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870.

ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL).

[From the American Joibrnal of Mathematics, vol. x. (1888), pp. 71—93.]
The chief object of the present paper is the further development of the pαyS-theory in the case n = Ί. I recall that the forms are 

where
The paragraphs are numbered consecutively with those of the former paper “ On the Transformation of Elliptic Functions,” vol. ιx., pp. 193—224, [869].

The Seventhic Transformation: the pa-Equation. Art. Nos. δl to .57.51. The equation is given incorrectly Nos. 7 and 42; there was an error of sign in a term 512α≡p, which affected also the coefficient of a,p, and an error of sign in the absolute term 7. The correct form is28p«- 112αp≡- 210p4 - 224αp* + (- 1484 + 1344α≡) p≡ + (464α - δl2α≡) p - 7 = 0 ;or, arransrinff in powers of α, this is
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536 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEl). [870This may also be written in the forms 
and

To simplify the pa-equation, we assume A—8pa — 7p^: then the √lp-equation is 

viz. this is a cubic equation wanting its second term, and so at once solvable by Cardan’s formula : say the equation is 
where

7It is convenient to recall here that, writing σ =---- , and B = 8σβ -7σ^, we have
Pbetween σ, β, B precisely the same equations as between p, a, Λ ; p = 1 givesσ=-7, and we have as corresponding values α = -1, Λ=-15, /3 = -1, 7? = — 287:these are very convenient for verification of the formulae. Similarly, p ==-7 gives σ = 1,and then α = -1, Λ= - 287, /3 = -1, B = -Υ7>∙, but I have, in general, used the formervalues only.52. We have

Λ _ √∙ 1 ™where 
and thence
We have identically 
if p = l, this is 27.930≡ + 4 (-163)≡= 64M472 ; that is, 23352300-17322988 = 6029312, which is right; but it is convenient to divide by 27, so as instead of 27p^ + 122p^ + 1323 to have in the formulae p^ + ¾^p^ + 49, or say
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 537Hence writing
we haveand consequently

53. It was easy to foresee that the cube root of Λ + √δ would break up into the form (Z7 + √δ)-^TF+√δ, and I was led to the actual expressions by the identities
that is,and
or, as these may be written,
We, in fact, have further the two identities

viz. writingthese equations become
and we have thus
and the like equation with — √δ in place of √δ.54. In part verification of the last-mentioned identities, observe that, in the first of them, putting p = 1, and comparing first the coefficients of p® and then the coefficients of p®, we ought to have

68C. XII.
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538 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870which are right; and similarly in the second equation, comparing first the coefficients of pθ and next those of p®, we have 
which are right.55. We have now Λ = f-∖- g, where 
observe that, multiplying these two values, we have 
that is, 
which is right. Or, finally, substituting for U, W, δ their values, we have, for the solution of the 2lp-equati0n, A=J'+g, where

56. In the case p=l, α has a value =-1, giving for Λ, =8pa-7ρ^, the value -15; and, in fact, here p'^ = l, and the J,p-equation becomes 
that is,the roots thus being
To verify in this case the values given by the solution of the cubic equation, observe that, for p2 = l, we have δ=50 + -⅛V-, and therefore19p≡-53 -34 , 0 n ττ τr , -34 + 8√^ ,= —---- > = ^ 7√~ > W = — p≡ + 7, = 6. Hence t∕ + √δ =--------- τr------- , andy 9 y

hence 
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 539

but the cube root is =∣(3 + √G9), and we have (17 — 4 Vβ9)(3 + Vβ9) = — 225 + 5 √69, = 5(-45 + √69)5 that is, ^=⅜(-45+Vβ9). Similarly,/= ⅜(-45 — Vβ9). We have thus the real root f+g = —1^, and the imaginary roots 
viz. the first term is = and the second is + ⅜ /69 . % √3, = + ⅜ ι /23 ; thus the roots are ⅜ (15 + i /23), as they should be.57. I found, by considerations arising out of the new theory Nos. 72 et seq., that writing for shortness w = %∕3, then, for p = m-2, the pα-equation has a root 
a. = 'm,', the corresponding values of thus are J- = 12w-31, p≡ = -4τn+l, viz.substituting this value for p^ in the j4p-equation, there should be a root Λ = 12m - 31. The equation becomes 
or, as this may be written.
and the roots thus are 
where the square root is not expressible as a rational function of m.

Expression of β as a Rational Function of α, ρ. Art. Nos.. 58 to 66.58. Writing σ =---- , ∖ve have β the same function of σ that p is of a; hence
P

ii R = 8σβ — 7σ^, the .βσ-equation is 
and the expression for B in terms of σ is obtained from that of A by the mere change of p into σ. Say we have B=f'+ g', where 
then we have

68—2
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540 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870or, say
and similarly
The cube roots which enter into the expression of B are thus identical with those in the expression of Λ, and it hence appears that B can be expressed rationally in terms of Λ, p', or, what is the same thing, β can be expressed rationally in terms of α, ρ.59. The a priori reason is obvious: the pα-equation is a cubic in α, but of the order 8 in p; hence, to a given value of α, there correspond 8 values of p. Similarly, the σ^-equation is a cubic in /3, but it is of the order 8 in σ; or if for σ we substitute

1 . . . . ,its value = —, then we have a p^-equation which is a cubic in /3, but it is of the 
Porder 8 in p. In the absence of any special relation between this py3-equation and the pa-equation, there would correspond, to each of the 8 values of p, 3 values of β; that is, to a given value of α there would correspond 8 × 3, = 24 values of β. But, in fact, to a given value of α, there correspond only 8 values of β, and the two cubic equations are related to each other in such wise that this is so; viz. the relation between them is such that it is possible by means of them to express β as a rational function of p, a.60. Returning to the investigation, we have 

or, writingthis is
Hence writing
we have 
so that, putting for shortness
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEl). 541we have
where θ^, and θφ are each of them free from any cube root; we have, in fact,
and it may be added that

these are, in fact, only the equations obtained by writing Lθ, Mφ in place of /, g respectively.61. In the case p = 1, we have σ = — 7 ; the equation for B becomes
that is,and the roots are
We have as before.
whence We thus have

or, putting for the cube root its value = ⅜ (3 + V69), this is
Similarly,/ = -^-^V69: and forming the values ∕'+ /, ω∕'+ ω≡∕, ω∕'+ ω∕, we have the real root — 287 and the imaginary roots ⅛ (287 + 497i∕23), as above.62. We have the equations _
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542 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870from which, eliminating θ and φ so far as they present themselves linearly on the righthand side, and in the resulting equation replacing θφ and LMΘφ by their values, we have 
that is.
This may be written 

where the terms in [ ] contain each of them the factor √δ. Omitting this factor from the equation, and multiplying by p^, we have
which I verify at this stage by writing, as before, p = 1. We have 5 = -287, J. = — 15, __ _ 878∕j = — G4, ¢1 = - 163, TF = 6, Z7 = — ⅞<, U= ■ θθ-; and, omitting intermediate steps, the p∩nation bopomos 
which is right.63. We require the values of (i∕2 +2t7i7-)-δ) TF+t∕^17+(2C7-f-i∕)δ, and of U-U∙. I insert some of the steps of the calculation. We have

Multiplying by W, = — p^+ 7, we have
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 543

whence

Hence, adding, we obtain 

and we have at once
64. We now find

viz. substituting for their values, this is 
which is the value of B, expressed rationally in terms of p, Λ∙, it will be observed that B is obtained as a quadric function of Λ, which is the proper form.
which is right.
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544 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870that is, 

where the fourth and sixth lines unite into a term divisible by 56, viz. omitting in the first instance a factor 49, the lines are 
and which together are 
and hence, restoring the factor 49, the lines are 
and the formula now easily becomes 
where the last line is

66. Hence, finally, substituting for its value, we have 
which is the expression for /3 as a rational function of p, a.

that is,or,
which is right.

www.rcin.org.pl



870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEl). 545

The aβ-Differential Equation. Art. No. 67.67. We have, No. 10, 
it should, of course, be possible to verify this equation by means of the pα-equation and the value just obtained for β. But the expression for given by the pequation is of so complicated a form that I do not see in what way the verification will come out, and I have not attempted to effect it.

The Coefficients Aj and Ag. Art. Nos. 68 to 71,68. These are given by the formulae No. 47, viz. we have

where ~ and β have each of them to be expressed in terms of p, a; we have thus 
docAj and Ag, each of them expressible rationally in terms of p, a; but I have not attempted to effect the substitutions.69. The five equations of No. 42, merely collecting the terms, are 

which would, of course, be all of them satisfied by the values of Aj, Ag as rational functions of p, a. viz. the substitution of these values in any one of the equations would give a function of p and α, containing as a factor the expression on the lefthand side of the pa-equation.70. Or again, the equations should determine Aχ and Ag as rational functions of p, α, but there is no obvious way of finding such values in a simple form. We, of course, have
c. XII. 69
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546 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870and using this value to eliminate A.j from the remaining equations, we find the following four equations: 

and we could from these equations obtain various rational expressions for Ai and its powers; but these would apparently be of degrees far too high in p and a.71. It is to be remarked that, for p = 1, α = — 1, the values of A^, A2 are A^ = J,2 = 3, viz. these belong to the solution 
and that for p = — 7, α = — 1, the values are A^ = — 21, A.^ = 35, viz. these belong to the solution
For example, the equation I2√I2 = 6√4ι≡ + 8αJ,ι — p' + 7 becomes, for the first set of values, 36 = 54 — 24 — 1 + 7, and for the second set of values, 420 = 2646 + 168 — 2401 + 7, which are each of them right.

New Form of the Seventhic Transformation. Art. Nos. 72 to 83.72. For the quartic function 1— + the coefficients a, b, c, d, e are= 1, 0, — ∣α, 0, 1, and hence the invariants I, J and the discriminant Δ are
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 547This being so, then assuming 
the differential equation 
becomes
viz. this is, for the radicals Vl — 2αzr≡ + and Vl — + y^, the form considered byKlein in the paper “ Ueber die Transformation der elliptischen Functionen und die Auflδsung der Gleichungen fdnften Grades,” Math. Ann., t. xιv. (1879), pp. 111—172. I notice that there is some error as to a factor 7, and that p is equal to the z of p. 148, not, as might appear, equal to ^z.73. The modular equation presents itself in the form given, l.c., p. 143, viz. this is 
with the like relation in J', τ'; and then ττ'= 49. We have thus J, J' each given as a function of τ; and thence by elimination of τ, we have the modular equation as a relation between the absolute invariants J, J'. But τ=p≡, and for the form 1 — 2a.-r2 + as appears above, we have 
hence Klein’s equation
becomes
or, say 
which is the equation, l.c., p. 148 with p for z∖ viz. this is the pα-equation connecting α with the new multiplier p. It will be observed that it is of the degree 8 in p, and the degree 3 in α, viz. it resembles herein the foregoing pa-equation, but the form is very much more simple, inasmuch as the α enters into a single coefficient only. The equation may also be written

74. Using for shortness a single letter m to denote the value ι√3, we have
69—2
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548 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870that is,
or, say 
which is another form of the J3α-equation.75. We had τ = p^∙, and similarly, writing √ = q∖ then ττ' = 49=τ>¾≡5 it must be assumed that pq = — 7; β is then the same function of q which a is of p, niz. we have
These equations in α and /3 contain the same cubic radical, viz. we have 
and similarly
Moreover
and similarly 
and we thus obtain 
whence, eliminating the cubic radical.
viz. this gives β as a rational function of α, p. in fact have

76. The differential relation 
on substituting therein for p its value, becomes
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870j ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 549
But, from the expression for obtain 
or, omitting from each side a factor — 2w,
But we have, No. 73, 
and thence 
and similarly

7 .The equation q=~- gives 
and we thence have 
the required relation.77. From the value of p, we have 
which, substituting for dβ its value, becomes 
or, say 
which, however, is more conveniently written 
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550 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [870and then, substituting in the formulae for A^, A2, we find

expressions which give, as they should do, A.j — pΛ^ = ∣ (aρ — In these last
qP_ Jformulae, p is to be regarded as standing for its value, = p ∙g_ .

vβ--l

7S. To further reduce these values, consider the expression of β given No. 75,* If for a moment we represent this by 
then we have 
or, multiplying the numerator and denominator each by Ga + F, so as to make the denominator a perfect cube, the numerator becomes 
and putting for the factor G of the first term its value = 8p (ρ- + 7), we thus obtain 
viz. in virtue of the pa-equation, this is
This numerator is =(p∙* +δp'^+l)®p®; in fact, we have 
and thence forming the two terms of the numerator and adding them together—for shortness I write down only the coefficients—we have 

viz. these are the coefficients of (p^ + 5p≡ + l)≡pθ. Hence 
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 551or, extracting the cube root, and for G, F substituting their values, 
and thence also 
viz. we have thus expressed as a rational function of p, α.79. It will presently appear that p is, in fact, expressible as a rational function of p, α: but I am unable to obtain this expression in a simple form. Admitting that 
p is thus expressible, a direct process for obtaining the expression is as follows. Writing 
and by means hereof introducing ξ in place of a into the equation 
we have for ξ a cubic equation.
where the coefficients a, b, c, d are given rational functions of p. This equation may be written 
where b' = h- 2α⅛, c =c — α¾≡ j and the last three terms will be a square if only 
c'^ — Ab'd = 0 ; that is, if 
a biquadratic equation in ⅛ which (p being expressible as above) must have one of its roots = a rational function of p. Calling this ⅛, we then have 
hence 
where ξ denotes a linear function of α as above; the quadric radical will have a rational vadue, and the form of the equation thus is 
where A, £, C, D are rational and integral functions of ρ. But I am not able to .carry out the process.
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552 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [87080, As shown, No. 78, we have
Multiplying by the value of β, ante No. 75, we find 
and we can hence find Ai and by the formulae 

or, for the second of these we may write
But in a different point of view, regarding only p≡, but not p, as a given function of p, α, we must to these equations join the equation i2√L2 = + 8αAι - + 7, anteNo. 69: and we have thus equations for the determination of Λι, and p.81. We have 
where the second line is
Uniting the two terms, we have a denominator 8p (p^ + 5p^ + 1), and in the numerator a term 8paP which may be got rid of by means of the ^«-equation; the numerator thus becomes 
where the whole divides by 8p; and we finally obtain
Proceeding to calculate the value of + ∣(α — βp^∖ we then have 
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 553Multiplying the numerator and denominator by α≡ + 3, we have in the numerator a term in 8α≡, which may be got rid of by means of the ^«-equation; the numerator for -Ma thus becomes 
and we finally obtain

82. The expressions obtained above for p≡, Mj, are of the form 
where 

substituting these values in the foregoing equation 
we obtain 
that is, 
which, by means of the ∕>α-equation 
should be reducible to the form 
but I have not been able to obtain, in either of these forms, a simple expression of p as a function of p, a. Supposing it obtained, the ρα-equation, ante No. 51, would of course be thereby transformable into the foregoing pa-equation. And considering 
p as an auxiliary parameter thus introduced into the formulae in place of p, then 
β and the coefficients Az are, by what precedes, expressed in terms of p, a, that is, in effect in terms of p, α; and we thus have the formulae of transformation for the pα^-form.

C. XII. 70
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554 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). [87083. There exists a remarkably simple particular case. Write for convenience ^=√7, the pα-equation is satisfied by the values p = — θ, α = -In fact, these values give 8pα = 302, =21, = (∣⅜ — θ) ÷ (if—1∖ =513; the term in α is thus21.513, = 10773; but, assuming p≡=7, we have
pi + 14^6 + + ^Qp'^ = 2401 + 4802 + 3087 + 490 -7,= 10773,and the equation is thus satisfied. And these values, p = — θ, α = -10, give p~ = 7, 

β = ^θ, A-i = 'iθ, A2 = p0 ; the equation 12J.2 = + 8αAι — p* + 7 thus becomes12p^ = 168 — 42 — 49 + 7, =84; that is, ρθ=7, = or p=θ(=-p). We have α≡-1, = ∕3≡-1, = —^; but from the equation p=p-^-==∣, it appears that the sixth roots must be equal with opposite signs, say 1=^, ∖∕ β^- 1 = . Retaining tostand for its value = √7, the differential equation is 
and it is satisfied by
It may be remarked that the quartic functions of y and x resolved into their linear factors are 
and 
and that for the first of the y-factors, substituting for y its value, we have 

with like expressions for the other y-factors respectively.
Brioschi's Transformation Theory. Art. No. 84.84. M. Brioschi has kindly referred me to two papers by him, “ Sur une Formule de Transformation des Fonctions Elliptiques,” Comptes Rendus, t. Lxxιx. (1874), pp. 1065—1069, and ibid. t. lxxx. (1875), pp. 261—264. They relate to the form
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (sEQUEL). 555with a formula of transformation
The general theory for any value of n is developed to a considerable extent, and it would without doubt give very interesting results for the case n = 7 ; but the formulae are only completely worked out for the preceding two cases n = 3 and n=5, For these cases the formulae are as follows:Cubic transformation : n = 3,
Corresponding to the modular equation, we have 
and thenwhence also
and by the general theory a^, a^, a∙j are given rationally in terms of a^, g2> ga∙ Quintic transformation : n = 5,

We havewhere
The first of these gives 
then eliminating «2, we have, corresponding to the modular equation,
We then have 
whence also 
and by the general theory «i, «2, «3, a^, are given rationally in terms of «i, g2, 9i∙These results are contained in the former of the papers above referred to; the latter contains some properties of these modular equations.
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