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265.

ADDITION TO THE MEMOIR ON AN EXTENSION OF ARBOGAST’S 
METHOD OF DERIVATIONS.

[Now first published, 1891.]

The process explained in the foregoing Memoir is not easily workable, and I have 
in fact never used it. I have devised a new process theoretically less complete, and 
of a somewhat mixed character consisting, as it does, in the analytical reduction of 
the problem to the same problem for a smaller number of letters. I have however 
found it very convenient for obtaining the literal terms in the theory of the sextic, 
viz. where we have the seven letters (a, b, c, d, e, f, g) ; and I propose to explain the 
process by applying it to the determination of the terms of the discriminant, degree 
= 6, weight = 18.

Here writing a, b, c, d, e, f, g to denote the indices of these letters respectively 
in a term such as aabβcy... (that is, writing for convenience a, b, c, ... instead of 
α, β, 7, ...) we have

u∙ + b + c + d + e + f + g = 6,
b -t~ 2c ∙⅛∙ 3d + 4β 4^ o∕*4- Qg ~ 18, 

and thence
6α + 5b + 4c + 3d + 2e + f =18.

I separate off from the others the first three letters α, b, c. The equation gives 
a = 3 at most. And then

if α = 3, then 5b + 4c + 3d + 2e +f = 18, b = 0, c = 0 ;
if a = 2, 5b + 4c + 3d + 2e + f = 6, b = 1 at most ;

if b = 1, 4c + 3d + 2e + f = 1, c = 0,
„ b = 0, 4c + ⅛d + 2e ÷ f = 6, c = 1 at most,
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if ft = 1, 5b + 4c + 3d + 2e + f = 12, b = 2 at most;
if 5 = 2, 4c + 3d + 2c + y = 2, c — 0,
,,5 = 1, 4c + 3d + 2e + / = 7, c = 1 at most,
„ 5 = 0, 4c + 3d + 2c + y = 12, c = 3 „ „

if ft = 0, 5b + 4c + 3d + 2e +y = 18, b = 3 at most;
if 5 = 3, 4c + 3d + 2c + f — 3, c — 0,
» b = 2, 4c + 3d + 2c +f = 8, c = 2 at most,
» b = 1, 4c + 3d + 2c + y = 13, c = 3 „ „
„ b — 0, 4c + 3d + 2c + f = 18, c = 4 „ ,,

Hence considering the several terms as arranged in alphabetical order and writing 
down only the factors in a, b, c, we obtain col. 1 of the following diagram ;

Col. 1. Col. 2. Col. 3.

a3 W 1
1a2b (d3)8 1

a2b°c (d3)7 2 1
c° w 5 7

a b2c° (d3)7 2
be1 (d3)6 3

c° w 4 9a b°c3 w 1
c2 (d3)5 3
c1 W 4
c° (d5)3 3 11

a°b3c° W 3 Q
bV (d2)6 1 O

c1 (d3)5 3
c° W 4

86+3 (d2)5 1
c2 (d3)4 3
c1 (d4)3 3
c° w 2

96°c4 (d2)4 2
c3 w 3
c2 (d4)2 2
c1 w 1
c° (ds)° 1 9

Ts

We then form col. 2 by annexing to each term a term (d0)* which denotes the 
derivative </> of de; the value of 0 being such that the whole term may be of the 
proper degree 6, and the value of <f> being such that the whole term may be of the 
proper weight 18. Thus

ft3(d3)9, degree is 3 + 3, = 6 ; weight is 0 + 9 + 9 , = 18,
ft52c°(d3)7, „ I + 2 + 3, = 6; „ „ 0 + 2 + 9 + 7, = 18,

viz. d3 being of weight 9, then (d3)9 is of weight 9 + 9, and (d3)7 of weight 9 + 7.
c. iv. 35
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The derivatives of any power of d are given by those of the indefinite power dmi 
which, omitting therein the several powers of d, may be tabulated thus. I remark that 
the table is carried up to the column 21 in order that it may be applicable to the 
calculation of the literal terms of the degree 15 and weight 45 which belong to the 
highest invariant of the sextic.

Subsidiary Table of the Derivatives of dm.

1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30 33 37 40 44 48

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

1 1 β / 7 
βf

eff Λ g2 eg2 fg2 «7 fg3 gi ¾74 fg4 gs ; e7 ft? 7 egβ 7/ g7 1
2 e2 fi e2SJ βfg f2g e2<J2 efg2 f2g2 e2g3 <ιfg3 .∕V e2gi <,fg4 f2g4 e2g5 fg3 f'tf ey efg3 2
3 e', ef2 f3 p2fg ef2g f3g e2fg2 <>f2g2 f3g2 77 ef2<f f3g3 e2fgl <f2g4 fig4 f,2fgi 727 fsg5 3
4 éf etff tf3 f4 eig2 ef3g f4g esg3 7V f4gi e3gi ef3g3 f4gi e3<∕5 ef3g4 f4g4 e3gβ 4
5 e5 ef^ eig <?fg e2J'2g f5 ^fg2 e↑f2g f5g ^fg3 βf2gi f3g2 <fgi ⅛2gi f"g3 e3ftf e2f2g5 5
6 *7 eγ e2f3 74 eig2 e2f3g ef4g eigi e2.f3g2 <tf4g2 ⅛4 ef3f ef4gi eiga e^'3gi <if4g4 6
7 e6 <?f eig e4Λ *3f2g ef5 fe <f2g2 <dsg f3g Jf2g3 <f'a9i fig2 <if2gi efg3 fβg3 7
8 e7 e4f2 β73 e2fi e5g2 <fg2 t2fig f7 eifgs efig2 f7g ^4fg4 eifigi fg2 e4fg3 8
9 <?f e¾ β3fg e4f2g etf-tg ef6 eig3 <pf3g2 e-f3g esg4 efig3 f8g2 eaga eif3g4 9

10 e8 e5∕2 <f3 e2f5 e6fg2 eif2g2 <pfig f8 ey2g3 eif3g2 ∕*g <f2g4 ^ifig3 10
11 e7 e,g e6fg ⅛2 ef3g ^f4g *f7 éfg3 ef4g2 ef7g ^6fg4 e3fi(fi ef7g2 11
12 β∙ e6f2 <ft tf2g <?fs eFg3 e4f3g2 <tf*g f' eif3g3 e2βg2 fg 12
13 e8f βsg e∖f4 e7g2 <fg2 <⅛i<J2 e3fog 78 e6gi ^3f6g2 pif8g ebga 13
14 Z,1O β e7f2 <?fg <ff2g <f3g β4f4g e2f7 e3fg3 W tif7g flu ^f2g4 14
15 e3f3 <f4 e4f0 «T e7<f <fy3g2 e4.fig2 ef2 eβfg4 eifigi 15
16 en evg <fg <⅛2 e7fg2 W e4f3g e3f8g e7gi eif3g3 eiΓg2 16
17 e8∕2 e7f3 f-7f^g e3f3g «f'g <?f7 e2f8 e3f2gi β4fsg2 eiJ8g 17
18 β17 ewg <f4 e⅛"° e∙4f8 e8<∕3 e7fg3 e↑f4g2 <⅛7g ef" 18
19 e12 e2f2 <?fg e2g2 e*fg2 7V eβf3g2 e4fbg eiΓ <?fg4 19
20 e"f ff3 e↑f2g e,j ''g e3j4g esJ5g e,f8 e8g4 e8f3g3 20
21 eιs e11g e7fi <ft e5fβ e4f7 e↑f'g3 e7f2g3 e^g2 21
22 ^.f2 ^'fg ewg2 e9,fg2 ey e7f'g2 e8f4g2 e4f7g 22
23 euf e9f3 <f2g e8f3g β8f2g2 e8fig ^f8g e3f9 23
24 eli e'2g e8f4 e7f6 e7f4g e∖f7 e4f8 esgi 24
25 enft <fg eng2 e↑fβ ewg3 e8fg3 ^f2g3 25
26 evif ^f3 e1Tg ewfg2 <f2g2 e?f3g2 e7f4g2 26
27 eιs eng <f4 e9f3g e8f4g e7fig ^,fbg 27
28 evιfl <?fg e8f5 e7f3 e↑f7 e5f8 28
29 euf ellf3 f>12g2 e>∖fg2 ellg1 ewf<f3 29
30 ¢16 el4g elf2g ewf3g e1γ2g2 e9fig2 30
31 e13f2 evf4 <r e9f4g e8,f5g 31
32 euf e13fg evig2 e8f8 e7f7 32
33 el7 el2f3 ^2f2y e>2fg2 e^2g3 33
34 eκg e∖fi enfig euf2g2 34
35 euf2 e14fg ewfr" e1↑f4g 35
36 evf evif3 eug2 e9f6 36
37 ew ewg e)3f2g e'3fg2 37
38 eκf2 ey2f4 ^2f3g 38
39 e47f ^fg e11f3 39
40 el9 e>4f3 β15(∕2 40
41 ex7g e44f2g 41
42 e^f2 e13f4 42
43 e18f e'bfg 43
44 e2° ^f3 44
45 ewg 45
46 e>7f2 46

47
e21 48
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This means for instance that the derivatives of d- are

0 1 2 3 4 5 6

d1 de df dg eg fg g2
d <f j r

those of d3 are
0 12 3 45678 9

d3 de df dg deg dfg dg2 eg1 fg2 g3
de2 def df2 e2g efg f2g

e3 df ef2 f3

and so on; viz. to form any column we affix to the terms of the corresponding column 
of the subsidiary table the proper power of d, so that the degree in all the letters 
may be 2, 3, &c. as the case may be, using from each column of the subsidiary table 
only the terms which are not of too high a degree ; for instance for col. 4 of the 
derivatives of d3, only the terms eg, f2, e2f of the complete column eg, f2, e2f e\

It is to be observed that these tables of the derivatives of d2, d3, &c. do not need 
to be actually formed; any column which is wanted can be written down at once, 
currente calamo, from the column of the subsidiary table. And if we require only the 
number of terms, then these numbers, are at once taken out from the Subsidiary 
Table. Thus for the numerical column of the diagram, the Subsidiary Table, col. 9, 
contains but 1 term g3 of degree 3, and thus the number set opposite to (d3)9 is 1; 
so col. 8 contains but 1 term fg2 of the degree 3, and so the number opposite to 
(d3)8 is 1 ; col. 7 contains 2 terms eg2, f2g of degree 3, and so the number opposite 
to (d3)7 is 2; and so on: we have in this way the numbers 1, 1, 2, 5, 2, 3, 4, &c. 
the partial sums of which are 1, 1, 7, 9, 11, 3, 8, 9, 9 giving the total sum 58: 
viz. this is the number of the terms degree 6, weight 18, which can be formed with 
the seven letters (a, b, c, d, e, f, g).

When the literal terms are required, it is proper in the first instance as a safe­
guard against accidental omissions in copying, to take the numbers in this manner; 
and we can then take out the terms themselves, viz. these are

a3 g3 
a2b fg2 
dc eg2

a2 dg2
defg 
df3 
df 
e-f->

and so on, the whole number being = 58 as just mentioned.
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