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859.

ON THE COMPLEX OF LINES WHICH MEET A UNICURSAL
QUARTIC CURVE.

[From the Proceedings of the London Mathematical Society, vol. xviL (1886),
pp. 232—238.]

+ THE curve is taken to be that determined by the equations
&= gy =TSO 08
viz. it is the common intersection of the quadric surface ®=0, and the cubic surfaces
P=0, Q=0, R =0, where
O=aw—yz, P=a2—1y, Q=2—yw, R=2z—yut
Writing (a, b, ¢, f, g, k) as the six coordinates of a line, viz.
(a, b, ¢, f, 9, h)=(Bz— vy, y&—az, ay — Bz, aw—dz, Bw — 8y, yw — 82),

if (a, B, v, 8), (¢, ¥, z, w) are the coordinates of any two points on the line; then, if
the line meet the curve, we have

10— g6+ ab=0,

—h . +f0 +06'=0,

g—f0 . +cbt=0,

—a—b0—ct® . =0,
from which four equations (equivalent, in virtue of the identity af+ bg+ch =0, to two
independent equations), eliminating 6, we have the equation of the complex. The form

may, of course, be modified at pleasure by means of the identity-just referred to, but one

form is
Q, =a*—bh + bf*g + cg® — acfh + 2¢*h? — da*ch + af® — a*f= 0,

as may be verified by substituting therein the values a=—00—cf g=7f0— 6"
h=jf6*+b6. The last-mentioned equation is thus the equation of the complex in
question, in terms of the six coordinates (a, b, ¢, f; g, h).
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If for the six coordinates we substitute their values, Bz —qy, &c., we obtain
Q, =(, y, 2, wy(a, B, vy, §)*=0, which, regarded as an equation in (z, y, 2, w), is
the equation of the cone, vertex (a, B, v, 8), passing through the quartic curve;
this equation should evidently be satisfied if only ®, P, @, R are each =0, viz. Q
must be a linear function of (®, P, @ R); and by symmetry, it must be also a
linear function of (®,, P,, Q,, R,), where

O, =ad— By, Py=aly—p, Q=ay—p%, R,=v—p&

viz. the form is Q, =(®, P, Q, R)(0,, P,, @, R,), an expression with coefficients which
are of the first or second degree in (@, y, z, w) and also of the first or second degree

in (a, B, v, ).

To work this out, I first arrange in powers and products of (a, 8), (B, v), ex-
pressing the quartic functions of (2, y, 2z, w) in terms of (8, P, @, R), as follows:

Q=
at - b3h +bf%g \ +cg? —acfh | +2¢2h2 | —4a’ch | +af? ! -a?f ] ’
at 0
a’d - 2 |+ yazw? - Ay ey
a?® - 2zyzw + 222 — 2wyzw + 2y%* - 220
ad® + 2z | - g + ayz -yt + yP
ot 0
a* - 2w + zw? 0
a*Bd + 2zzw? + y2tw - 3xzw? — wzw?+yztw - w0
apo? - 2%w | +3y%w |- ay? |-4days? + 322w +2a%w + 3yPw - Sayt |+ 2020 -3yQ
po° + ay - a% + oyt -a% - aP
ady + 2w — yud + Zw—ywd + wR
a’yd +322° |- ayw? - yw |-dyZw + Bayuw? + 8328+ 2ayw? - ByPw |+ 2yw6 +382Q
ayd® + 2a%yw + ayz? - 3atyw - 2%yw +ayz? - zyo
78 - a%y + afy
a’g? . 0
a’By + awd — yzw? + awd - yow? + w0
a’y? — Bxz?w + yw? |+ 2y%w? — 8x2%w + 3y2w? - 3wQ
aB? X -8y2w? |- wPw +4yz® - 8y2w? — x2%w + 4y2° - 47%0 + 3wQ
aByd — 22202 + 2y zw |+ 8xyzw | — 8y%? - 2a2w? + 10zy 2w — 8y%? |+ (— 22w + 8y2) ©
ay*® - 3% - ayw +4y% — 32222 — xy*w + 4% - 4y°0 - 3xQ
pr ~Bayw |+ @t |+ 2%t - Bay*w + 3a%? +3xQ
Bvd* + 2w - a%yz + 2dw-atyz + 20
~25? 0
af® + yuw? - Bw |4+ ywd-Pw - wR
afy + zzw? — dyz2w +3y22w |+ xzw? - y2tw + zwO
afy? — ayw? |- dryw? | 4 8y2%w - 3y*aw | - Bayw? + 5y?ew - bywO
ay® + 322w — dyPw + yhw |+ 3w - 3yPw +3wP
B + 3zyw? — 473 + 228 |4 3zyw?— 3zt -8zR
B*yo - a%w |-4a%w |4 8zyz? - 3ayz? |- bataw + Sayz® — bxz0
By* + atyw —day*z +3xy% |+ atyw-—xy% + xyO
Yo + % - zy* |+ a%-axy? + P
B |+ 2 - zwd |4 2t—zw? + zR-w?0
By |- 4yz* + 422w — dy23 + dazw +42°0
By? | +6y%? +2z%w? | - 8xyzw + 20w - Bryzw + 6y |+ (2vw - 6y2) ©
BY |- 4y* +day*w — 4yPz + day*w + 470 ¢
Y+ 9y | - P + yt-a2tw - yP-2% il
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Collecting the terms multiplied by P, @, R, ©, respectively, we have
Q= P {yad — zB8 + Bwary® + ay*8 — yo'}
+ @ {— 3yaB & + 3za’yd — Bwoay® + 3waB3*8 — 3xary*s + 3x/3°6%
+ R{— za* + waty — wa/3® — 3x3* + 234}
+ O {— 2y2a%8* — zwa*B8 + 222038 + 2ywatyd — zyoryS*?
+ w'oBy — 42%3%8 + (— 2zw + 8yz) aByd — dytary® + 2*Bryd*
+ zwaBry — SywaByd — bxzB%yS + wyBys
— w4 42y + (2w — 6yz) B + B — i),

which may be written as follows :—

Q= P y(a¥—o)+a(ys - A¥)) + P (3uay)
+ Q {32 (B8* — ay*8) + 3w (a328 — o*y®)} + Q (3za’yd — 3ya/38*)
+ R {— 2 (a*3 — BY) + w (a¥y — aB?)} + R (- 323%)
+ O (2w (— 2*B8 + aBy)
+ 2z 2 (a8 — Byd) + 0 (— Bwz3*yd )
+ yw 2 (a®yd — aBy?) + O (— 3ywaBy?)
+ zy (— ay® + By*d)
+zw 2 (— aByd + By?)
+ 9z (—2028* + 8aByd — 68%*)
+a* (By& — )
+ P4 (—ay’d +Bv")
+ 224 (— af3* + By)
rut @By - B) }

in which all the terms contained in the { } admit of expression in terms of
P,, @, R,, ©,; the remaining six terms not included within { } may be written

8wPa (y* — B&*) + 3 (wP — yQ) a3 — 3Owz3%ys,
— 3zR8 (8 — a?y) + 3 (—aR + 2Q)) a*yd — 3@ywaBy*;
which, observing that wP — yQ = 220, and —zR +2Q =yw®, are
. = BwPa (y* — B&) + 3220 (a38* — B%y3),
— 3zR3 (8 — a*y ) + Syw® (a*yd — aBy?).
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The expression thus becomes

Q= P, a(y3—8 = adR,

+ y(ad®—v) =  y(—yR +&8)
+ 3wa (y* — B&*) = 3waR,

+Q . — 3z (B8 = ay*d) = — 3280,
+ 3w (af3%6 — a’y®) = — Bwa@),

+ R . — 328 (B*— a*y) = 3xdP,
— z(a% - Y = z(—BP,—aB)
+ w(a¥y —af®) : = waP,

+0. 2w(—a*Bd+aBy) =— zwaB0,
+ 5zz (af38* — Byd) = b5xzB80,
+ 5yw (o*yd — afBy?) = bSyway®,
+ @y (— ay® + By*) =— xyyd0,
+ 22w (— aByd + B*y?) = — 2zwBy0,
+ Yz (— 208 + 8BafByd — 68%) = — 2yz (ad — 38y) O,
+ @ (Byd—v) =— 2*yR,
+4y* (—ay’s + By’ = — 4y*y'0,
+42* (—afB®S + By) = — 42280,

+ w? (a%By — BY) = wBP;

and we thus finally obtain
Q= PR, (3ow — yy + dz)

+ RP,(38z — Bz + aw)

+ PO,. &y

+ RO, . — %2

+ P® . Bu?

+ R® . — ya?

- QQ, . — 3 (aw + 8z)

+ ©0, {— aBzw — ydzy + 5R8xz + Saryyw — 2Byxw — 2adyz

— 4’y + 6Byyz — 432,

viz. =0 is the equation of the cone, vertex (a, 3, v, &), which passes through the
quartic curve # : y : z : w=1: 60 : 6 : 6% As regards the symmetry of this expression,
it is to be remarked that, changing (2, y, 2z, w) and (a, B, v, 8) into (w, z, y, #) and
(8, v, B, @) respectively, we change (©, P, @, R) and (0,, P,, @, R,) into (8, — R, — @, — P)
and (®,, — R,, — Q,, — P,), respectively, and so leave  unaltered. Again, interchanging

(z, y, 2, w) and (a, B, v, 8), we interchange (®, P, @, R) and (O,, P, @, R,), and
so leave  unaltered.
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