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ON A FORMULA IN ELLIPTIC FUNCTIONS.

[From the Messenger of Mathematics, vol. X1v. (1885), pp. 21, 22.]

WRITING s, ¢, d for the sn, cn, and dn of an argument %, and so in other cases:
we have s, ¢, d for the coordinates of a point on the quadriquadric curve 2*+ y*=1,
24+ k%?=1. Applying Abel’s theorem to this curve, it appears that, if u, + w,+us+u, =0,
the corresponding points are in a plane; that is, the elliptic functions satisfy the

relation

Sl: 01, dl: 0

1=
s gy 70y, 1%
83, Gy, g, 1
Boytop itk 1
This may be written
(82 — ) (csdy — cuds) + (84 — 85) (2o — Cody)

+ (¢, — ¢) (dysy — disy) + (¢4 — ¢;) (dis, — dsy)

+ (dy— ) (8565 — 8465) + (dy— dy) (8:¢, — 8:)=0;
and it may be shown that each of the three lines is, in fact, separately =0.

This appears from the following three formulz :

sn (%, + uy) i 81— 8,
en (uy + uy) — dn (u; + ) ady — oy’
sn (u, + u,) e ¢, —Cp
en (u, + ug) + 1 T
1
mu+w) - “BETH
dn (u, +u,) + 1 T e =8
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which are themselves at once deducible from formule given, p. 63, of my Klliptic
Functions, and which may be written

oy e e L ]%(dl? P VISP A

en (U + Uy) = 8,6, — 840scl;, =t »
dn (u; + uy) = 8,0,Cy — 8ydsCy, -+ i

In fact, the numerators of cn(u,+u)—dn(u,+u), cn(u,+u,)+1, dn(u+u)+1
thus become =(s, + &) (do— cudy), — (1 + ) (disy —dusy), (dy + ds) (816, — 85¢,) respectively :
so that, taking the numerator of sn(u, +u,) successively under its three forms, we
have by division the formule in question. And then, if w, + u, = — (u;+ w,), the functions
on the left-hand side become, with only a change of sign, the like functions of wu,+u,;
and we thence have the required equations
8 — Sy Sy— Sy

&e.

eds—cd, cdi—cdy’
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