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where the first term requires no explanation: in the second term £, y, £ denote the
coordinates at the time t of the particle dg which then comes into connexion with
the system; Aw, Av, Aw are the finite increments of velocity (or, if the particle is
originally at rest, then the finite velocities) of the particle dg the instant that it has
come into connexion with the system; 8" By, 8f are the virtual velocities of the same
particle dg considered as having come into connexion with and forming part of the
system. The summation extends to the several particles or to the system of particles
d*, which come into connexion with the system at the time t, of course, if there is
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we understand the velocities

of dya parallel to the axes, after it has come into connexion with the system; but it
is to be observed, that considering 7/, £ as the coordinates of the particle dp which
is continually coming into connexion with the system, then if the problem were solved
and £, 77, £ given as functions of t (and, when there is more than one particle dp, of

the constant parameters which determine the particular particle), , &c., in the sense

just explained, cannot be obtained by simple differentiation from such values of £, &c.
in fact, £ vy, % sO given as functions of t, belong at the time t to one particle, and
at the time t+ dt to the next particle, but what is wanted is the increment in the
interval dt of the coordinates £, 7/, £ of one and the same particle.

Suppose as usual that x, y, z, and in like manner that £, y, £ are functions of a
certain number of independent variables 0, <, &c., and of the constant parameters which
determine the particular particle dm or dp, of which x, y, z, or £ vy, £ are the coordi-
nates; parameters, that is, which vary from one particle to another, but which are
constant during the motion for one and the same particle. The summations are in
fact of the nature of definite integrations in regard to these constant parameters,
which therefore disappear altogether from the final results. The first term,

may be reduced in the usual manner to the form

where, writing as usual t 3, we have

(this supposes that Xdx + Ydy + Zdz is an exact differential); only it is to be observed
that in the problems in hand, the mass of the system is variable, or what is the
same thing, the variables 0, <> &c., are introduced into T and V through the limiting
conditions of the summation or definite integration, besides entering directly into T and

V in the ordinary manner. And in forming the differential coefficients iggl c;I ?]Lr{

&c., it is necessary to consider the variables 0, <, &c., in so far as they enter through
the limiting conditions as exempt from differentiation, so that the expressions just given
for 0, <b, &c., are, in the case in hand, rather conventional representations than actual
analytical values; this will be made clearer in the sequel by the consideration of the
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Considering next the second term, or

we have here

where a, b, a', &c., are functions of the variables 0, < &c., and of the constant para-
meters which determine the particular particle dp. The virtual velocities or increments
$0, &P, &c., are absolutely arbitrary, and if we replace them by dO, df, &c., the actual
increments of 0, &c. in the interval dt during the motion, then will

become I, in the sense before attributed to
The particle dp will contain dt as a factor, and the other factor will contain the
differentials, or (as the case may be) products of differentials, of the constant parameters

which determine the particular particle dp. We have thus the means of expressing
the second line in the proper form; and if we write

then the required expression of the second line will be

which, if we put

—2 .

may be more simply represented by

only it is to be remarked that A, Q, ... will in general contain not
only 0, , but also the differential coefficients 0', and that in forming the
differential coefficients 37, &c., the quantities 0 in so far as they enter

do  dep



10 ON A CLASS OF DYNAMICAL PROBLEMS. [225

into K, not explicitly, but through the coefficients A, &c., must be considered as exempt
from differentiation, so that the preceding expression for the second line by means of
the function K is rather a conventional representation than an actual analytical value.

Uniting the two terms, and equating to zero the coefficients of 80, 8(f), &c., we
obtain finally the equations of motion in the form

where the several symbols are to be taken in the significations before explained.

In the particular problem, let z be measured vertically downwards from the plane
of the table, then Z =g, and repeating for the particular case the investigation ab initio,
the general equation of motion is

Let s be the length in motion, or, what is the same thing, the z coordinate of the
lower extremity; and suppose also that the mass of a unit of length is taken equal

to unity, we have 8z=8s, :Q>S> and the summation or integration with

respect to z is from z=0 to z—s, whence

which is of the form

where the bar is used to denote exemption from differentiation, but ultimately s is to
be replaced by s. Considering now the second term, here £=0, but 8%= 8s, and thence

Moreover, dp =s'dt, and thence finally the second term is s, which is of the

form

the bar having the same signification as before, but after the differentiation
The resulting equation is
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which may be written in the form

and the first integral is therefore

where a is the length hanging over at the commencement of the motion. If a=0,
then the equation is

and integrating from or finally s=]gt} so that the motion is the

same as that of a body falling under the influence of a constant force |g. It is
perhaps worth noticing that the differential equation may be obtained as follows—
We have, in the first instance, a mass s moving with a velocity s', and after the
particle ds(=s'dt) has been set in motion, a mass s + s'dt moving say with a velocity
s'+ 8, whence neglecting for the moment the effect of gravity on the mass s, the
momentum of the mass in motion will be constant, or we shall have

and therefore s8s'— —s%dt. Hence, adding on the right-hand side the term gsdt arising
from gravity, and substituting we have the equation, , as

before.





