hydrofoil has to satisfy a differential equation of second order. 

Rozpatrzono dwuwym.iarowy hydroplat spoczywajl\CY w plaszczyfnie (x' y) i zanurzony w dwu­
wyllliarowym, cz~ciowo kawitacyjnym przeplywie. W procesie maksymalizacji sily nosnej 
zastosowano standardowe techniki rachunku wariacyjrtego i wykazano, i:e problem optymalizacji 
ksztaltu sprowadza si~ do rozwil\laflia ukladu dw6ch spr~i:onych r6wnan calkowych osobli­
wych. Z analizy wynika, i:e ksztalt sredniej · ci~wy plata spelniac musi r6wnanie r6i:niczkowe 
drugiego ~u. 

PaccMoTpeHo AByMepHoe noABOAHoe KpbiJIO, HaxOAJIU\eec.a B IIJIOCI<OCTH (x, y), u norpy»<eu­
uoe B AByMepHoM, qaCTI{q}Io I<aBHTaUHOHHOM nOTOI<e. B npo~ecce Mai<CHMH381UfH Hecyll\eH 
CHJibi npHMeHeHhi C'l'aliAapTHbie TeXHm<H BapuamroHHoro ucqucneHHH u noi<aaaHo, ~o npo6-
neMa OnTHMH3aUHH <PopMbi CBOAifTCH I< peweHHIO CHCTeMhi AByx conp.a>KeHHbiX CHHI)'JI.ap­
HbiX HHTerpaJli>HbiX ypaBIJeHHii. Ha amumaa cne.zzyeT, qTo <PopMa cpeAHeii xop,ru.I I<pbiJta 
AOJDKHa YAOBJieTBOp.liTI> AH<i><i>epeimUaJli>HOMY ypaBHeHHIO BTOporo nop.aAI(a. 

1. Introduction 

IT IS ASSUMED that in a flow of an incompressible liquid past a thin smooth hydrofoil c' 
a constant-pressure cavity develops behind the hydrofoil, the length of the cavity being 
assumed less than the length of the hydrofoil (see Fig. 1). 

The linearized theory is assumed; this problem has been studied by GUER.ST [1] and 
AcosTA [2] in the case of a flat plate hydrofoil, GUER.ST [3] for the circular arc hydrofoil; 
W ADB [4] for the ogival section and NISHIYAMA [5] for ' th~ partial cavitating hydrofoil 
with thickness, all these are based on either conformal mapping or Fourier expansion 
techniques. 

The method of the lifting line theory has been used by DAVIES [6] to solve the cavity 
flow past an aerofoil and in the present paper we · extend this method to the partially cav­
itating hydrofoil problem. 

We use variational calculus techniques to obtain the optimum shape of the unknown 
curve C in order to maximize the lift, the cutve C being assumed to be of a given length 
and prescribed mean curvature. 
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370 A. H. EssAWY 

The problem is shown to reduce to the solution of a pair of coupled singular integral 
equations from which we show that the slope of the curve C has to _satisfy a differential 
equation of the · second order, which is solved numerically subject to boundary condi­
tions at the end points. 

2. Expression of the problem in integral equation form 

ABD in Fig. I (p. 322) repr~sents the mean chord (0 < x < c) of the thin hydrofoil and it 
is assumed that a vapour-filled cavity AEB extends along a part AB (0 < x <I< c) on the· 
suction side of the hydrofoil as shown in the diagram, this being known as partially cav­
itating flow. 

The speed of the liquid at infinity is U and the pressure there is P 00 • The pressure inside 
the cavity is uniform and equal to Pc ( < P 00). The problem will be solved on the basis of 
the lifting line theory and for this purpose we distribute singularities as follows along the 
x-axis: 

a) sources of strength m(~) per ·unit length in 0 < ~ < I; 
b) vortices of strength y 1 (~) per unit length in 0 < ~ < I; 
c) vortices of strength y2 (~) per unit length in I < ~ < c, (y > 0, clockwise). The total 

potential due to these singularities is given by 

I c 

(2.1) tf>(x, y) = },. J y1(~)tan-t~~ }d~ + 2~ J )'2(~)tan-t~ ~ }d~ 
0 I 

where 

(2.2) . 

Diffe·rentiation of Eq. (2.I) with respect to x and y yields 

I 

(2.3) lim ( o</J} = 
y-+0± ax 

1 f m(~)d~ -"-- I ( ) - - +-Yl X 2n x-~ 2 
0 

I 

I J m(~)d~ _ I ( -) 
- 2n X-~ +-rY2 X 

0 

I 

- ~ J m(~)logrd~, 
0 

(0 <X< l), 

(l < x <c). 

I+__!._ m(x)+-I f. I y,(~)d~ +_I rc Y2(E)dE 

(
o</J) 2 2n X-~ 2n. X-~ 

y~~ ay = ,_I_ J' y, (~)d~ : _1_ fc r2mdE 

1 

. 

(0 <X< l), 

(2.4) 

2n x-~ 2n x-~ 
0 I 

(l < x <c). 

http://rcin.org.pl
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It follows therefore that the boundary condition of zero normal velocity on the hydro­
foil will be satisfied if m, y 1 and Y2 satisfy 

I c 

(2.5) _1_f Yt(~)d~ +-1-J Y2(~)d~ +_!_m(x)= -Uy'(x) (O<x<l); 
2n x-~ 2n x-~ 2 

0 I 

and 

I c 

(2.6) _1_ f Yt (~)d~ + _1 f Y2(~)d~ = - Uy'(x) (l < x < c). 
2n x-~ 2n x-~ 

0 I 

Applying Bernoulli's theorem in its linearized form, the condition of constant pressure 
on the surface of the cavity becomes 

(2.7) 

where the cavitation number ·is defined by 

(2.8) 

It will then follow from Eqs. (2.3) and (2. 7) that the following equation must be sat­
isfied: 

(2.9) 

The three integral equations of the problem are thus Eqs. (2.5), (2.6) and (2.9). 

3. Solution of the system integral equations 

The problem is thus reduced to finding the solution of the coupled singular integral 
equations: 

I c 

(3.1) f Yta)d~ + J y2 (~)d~ -nm(x) = 2nUy'(x) (0 < x < l); 
~-X ~-X 

0 I 

I c 

(3.2) f 'i't (E)d~ + f Y2~~)d~ = 2nUy'(x) (l < x < c); 
E-x e-x • 

0 I 

I 

f m(E)d; ( ) -nU(] E-x -nyl x = 
0 

(3.3) (0 <X< l), 

form, y 1 and y2 with the Kutta condition of finite velocity at the trailing edge of the hydro-
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foil and with the closure condition (3.4) satisfied. We consider first Eq. (3.3); it may be 
verified that the inverse of Eq. (3.3) which satisfies the closure condition 

(3.4) 

is 

I 

J m(x)dx = 0 
0 

I 

1 1 f y~(1-~) 
(3.5) yx(l-x) m(x) = 2 Ua(1-2x)- n . ~-x Yt(~)d~ 

0 

(0 <X < l). 

We now solve Eq. (3.2) for y 2 ; it is convenient to writ~ Eq. (3.2) in the form 

c I 

(3.6) . f Y2(~)d~ = 2 U '( ) _ J Yt (~)d~ 
t . :n y X · z: 
~-X ~-X 

l 0 

(l < x < c) 

then the general solution for .y 2 is as follows: 

c I 

(3.7) y(c-x)(x-1) y
2
(x) = B- -~f y(c-~)(~-l) [2:nUy'(x)- [ Yt('YJ)d'Y}]d~, 

:n ~-X . 'Y}-~ 
I 0 

where B is an arbitrary constant. Using the K_utta condition which can be expressed in the 
form 

(3.8) 

we find that the arbitrary <;onstant B is . given by 

'(3.9) 

c I 

B = f y(c-~) (~-l)d~ J2nUy'(x)- j'" Yt('YJ)d'YJ }; 
~-c l 'Y}-~ 

I 0 

and Eq. (3.7) now reduces to 
__ c __ I 

(3.10) Y2(x) =_!_,I e-x f .. I~-· / _!L_{-2Uy'(~)d~+ _!_J Yt('YJ)drJl. 
n Jl x-1 Jl c-~ ~-x :n 'Y}-E f 

0 

It is permissible to change the order of integration in the second term on the right-hand side 

of Eq. (3.10) and when this is done it becomes 

(3.11) 

. c l 

Y2(x)=_!_,/c-x {-2uf .. l E-1 y'(~)d~ +J .. Il-'YJ Yt('YJ)d'YJ} 
:n Jl X-[ Jl C-~ ~-X Jl C-'Y} 'Y}-X 

I 0 

(l < x <c). 

We require now to calculate the integral 

c 

(3.12) I= J y2 (~)d~ where 0 < x < l. 
~-X ' 

I 
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Using Eq. (3.11) and making use of the Poincare-Bertrand formula 

(3.13) 

we obtain, after some reduction, 
c __ c -~ 

f 'Y2(~)d~ = znUy'(x)-2U .. I e-x J 1/ 'l)-1 y'('l))d'fJ 
~-x · Jl 1-x Jl e-rJ f}-x 

I . I 

(3.14) 

+j!IV((I-rJ)(e-x)) _ 1] y 1('l))d'l). 
(e~rJ){l-x) . 'l)-X 

0 : . ) 

Substituting the expression for m(x) from Eq. (3.5} in Eq. (3.1), we obtain 

(3.15) fl [1 + l/( (1-~) ) ] 'Yt(~)d~ + Jc 'Y2(~)de· = !t(x), 
x(l-x) . e-x ~-X 

0 I 

where 

(3.16) 
nUa 

/ 1(x) = 2nUy'(x)+ V (l-2x), 
2 x(l-x) 

and elimination of y2 between Eqs. (3.14) and (3.15) gives 
I . -

(3.17) f [-.I~ + .. I e-~ ] YH'Yt(e)d' = y' l-·x g(x), 
~~ X ~~ e-~ e-x 

0 

where 

c --

(3.18) 2yx(l-x) g(x) = nUa(l-2x)+4U}ix(e-x) J-. I 1]-l y'('l))d't]_. 
I v e-f} 1]-X 

For convenience we write 

(3.19) 

and, consequently, Eq. (3.17) can be expressed in the form 

I 

f[-. I~ +-.I e-x ] F(~)d; = G(x) (0 < x < l). 
Jl X Jl e-~ ~-X 

0 

(3.20) 

In order to invert Eq. (3.20) we proceed as follows: 
We niake the transformation · 

(3.21) 

then we obtai~ the following inte~al equation w~th a cotangent kernel: 
4X 

(3.22) f 1p(O) cot(O- Oo)dO = f(Oo), 
0 
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374 A. H. EssAWY 

where 

(3.23) f(00 ) = sin00 G{csin2 00), tp(O) = 2F(csin2 0)sin0. 

·We transform the integral equation (3.22) into standard Cauchy form to give 

b 

(3.24) 

where 

(3.25) 

and 

(3.26) 

. f lJI(t)dt = F(to), 
o t-to 

Fi(t) = f(tan-
1
to) _ ~ 

0 t5+ 1 t~+ I' 
'P.(t) = tp(tan-

1
t) 

t2 + I 

t0 = tan00 , t = tanO, b = tancx. 

cc 

A = f tp(O)dO, 
0 

The general solution of ·Eq. (3.24) is as follows: 

b 

.. I . I f .I dt0 r t(b-t) P(t) = D--2 r to(b-to)F(to)--, 
n to-t 

0 

(3.27) 

where D is an arbitrary constant. 
Using Eqs. (3.25), (3.26) and (3.27), we obtain 

(3.28) 
· · D J/coscx 

sin1120sin112 (cx-O)tp(O) = cosO 

cc 

-~ J ysin00 sin(cx-00 ) [f(Oo)-AtanOo] . t:o O), n 
0 

sm 0 -

n 
2 - . J y sin2<P- sin2 cx z(</J) sin <P d<P 

+ 4 y' c Usm00 cosOo ( · 2<P · 20 ) sm -sm o 
ex 

and z(</J) = y'(1J)I'l=csin2</> is the slope of the curve C at the point csin2</J. 
From Eqs. (3.I9), (3.2I) and (3.23) we can write 

(3.30) (
a) ( . 20) F(csin2 0) tp(O) 

v v = y 1 c sin v = = .. I .. I ' 
yl ysin2 cx-sin20 · 2y I sinO r sin2 cx-sin20 

then Eq. (3.28) caft be written in the form 

nDcos112 cx ~ cos11
2 cx 

(3.3I) 2n{sin30(sin2cx-sin20)sin(cx-O)P'2v(O) = . ·112 0 
-Ac-112 

0 c cos cos 
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n 

+ 2U l t' sin
2
</J- sin

2
a.z(</J) sin.p d</J Lo'~=:~-:-=•O) ( t' tan</J- tan a. (tan</1 

Cit 

+tanO)+ t'tan.p +tlma. (tan</1 -tanO)]- 2cos( 0- +a.)} (0 < 0 < a.). 

The constant A . can be calculated from Eqs. (3.25), (3.30) and (3.31) to give 

(3.32) A= nD, 

then we can write Eq. (3.31) as fallows: 

. (3.33) 2n{sin30(sin2a.-sin20)sin(a.-O)}'I2~(0) = :.~ cos( 0- ; a.) 

Cit 

-
2
1 uafysin0

0
sin(cx-0

0
) (sin

2
cx-sin

2
0) dO 

sin(00 - .0) 0 

0 

n 

+ 2U J
2 

t' sin 2</J -sin 2 a. z( q, )sin¢ d,P { ~~tta04)•0) ( t' tan</1- tan 0 (tan</J cos tan -tan 
Cit 

+tanO)+J"tan<fJ+tana. (tan</J-tan0)]-2cos(o-; a.)} (0 < 0 <a.). 

Using Eqs. (3.5}, (3.21) and (3.33) we can write m(csin200 ) after some simplification in the 
form 

(3.34) -sin00 Jfsin2 a.-sin200 y'sin00 sin(a.+00 ) m(csin'Oo) = 
2
";c cos(; a.+Oo) 

nUa [ . ( 1 n ) ( • 2 2 · 2n ) · 2 1 · ( 1 n )] --
4
- sm 2 -cx+u0 sm ex- Sin u 0 -sm 2 cxsm 2 cx-u0 

n 
2 

+ U J t' sin 2</!- sin2 a. z( q, )sin</J d</J { (sin2,P - sin200)-
1 (Jf sin.p sin(O -a.) sin(</J- 00) 

Cit 

+tfsin</Jsin(</J+cx) sin(</J-00)]-2cos(; cx+Oo)} (0 < 0 <ex). 

It follows fromEq. (3.34) that the function m(csin200) for small values of00 is of the form 

(3.35) 2 Ao At Ao At ( ) 
m(x) = m(csin 00) = 0~12 + 01'' +0(1) = (; r• + ( ;r• + 0 I , 

where 

1 { nD 1 nUa . 3 1 
Ao = - . 312 --r=-cos -

2 
ex- -

4
- sin -

2 
cx(2coscx+ 1) 

SID <X 2 J! C 
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( I { nD . I . nU(J . 2 1 I ( 2 ) 
3.36) At= - sin3/ 2 a -

2
yc sm T a- - 4- sm 2 acos 2 a 3+ cos a 

:11 

2 

+ uJ y sin2c/>- sin2a z(c/>) de/> [vcos q, (-. I sin(~+ a) ~-. I sin(~- a) ) Jl smc/> Jl smc/> 
IX 

The behaviour of in(x) for small x has been discussed in earlier papers in the cavity theory 
and the accepted behaviour of m(x) for small values of xis m(x) ex: x- 114 [see, for example, 
DAviES (6)] hence we choose A 0 to be zero in order to achieve the proper behaviour and this 
defines the unknown constant D; 

(3.37) 2 v' c U { n(J . I D = - · sm3 -a(2cosa+I) 
1 4 2 

. ncos 2 a 

Substituting from Eq. (3.37) into Eq. (3.34) we obtain 

(3.38) ; {sin30sin(ex- O)(sin2 ex- 2sin200))
112v(O) = :n;O"I {sin2 ~ ex 

2cos 2 a 

x cos(-} ex sin(-} ex- o) +sin3
-} ex cos ( 0- ~ cx)<2cos ex+ I)-sin(~ ex+ Oo) 

x [-.I sin(.c/>+a) + -./ sin(~-a) ]+(sin2q,-sin20)- 1 [ysinc/>sin(O-a) sin(c/>+a) Jl smq, Jl smq, 

+ v' sine/> sin(c/> +a) sin(c/>- O)J (0 < () < a). 
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I 

An alternative formula for the constant ·D can now be determined by using the closure 
condition (3.5), (3.21) and (3.34) and we obtain 

D = 2 y'cU {_!__ nasin3 _!_ct 
1 4 2 

ncos Tct 
(3.39) 

n 
2 . 

J .. 1. 24i . 2 c·,~,.) . ,~,.d,~,. [sin¢sin(¢+ct) ysin¢sin(¢-ct) 2 1 ]} 
- ., sm - sm ct z '¥ smop '¥ . (.,~;. ) + . (,~,. ) - cos -

2 
ct . 

sm '¥ - ct sm '¥ + ct 
ex 

If we eliminate D between Eqs. (3.37) and (3.39), we obtain the relation between the cav­
ity number a and the integral of the slope of the foil 

n 

(3.40) n<rsin2 ~ acosa ~ -4 J {J/ sin•;;~a) sin(tf>+a)cos{4>- ~ a) 
ex 

-V sin•;;~ a) sin(¢ - a)cos ( </>+ ~ a)} z( </> )dtf>. 

We now determine the formula for the lift L on the foil as follows: 

l c 

(3.41) L = f {PI,=o--Pc}dx+ f {P/,::2 0 --PI,=o•}dx, 
0 l 

where 

(3.42) P/y=O± = p «) + eU4>xi,=O±. 

Using Eqs. (2.3), (2.7), (2.8) and (3.42) we can write Eq. (3.41) as follows: 
l c 

(3.43) L = eU j Yt(x)dx+eU f y2 (x)dx. 
0 l 

We substitute for y2 (x) Eq. (3.11) and change the order of integration; using Eq. (3.21), 
Eq. (3.43) reduces to 

n 
ex 2 

{3.44) L = 2eUc J ysin~ct-sin20v(O)sinOd0-4eU2c J ysin2¢-sin2 a z(¢)sin¢d¢. 
0 · ex 

4. The variational treatment 

We now pose the problem of finding the optimum shape of the hydrofoil curve C so 
that the lift Eq. (3:44) is maximized, the curve C being of a given lengthS and prescribed 
mean curvature K; S and K are related to z as.follows: 

n 

2 

(4.1) S = 2c J y (1 +z2 (0))sin0cos0d0, 
0 

S Arch. Mecb. Stos. nr 3/83 
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378 

and 

(4.2) 

n 
2 

K = ;c J z'2 (0)sec0cosec0. 
0 

This problem is equivalent to minimizing the following functional /: 

n 

2 

A. H. EssAWY 

(4.3) I[v(O), z(O), z'(O), OJ = - L+ At S + A2 K = f F[v(O), z(O) , z'(O), 0; At, A 2]d0, 
0 

with the function F given by 

(4.4) 
1

2At c y (1 + z2 (0)) sinO cosO 

+ ~~ z' 2 (0)sec0cosec0- 2eUc y' (sin 2a- sin20) v(O)sinO 

F= 
2A 1 c Jl (1 + z2 (0)) sinO cosO 

(0 < 0 < a), 

l + ~; z' 2(0)secOcosec0+4eU'q/(sin2a-sin20)z(O)sinO {" < 0 < ~}, 
where v(O), z(O) are related by Eq. (3.38) and At, A2 are determined Lagrange multipliers. 

Let p,(O), z(O) denote the required optimum functions and s~, B'YJ the respective vari­

ations from the optimum; then we can write the following relation between HO) and 

1')(0): 
n 
2 

( 4.5) 7t {sin3 0sin((X- 0) (sin 2a- sin 2 0)} 1 12 ~(0) = U J y sin24>- sin2az(l/>) sinlf>dl/> 
IX 

I ( 1 ) cos 0- -a 
- 2 sin(l/>- a) sin(l/> +a) 1 · 

" - I [ V sincf> + V sincf> 1 + (sin2cf> -sin2 0) 
cos 2 a 

x [)I sincf> sin ( q, -a) sin( q, +0) + Ji sincf> sin(O +a) sin( cf> - 0)] I (0 < 0 < ex). 

The variation of the functional I ia~ Eq. (4.3) due to the variations ~(0) and 17(8) is 

n 

l IX 

(4.6) L11= J F[v+;~,z+erJ,z'+erJ',O)]dO-J F[v,z,z',O]dO; 
0 0 

for sufficiently small e, we can write 

e2 
(4.7) L11 = e<51+ 2T <5 21+ ...... , 
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where the first ·and second variations ~/and ~2/ are defined by 

n 

2 

(4.8) (JJ = f {;(O)F,(v, z, z', O)+i J(O)Fz(v, z, z', O)+r;'(O)Fz,(v, z, z', O)}dO, 
0 

and 
:n 
2 

(4.9) b21 = f {;2 F,,+ r;2Fu + r;'2Fz'z' + 2~0F,z + 2~r;'F,z' + 2r;r;'Fzz, }dO, 
0 . 

in which the sub-indices denote partial derivatives. 

As ~(0) and r;(O) are related by Eq. (4.5), substitution of Eq. (4.5) in Eq. (4.8) and in­

tegration by parts yields 

(4.10) ~I J!f [ . UcosecOF,(v, z, z', 0) J-i . I . 2.~, • 2 (J.) . J.dJ. 
u = · Jl sm 'f' -sm rxr; '~" sm'f' '~" 

0 
ny'sin2 rx-sin2 0 ysinOsin(rx-0) « 

l cos (o~ _!_ct} ( }I ) 2 j sin(O- rx) sin(O + rx) 
x - --~-_______,· J sin¢ -- + sin¢ + (sin2¢ -sin20) 

cos 2 rx 

x (J/ sin<jlsin(.p- IX) sin(.p + 0) + Jl sin<J> sin(</>+ IX) sin(</>- 0)) I 
+1](0) k·- :o F,.]ldO+ [1J(OjF,.Ji. 

We change· the order of integration in Eq. (4.10), use Eq. (4.4), and we obtain 

n 

(4.11) 

:n 2 

of=_&_ [r;(O) . z'(O) ]2 + f { 2A.1cz(O)sin0cos0 _ _&_ _!_ ( . z'(O) )}do 
c smOcosO 0 

0 
y1+z2(0) c dO smOcosO 

For /[z, f}] to be a minimum it is necessary that 

(4.12) ol[z, 1'}] ~ 0, 

S* 
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and since this must be satisfied for all admissible 1](0) it follows that . 

{

0 (0 < 0 < IX), 
(4.13) A ~ ( .z'(O) ) _ 2A1 c

2
z(O)sin0cos0 = ( n) 

2 dO smOcosO y1 +z2(0) (!U2f(O) IX < 0 < T , 

where 

f(O) = 2c
2 

ysin
2
0-sin

2
1Xsin0 r-. / sin(.O-IX) + l/ sin(.O+IX) ]. 

1 V smO smO 
COST IX 

(4.14) 

This is a differential equation of the second order for z(O) and it is necessary to postulate 
either the slope or the slope derivative of the hydrofoil at the end points; here we solve 
the problem subject to the following boundary conditions: 

(4.15) z(O) = A, z(c) =B. 
11 

The square bracket of Eq. (4.11) can be written in the form [z'(x)1J(O)]~, x = csin20 and 
we note that this is identically zero here since 1](0) vanishes at each end. 

We consider the solution of Eq. (4.13) for the slope z(O) in the case of a small slope 
(this is consistent with . the linearization hypothesis), and we approximate Eq. ( 4.13) as 
follows: 

(4.16) 1 d 1 '(0)] (0) -2-cs.....,.in-0-=-c-o-s-=-o -d-0 2csin0cos0 z -nz 

= IO ( A1 eU
2 

) - Ef(O), n = ~,E _= ~ 

where f(O) is defined in (4.14). 
Using the transformation (3.21) we obtain 

(4.17) z"(x)-nz(x) = {E~x) 
where F(x) is defined by 

(0 <X< 1), 

(I< x <c), 

(4.18) 2t/2xl/4{ cl/2 + (c-l)lf2)lf2(c-x)1f2 F(x) = (x -1)1/2 , 

(0 < 0 < IX), 

(a <0 <f). 

x {y x(c-1) - yl(c-x) ]112 + [J/ x(c-1) + yl(c-x) ]112}. 

Equation (4.17) is a nonlinear differential equation for z(x); we solve it later subject to 
the boundary conditions ( 4.15) and the constraints ( 4.1) and ( 4.2). 

In the special case when the noncavity case I = 0, IX = 0, and (J = 0 this gives 

(4.19) 
c --

L = 2eU
2 J v c~E y'(E)dE, 

0 

z"(x)-nz(x) = E-./ x , Jl e-x 

C is the hydrofoil chord, this is consistent with Ess~ WY [7]. 
A · sufficient condition for the extremum to be a minimum is 

(4.20) 
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From Eq. (4.4), Eq. (4.9) can be written as follows: 
tl 

2 

( 4.21) ~2 I= I { 2A1 csin8cos8 [I + z2 (0)]- 312 + : 2 '1'2(8)sec8coSec8~d8. 
0 

In the case of a small slope z(O), we approximate Eq. (4.21) as follows: 
n 

2 

(4.22) ~2/ =I {u, csin8cos8'7'2 (8)+ A; '1'2 (8)sec8cosec8}do. 
0 

Using the transformation (3.21) we obtain 

(4.23) 

where 

c 

~21 = J {A1 c/> 2 (x)+2A2 c/>'2 (x)}dx, 
0 

(4.24) tf>(x) =+in-']/~ ). tf>'(x) = ~ 'I'( sin-' V: ) [x(c-x)]-112
• 
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Equation ( 4.23) has the same structure as in Ref. [7], Eq. (3.30); using the results of 
that paper we can write 

(4.25) 

5. Optimum solution in the case when z(O) and z(c) are prescribed 

We use the numerical method of solution to solve Eq. (4.17), namely 

(5.1) 
(0 <X< 1), 

(l < x <c), 

where F(x) is defined by Eq. (4.18), and when z(x) is subject to the boundary con­
ditions 

(5.2) z(O) = 0, z(c) = B = tanl2°, 

in the case 

(5.3) s = 4.02 ft, 1 = (~) ft, c = 4 ft, k = 0.0148 fc', 

with 

(5.4) e = 62.4lb/ft3
, u = 40 m.p.h. 

The problem has been solved numerically for tho different values of the cavity length. 
Equation (5.1) has the same structure as in Ref. [7], therefore we solve Eq. (5.1) numeri­

cally by the same method stated in Ref. [7] and subject to· the boundary condition (5.2) 
and constraints ( 4.1) and ( 4.2). · 
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The values of n and E which satisfy the sufficient condition ( 4.25) are 

n = 0.5852812, E = 0.188548 V l = 3ft, 
(5.5) 

n = -0.6154366, E = 0.0856397 V l = 1 ft. 

The graphs of y(x), the optimum shape, are shown in Fig. 2. Also included in Fig. 2 
are the optimum shapes of foil for two cases: noncavity and full cavity. 

YA 
I 
I 

----..£. 
A CqYti, ' 

u I y \ 
~--o~------~8--,--_______ F ___ .,... 

Y! 
0.04 

0 

-0.08 

-0.16 

-0.24 

- 0.32 

0' x=l J- x 

~ X=C 

Fio. 1. The physical plane. 

-- Non -cavitating case 
~-- Fu II cavitating case 
-- Partial cavitating case 

D 

X 

FIG. 2. The optimum hydrofoil shape in the case z(O) = 0, z(c) = 3. 

The value of maximum lift 

As seen from Eq. (3.44), the value of the lift L can be calculated by substituting v(O)~ 
Eq. (3.38) in the lift formula (3.44) to give 

(5.6) 
2nU2cO'sin3 ~ cx(2coscx+1) 

L= 1 
cosT ex 

2 
2(!~

2

c J ysin2q,.:...sin2 cxz(c/>) sin¢ 

COSTCX cc 
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. x [--I sin(~+«) +-.I sin(~-~) ]de/> V mn¢ V ~n¢ · ' 

where G is defined in Eq. (3.40). 
Using the numerical results we find that the value of maximum lift is 

(5.7) 
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