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O N  LI N E A R DI F F E R E N TI A L  E Q U A TI O N S ( T H E T H E O R Y O F  

D E C O M P O SI TI O N).

[ Fr o m t h e Q u art erl y  J o ur n al of  P ur e  a n d  A p pli e d  M at h e m ati cs,  v ol. x xi.  ( 1 8 8 6), 
p p.  3 3 1 — 3 3 δ.]

1.  In  t h e t h e or y of li n e ar diff er e nti al e q u ati o ns t h e q u esti o n  aris es, t o d e c o m p os e  

a q u a nti c  li n e ar f a ct ors: w e  h a v e,  f or i nst a n c e, a diff er e nti al  e q u ati o n  

w hi c h  is t o b e e x pr ess e d i n t h e f or m

d ≡ d
or s a y w e  h a v e t o e x pr ess  pr o d u ct of li n e ar f a ct ors

T h e  pr o bl e m is a n al o g o us t o, b ut w h oll y  disti n ct fr o m, t h at of t h e r es ol uti o n of  a n  
al g e br ai c e q u ati o n: usi n g a c c e nts t o d e n ot e diff er e nti ati o n  i n r e g ar d t o x, t h e r el ati o n 
(i n t h e si m pl e c as e j ust r ef err e d t o) b et w e e n t h e c o effi ci e nts { p, q) a n d t h e r o ots 
( a, β } is ( n ot p  =  a  +  β, q ≈  a β, b ut i n pl a c e t h er e of) p  =  a  +  β, q ≈  a β  +  β'  ∖ a n d it 
t h us a p p e ars t h at t h er e is t h e i m p ort a nt disti n cti o n t h at, i n t h e pr es e nt pr o bl e m,  t h e 
or d er of t h e f a ct ors is n ot i n diff er e nt.

2.  T h e  pr o bl e m m a y  b e s ol v e d w h e n  t h e g e n er al s ol uti o n of t h e diff er e nti al  
e q u ati o n is k n o w n, or, w h at  is t h e s a m e t hi n g, b y m e a ns  of n p arti c ul ar s ol uti o ns  
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of t h e e q u ati o n ; it is n ot h er e c o nsi d er e d i n t his p oi nt of vi e w, b ut t h e i nt e nti o n 
is t o tr e at it dir e ctl y b y m e a ns  of t h e r el ati o ns b et w e e n t h e c o effi ci e nts a n d t h e 
r o ots: t h us i n t h e a b o v e c as e, p  =  a, ^ β, q  =  a β- V β',  w e  m a y  ( 1) fi n d first β  a n d  
t h e n α, vi z. eli mi n ati n g α w e  h a v e β'  +  β  ( p —  β }  —  q  =  0, β  d et er mi n e d  b y  a diff er e nti al  
e q u ati o n ( n ot li n e ar) of t h e first or d er; a n d t h e n a = p- β ∖ or w e  m a y  ( 2) fi n d 
first α a n d t h e n / 9, vi z. eli mi n ati n g β,  w e  h a v e α'  —  p'  +  α  ( α —  p)  +  g  =  0, a d et er mi n e d  
b y  a diff er e nti al e q u ati o n ( n ot li n e ar) of  t h e first or d er,  a n d t h e n β  =  p- a,

I n t h e c as e of  a pr o d u ct  

of  m or e  t h a n t w o f a ct ors, t h e r o ots mi g ht  b e d et er mi n e d i n a n y or d er; b ut t h e t w o 
or d ers w hi c h  n at ur all y pr es e nt t h e ms el v es a n d w hi c h  will  b e al o n e c o nsi d er e d ar e,  
s a y, t h e r e v ers e or d er  (..., γ, β, α)  a n d t h e dir e ct  or d er  ( a, β,  γ, ...).

3.  T h e  R e v ers e  Or d er.  Writi n g  D  f or w e  ass u m e  

a n d s o o n. T h e n  usi n g  a c c e nts t o d e n ot e  diff er e nti ati o n,  w e  fi n d 

w h er e  t h e l a w is o b vi o us : t h us i n t h e l ast s et of e q u ati o ns, t h e s e v er al c ol u m ns  
( aft er t h e first) c o nt ai n t h e f a ct ors p∙i, q. ,̂ r ,̂ ¾  r es p e cti v el y; a n d t h er e is i n e a c h  
c ol u m n a h e a d t er m wit h  t h e c o effi ci e nt u nit y: o mitti n g t h es e h e a d t er ms, w e  h a v e  
i n t h e s e v er al c ol u m ns t h e s ets ( δ, 3 δ', 3 δ ", δ' "), ( δ, 2 δ', δ "), ( δ, δ'), δ, of d eri v ati v es  
of  t h e r o ot δ.

4.  W e  m a y  ir o m e a c h s et of e q u ati o ns d et er mi n e i n or d er t h e c o effi ci e nts of 
l o w er r a n k c o nt ai n e d i n t h e e q u ati o ns, a n d t h e l ast e q u ati o n of e a c h s et t h e n gi v es  
a n e q u ati o n i n d e p e n d e nt of  t h es e c o effi ci e nts of  l o w er r a n k. T h us  s et ( 2) gi v es
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Set (3) gives

Set (4) gives

^4 j

and so on.

5. Thus suppose (jθ4, qi, are given, we have δ determined by a differential
equation (not linear) of the third order; and δ being known, p-i, q^, are also 
known; then γ is determined by a differential equation (not linear) of the second 
order, and γ being known, p^, q^ are also known; then β is determined by a 
differential equation (not linear) of the first order, and β being known, p^, that is, α 
is also known.

Comparing the last equations of each set, that is, the equations for the determ­
ination of β, γ, δ, ... respectively, it will be observed that they depend on the 
single series of derivatives 

where, calling the successive terms Λ, B, G, D, E, ..,, NfQ have

6. Direct Order. Considering the product
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of four factors, and assuming 

we have the sets of equations

7. I stop to remark that there would have been a convenience in considering 
the product 

for the first, second, third, &c., sets of equations would then have contained α, β, γ, 
&c., respectively; but for better comparison with the equations of the reverse order, 
I have preferred not to make this change of notation.

8. The set (1) gives

Set (2) gives

Set (3) gives
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S et  ( 4) gi v es  

w hi c h  diff er i n f or m fr o m t h e e q u ati o ns b el o n gi n g t o t h e r e v ers e or d er i n c o nt ai ni n g  
t h e d eri v e d f u n cti o ns pi,  pi',  pi ",  qi,  ... of  t h e c o effi ci e nts.

9.  T a ki n g  p ,̂  q ,̂ ι∖, as k n o w n, w e  h a v e α d et er mi n e d b y a diff er e nti al  e q u ati o n  
( n ot li n e ar) of t h e t hir d or d er; a n d α b ei n g k n o w n, w e  k n o w p ,̂ q ~ ,̂ r .̂ W e  t h e n 
h a v e β  d et er mi n e d b y a diff er e nti al e q u ati o n ( n ot li n e ar) of t h e s e c o n d or d er ; a n d  
β b ei n g k n o w n, w e  k n o w p ,̂ q <i.  t h e n h a v e 7 d et er mi n e d b y a diff er e nti al
e q u ati o n ( n ot li n e ar) of  t h e first or d er; a n d γ b ei n g  k n o w n,  w e  k n o w  p ,̂  t h at is, δ.
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