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O N  H E R MI T E ’S //- P R O D U C T T H E O R E M.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. x vιιι.  ( 1 8 8 9), p p.  1 0 4 — 1 0 7.]

I GI V E  t his n a m e t o a t h e or e m r el ati n g t o t h e pr o d u ct of a n e v e n n u m b er of  
Et a-f u n cti o ns,  est a blis h e d b y M.  H er mit e  i n his “ N ot e  s ur l e c al c ul diff er e nti al  et l e 
c al c ul i nt e gr al,” f or mi n g a n a p p e n di x t o t h e si xt h e diti o n of L a cr oi x ’s Diff er e nti al  a n d  
I nt e gr al C al c ul us,  a n d s e p ar at el y pri nt e d, 8 v o. P aris, 1 8 6 2. It is t h e t h e or e m st at e d 

p. 6 5, i n t h e f or m 

w h er e  

w h er e  ¾  + +  ... ÷  « a n  =  θ, a n d z  =  s n  x, c n  zr or d n  x at pl e as ur e  ; F  {z ^ ^ ∖ {z ^ } d e n ot e  
r ati o n al a n d i nt e gr al f u n cti o ns of  z ^ oi  t h e d e gr e es n a n d n —  1 r es p e cti v el y; A  is a  
c o nst a nt, w hi c h  w e  m a y  if - w e pl e as e s o d et er mi n e  t h at i n F {z " ^ }  t h e c o effi ci e nt of t h e 

hi g h est  p o w er  z ^ ^ s h all b e =  1.

If, f or s h ort n ess, w e  writ e  s, c, d  f or s n  x, c n  x, d n  x r es p e cti v el y; a n d t o fi x t h e 

i d e as, ass u m e z  =  s n  x, =  s, t h e n t h e t h e or e m is 

vi z. t h e t h e or e m is t h at t h e pr o d u ct of t h e 2 w H-f u n cti o ns  ( «j +  « 2 + ∙∙∙ + ‰ =  θ as  
a b o v e), di vi d e d b y Θ ^(i p),  is a f u n cti o n of t h e elli pti c f u n cti o ns s n, c n, d n, of t h e 

f or m i n q u esti o n.

H er mit e  us es t h e t h e or e m f or t h e d e m o nstr ati o n  of A b el ’s t h e or e m, as a p pli e d t o 

t h e elli pti c f u n cti o ns; or as I w o ul d  r at h er e x pr ess it, h e us es t h e t h e or e m f or t h e 

d et er mi n ati o n  of  t h e s n, c n, a n d d n  of  ¾ +  a ^ +  ... +  « g »-!·
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T o  s h o w h o w t his is, o bs er v e t h at F  (s ^), q u a  r ati o n al a n d i nt e gr al f u n cti o n of  
of t h e d e gr e e n, wit h  its first c o effi ci e nt =  1, c o nt ai ns n ar bitr ar y c o effi ci e nts ; a n d  
- ^ι r ati o n al a n d i nt e gr al f u n cti o n of s ≡ of t h e d e gr e e n —  2, c o nt ai ns n  —  1
ar bitr ar y c o effi ci e nts: h e n c e F  (s ^) +  s c d F ^ (s ^) c o nt ai ns 2 n  — 1 ar bitr ar y c o effi ci e nts; a n d  
c o nsi d eri n g a ,̂ « 2,  ..., α 2 n- 1 as gi v e n,  t h e f u n cti o n i n q u esti o n m ust  v a nis h f or e a c h of  

t h e v al u es x = a ,̂ α 2 >∙∙∙,  « 2 n-i  5 a n d w e  h a v e t h er ef or e 2 n —  1 e q u ati o ns f or o bt ai ni n g  
t h e 2 n  —  1 c o effi ci e nts, w hi c h  ar e t h us c o m pl et el y d et er mi n e d  : i n p arti c ul ar,  t h e c o nst a nt  
t er m, s a y L,  of F γ {s '̂)  is a gi v e n f u n cti o n of «j,  « 3 »  t h at is, of t h e s n, c n,
a n d d n of t h es e q u a ntiti es  ; a n d t h e t h e or e m s h o ws t h at t h e f u n cti o n t h us d et er mi n e d  

v a nis h es  als o f or a;  =  a ^ n, t h at is, =  —  ( ¾ +  +  ... +

N o w  writi n g  — a; f or x i n t h e f or m ul a, a n d r e c oll e cti n g t h at H  is a n o d d f u n cti o n, 

Θ  a n e v e n f u n cti o n, w e  fi n d 

a n d m ulti pl yi n g  t o g et h er t h e t w o si d es of  t h es e e q u ati o ns r es p e cti v el y,

w h er e  t h e ri g ht- h a n d si d e is a r ati o n al a n d i nt e gr al f u n cti o n of s ≡ of t h e d e gr e e 2 n,  
a n d t h e c o effi ci e nt of t h e hi g h est t er m is =  1 ; i n f a ct, t his t er m aris es o nl y  fr o m 
t h e s q u ar e of  F  w hi c h  h as  its hi g h est  t er m =  s '̂ .̂

is a m er e  c o nst a nt m ulti pl e  of s n ^ aj —  s n ^ aj, or s a y of

—  s n- ctι 5 (t his w ell- k n o w n  t h e or e m is, i n f a ct, t h e p arti c ul ar c as e n = 2  of H er mit e ’s 

t h e or e m); a n d si mil arl y f or t h e ot h er t er ms: w e  m ust  cl e arl y h a v e A ,̂  m ulti pli e d  b y  
t h e pr o d u ct  of  t h e f a ct ors t h us i ntr o d u c e d, =  1  ; a n d t h us t h e t h e or e m b e c o m es

A n d  p utti n g  h er ei n  ⅛'  =  0, a n d writi n g  as b ef or e L  f or t h e c o nst a nt t er m of  F(s ^),  
w e  h a v e  

or, t h e si g n +  b ei n g  pr o p erl y  d et er mi n e d,  s a y 

w h er e,  b y  w h at  pr e c e d es,  i is a gi v e n  f u n cti o n of  t h e s n, c n, a n d d n  of  «j, « 2, ..., β ⅛,,.  
H e n c e  w e  h a v e s n a ,̂  t h at is, —  s n ( «j · + ■ « 2  +  ... +  α 2 n- 1) as a gi v e n  f u n cti o n of  t h e s n, c n,  
a n d d n  of  «j, « 2, ..., « 2 7 1- 1  ∙

Si mil arl y  writi n g  2;  =  c n  a;, =  c, a n d z  =  d n  x, =  d, w e  h a v e c n  ( αtι - h « 2  +  ∙ ∙ ∙ +  ¾ 7ι- 1)  
a n d d n  ( « 1 -I- « 2  +  ... +  « 2 7 1- 1) e a c h of t h e m as a gi v e n f u n cti o n of t h e s n, c n, a n d d n of  

® 1  J > ∙ ∙ ∙ > ® 2 7l — 1  ∙

dz
It is h ar dl y  n e c ess ar y  t o r e m ar k t h at F  {z ^) +  z  - ^ F ^ {z ^ } is a f u n cti o n of  t h e s a m e  

f or m, w h et h er  w e  h a v e z  =  s, c er d ∖ i n f a ct, t h e f u n cti o ns F  a n d F ^ ar e r ati o n al i n 

s ≡, c ,̂ or a n d w e  h a v e  z =  s c d, —  s c d, a n d —  k' ^s c d f or t h e t hr e e v al u es r es p e cti v el y.

c. XII.  7  4

w w w.r ci n. or g. pl



586 ON Hermite’s //-product theorem. [881

The number of terms «j, «3, ..., α2n-1 has been odd, but by taking one of them 
= 0, the formulae give the values of the sn, cn, and dn for the sum of an even 
number of terms.

It has been seen that Hermite’s 77-product theorem gives, say Abel’s theorem, in 
the form 

each side of this relation being the product of two factors, viz. for the left-hand side 
the factors are 

and for the right-hand side they are the rational functions of s≡, 

these factors are by Hermite’s theorem equal each to each; viz. this is the relation 
in which Hermite’s stands to Abel’s theorem.

The //-product theorem is given as one out of a group of four theorems; the 
other three may be called the //-product, ∕∕j-product and Θι-product, odd theorems 
respectively.

viz. these are 

where F, φ are rational and integral functions of the degrees n and n— 1, having 
their proper values in the three equations respectively, and in each case

It was seen above that, for n = 1, the //-product theorem became 

which is the most simple case; for the odd theorems, the most simple case is n = 0, 
viz. we then have 

to complete the formulae observe that the values of the constants are

The three theorems may be used, in like manner with the //-product theorem, to 
give the values of the sn, cn, and dn respectively of the sum «i + +... + α2n∙
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