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840.

ON MASCHERONI’S GEOMETRY OF THE COMPASS.

[From the Messenger of Mathematics, vol. xιv. (1885), pp. 179—181.]

I HAVE not seen the original of Mascheroni’s work. La Geometria del Compasso, 
8®, Pavia (1797), but only the French translation, Geometrie du Compos, par L. Mas- 
cheroni, traduite de I’Italien par A. M. Carette, 2 ed. 8® Paris, 1828 (Author’s Preface, 
pp. 5—24, and pp. 25—328, with 14 plates containing 108 figures). The title expresses 
the notion of the work: a straight line is given by means of two points thereof, but 
is not allowed to be actually drawn; and the problem is, with the compass alone to 
perform all the constructions of Geometry. Observe that, for the purpose of demon­
stration, any lines may be imagined to be drawn, and such lines are in fact shown 
as dotted lines in the figures; but this does not in any wise interfere with the 
fundamental postulate that the constructions are to be performed with the compass 
only.

Assuming, then, that a line is in every case given by means of two points thereof, 
the leading questions are those considered Book vιι. “ on the intersections of straight 
lines with circular arcs and with each other,” viz. they are (1) to find the intersec­
tions of a given line and circle ; (2) to find the intersection of two given lines. But 
in the first problem it is necessary to consider two cases; (A) the general case, where 
the line does not pass through the centre of the circle, and (jS) the particular, but 
actually more difficult, case, where the line passes through the centre of the circle. 
It is assumed that the centre of the circle is given: if it is not given, it can be 
found as afterwards mentioned.

It will be convenient to establish the definition of counter-points in regard to a
given line: two points, which are such that the line joining them is bisected at right
angles by the given line, are said to be counter-points in regard to that line.

(1), A. Consider a line given by means of two points P, Q; and a given circle,
eentre C. With centre P and radius PC describe a circle, and with centre Q and
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radius QG a circle; these meet in C and in a second point D which will be the 
counter-point of G in regard to the line PQ; hence with centre D and radius = that 
of given circle, describing a circle, this meets the given circle in two points which 
are the intersections of the given circle by the line PQ.

The construction fails if the line PQ passes through the centre of the given circle, 
for then the two auxiliary circles touch at G, or we have Ό coincident with G. We 
have therefore considered this case; Q may be taken to be the centre G of the circle; 
so that we have :—

(1), B. The problem is, given a point P, and a circle, centre G: to find the 
intersections of the circle by the line GP. With centre P, and an arbitrary radius, 
describe a circle meeting the given circle in points Λ, B (which are of course counter­
points in regard to line GP); the circle is divided into two arcs ΛB and 360° — AB, 
and the problem is to bisect each of these two arcs; for the points of bisection are 
obviously the required intersections of GP with the circle.

Hence we have :—
(1), G. To bisect a given arc AB of a circle, centre G (fig. 1). With centre A 

and radius AG describe a circle; and with centre B, and equal radius BG describe 
a circle; and on these circles respectively, find the points D, E such that GD= GE = AB.

With centre E and radius EA, describe a circle; and with centre D, and equal 
radius DB, describe a circle; and let these two circles meet in F∙, then with centre 
E (or 2)) and radius GF describe a circle: this will meet the given circle in the 
required middle point G of the arc AB.

The proof depends on the theorem that in a rhombus the sum of the squares 
of the diagonals is = sum of the squares of the four side. We have a rhombus AGEB, 
and therefore 

that is.

But by construction, EF^ = {AEf ; therefore

Hence in the right-angled triangle FGE, we have

40—2 
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and by construction, (EG'f≈(GF'Y', that is,

(^(7)≡ = (C'^)≡ + radΛ ={GEy^ + {GQγ',

viz. GEG is a right-angled triangle; that is, GG is at right angles to BGE, or the 
line GGF bisects the arc AB in G.

For the second problem, (2), to find the intersection of two given lines, we require 
the solution of the problem to find a fourth proportional to three given distances, and 
this immediately depends on the following problem.

Problem. In two concentric circles to place chords subtending equal angles. If AB 
{fig. 2) be a chord of the one circle, then with centres A and B respectively, and

C∙

an arbitrary radius AA' = BB', describing circles to cut the larger circle in the points 
A' and B' (A' is either of the two intersections and B' is the intersection lying in 
regard to GB as A' lies in regard to GA) then clearly /. AGB = Δ A'GB'. And hence 
also we have the following problem.

Problem. To find a fourth proportional to three given distances. We have only 
to take as the given distances the two radii GA, GA' and the chord AB; and then 
from the similar triangles AGB, A'GB', we have GA : GA':: AB : A'B', viz. A'B' is a 
fourth proportional to GA, GA', AB.

We have now the solution of
(2) To construct the intersection of two given lines AB and GB (fig. 3). Find

A.
Fig. 3.

A∙
e the counter-point of G, and d the counter-point of D, in regard to the line A B :
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a n d fi n d γ s u c h t h at t h e dist a n c es C γ,  d y  ar e =  D d,  D C  r es p e cti v el y; 7 is i n a li n e 

wit h  c G, a n d w e  h a v e G > y d D  a p ar all el o gr a m. Fi n d c 8 a f o urt h pr o p orti o n al t o 
c γ, c d, c G, a n d wit h  c e ntr es c, G  r es p e cti v el y a n d r a dii e a c h  =  c S d es cri b e cir cl es c utti n g  

i n t h e p oi nt 8 ∖ t his will  b e t h e r e q uir e d i nt ers e cti o n of t h e t w o li n es. I n f a ct, t h e 
r e q uir e d p oi nt > 3 will  b e t h e i nt ers e cti o n of t h e t w o li n es G D,  c d : s u p p osi n g t h es e 
li n es e a c h of t h e m dr a w n, a n d als o t h e li n es c G < γ a n d t Z 7, w e  h a v e D G  p ar all el t o 
i Z 7, t h at is, t h e tri a n gl es c d 7, c 8 G ar e si mil ar t o e a c h ot h er or c 7  : c d  :: c G  : c 8 : vi z.  
t h e dist a n c e c 8 h a vi n g b e e n f o u n d b y t his pr o p orti o n, a n d t h e p oi nt  * S f o u n d as t h e 
i nt ers e cti o n of t h e t w o cir cl es, c e ntr es c a n d G  r es p e cti v el y, t h e p oi nt > Si s o d et er mi n e d  
is t h e r e q uir e d p oi nt  of  i nt ers e cti o n of  t h e gi v e n  li n es Λ B  a n d G D.

If a cir cl e b e gi v e n wit h o ut  its c e ntr e b ei n g  k n o w n, t h e n t a ki n g a n y t hr e e p oi nts  
Λ,  B,  G  o n t h e cir cl e, a n d a p air of c o u nt er- p oi nts D,  E  oi t h e li n e A B,  a n d als o  
a p air of c o u nt er- p oi nts F,  Q  οϊ t h e li n e √ 1 C, w e  h a v e o b vi o usl y t h e c e ntr e of t h e 
gi v e n cir cl e as t h e i nt ers e cti o n of t h e li n es D E  a n d F O ; a n d t h e c e ntr e c a n t h us b e 
f o u n d wit h  t h e c o m p ass o nl y.

It is pr o p er  t o r e m ar k t h at t h e pr o bl e ms c o nsi d er e d i n t h e pr es e nt  p a p er  ar e t h os e 
c o n n e cti n g t h e t h e or y wit h  or di n ar y  g e o m etr y,  n ot t h e pr o bl e ms w hi c h  ar e m ost  r e a dil y 
a n d el e g a ntl y s ol v e d wit h  t h e c o m p ass o nl y  : a l ar g e c oll e cti o n of t h es e ar e c o nt ai n e d i n 
t h e w or k,  a n d i n p arti c ul ar  t h e t w elft h b o o k  c o nt ai ns s o m e i nt er esti n g a p pr o xi m at e  s ol u ­
ti o ns of  t h e pr o bl e ms  of t h e q u a dr at ur e  of t h e cir cl e, t h e d u pli c ati o n of t h e c u b e, a n d  
ot h er  pr o bl e ms  n ot  s ol v a bl e b y  or di n ar y  g e o m etr y.

G a m bri d g e,  M ar c h  1 9, 1 8 8 5.
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