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314.

ON THE CURVES SITUATE ON A SURFACE OF THE SECOND
ORDER.

[From the Philosoplical Magazine, vol. XXIiL. (1861), pp. 35—38.]

A SURFACE of the second order has on it a double system of generating lines,
real or imaginary; and any two generating lines of the first kind form with any two
generating lines of the second kind a skew quadranglé. If the equations of the
planes containing respectively the first and second, second and third, third and fourth,
fourth and first sides of the quadrangle are =0, y=0, 2=0, w=0, and if the
constant multipliers which are implicitly contained in @, ¥, 2z, w respectively are suit-
ably determined, then the equation of the surface of the second order (or say for
shortness the quadric surface) is zw —yz = 0.
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s, then ';:, ;—/, or say (N, 4, v, p), may be regarded as the co-
MV
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or what is the same thing, =Ap : up : vA : wv. The four quantities (A, w, », p) are
for symmetry of notation used as coordinates; but it is to be throughout borne in
mind that the absolute magnitudes of N and u, and of » and p are essentially
indeterminate ; it is only the ratios A : u and » : p that we are concerned with.

ordinates of a point on the quadric surface; we in fact have @ :y:z:

An equation of the form
(N, p)? (v, p)1=0,

that is, an equation homogencous of the degree p as regards (A, u), and homogeneous
of the degree ¢ as regards (v, p), represents a curve on the quadric surface; and this
curve is of the order p+¢. In fact, combining with the equation of the curve the
equation of an arbitrary plane

Az + By + Cz + Dw =0,
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this equation, expressed in terms of the coordinates (A, u, v, p), is
Ao + Bup +Cvh+ Duv =0

or, as it is more conveniently written,

( C,D gxn )@ p)=0;
|4, B |

and if from this and the equation of the curve we eliminate A : u or v : p, say the
second of these quantities, we obtain

(¥, w)? (= AN — Bp, O\ + Dp)? =0,

which is of the order p+¢ in (A, u); and A : u being known, » : p is linearly deter-
mined. There are thus p+¢ systems of values of the coordinates, or the plane meets
the curve in p + ¢ points; that is, the curve is of the order p +gq.

A linear equation AX+Bu=0 gives a generating line, say of the first kind, of
the quadric surface, and a linear equation Cv+ Dp=0 gives a generating line of the
second kind: and by combining the one or the other of these equations with the
equation of the curve, it is at once seen that the curve meets each generating line
of the first kind in ¢ points, and each generating line of the second kind in p points.’

Consider the curves of the order n: the different solutions of the equation p +g=n
give different species of curves. But the solution (n, 0) gives only a system of =
generating lines of the first kind, and the solution (0, n) gives only a system of
generating lines of the second kind. And in general the solutions (p, ¢) and (g, p)
give species of curves which are related, the one of them to the generating lines of
the first and second kinds, in the same way as the other of them to the generating
lines of the second and first kinds; and they may be considered as correlative members
of the same species. The number of distinct species is thus % (n—1) or 4n, according
as n is odd or even; for n=3 we have the single species (2, 1) or (1, 2); for n=4,
the two species (1, 3) or (3, 1), and (2, 2); for n=>5, the two species (4, 1) or (1, 4),
and (3, 2) or (2, 3); and so on. Thus for n=3, the species (2, 1) is represented by
an equation of the form

(a, b, eQN, pPv+(a, ¥, YN, wyp =0,

which belongs to a cubic curve in space. To show & posteriori that this is so,
I observe that the equation expressed in terms of the original coordinates (z, y, 2, w) is

x(a, b, Yz, yP+z(d, b, Yz, y»*=0,
which by means of the equation aw—yz=0 of the quadric surface is reduced to
(a, b, cQa, y)P+azwz+2byz+cyw=0;

and this is the equation of a quadric surface intersecting the quadric surface
aw—yz=0 in the line #=0, y=0; and therefore also intersecting it in a cubic curve.
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For n =4, I take first the species (2, 2) [the quadriquadric curve] which is repre-
sented by an equation of the form i

(@, b, XN, wpot+2(d, U, XA, wPvp+(a’, ¥, YN, pypt=0,

which in fact belongs to a quartic curve, the intersection of two quadric surfaces.

For, reverting to the original coordinates, the equation becomes
(a, b, cYa, yra*+2(a, V', Y, yyPaz+(a”, b”, 'Yz, y)22=0,
which by means of the equation zw--yz=0 of the quadric surface is at once reduced to
(a, b, cQz, YP+ 2a'zz + 40'yz + 2¢'yw + a”2* + 20" 2w + ¢"w* =0,
which is the equation of a quadric surface intersecting the given quadric surface
aw—yz=0 in the curve in question.
Consider next the species (3, 1) [the excubo-quartic curve] represented by an
equation of the form

(a, b, ¢, dYN, piv+(a, ¥, ¢, dYA, p)Pp=0,

- which is the other species of quartic curve situate on only a single quadric surface.

Reverting to the original coordinates, the equation becomes
(a, b, ¢, dYaz, ypa+(a, V, ¢, dYa, yPz=0;
and by means of the equation zw — yz=0 of the quadric surface this is reduced to
(a, b, ¢, dQu, yy+a'a*z+ 3Vayz + 3cyz + d'y'w = 0,

which is the equation of a.cubic surface containing the line (2=0, y=0) twice, and
therefore along this line touching the quadric surface 2w —yz=0; and consequently
intersecting it besides in a quartic curve. And in like manner for the curves of the
fifth and higher orders which lie upon a quadric surface.

The combination of the equations

(* TGN, w)? (v, p)t =0,

(* 2N, w? (v, p)7 =0,
shows at once that two curves on the same quadric surface of the species. (p, ¢)
and (p’, ¢') respectively intersect in a number (pq’+p’q) of points. Thus if the curves
are (1, 0) and (1, 0), or (0, 1) and (0, 1), ie. generating lines of the same kind, the
number of intersections is 1.0+0.1=0; but if the curves are (1, 0) and (0, 1),
ie. generating lines of different kinds, the number of intersections is 1.1+0.0=1.

The notion of the employment of hyperboloidal coordinates presented itself several
years ago to Prof. Pliicker (see his paper “Die analytische Geometrie der Curven auf
den Flichen zweiter Ordnung und Classe,” Crelle, vol. XxXX1v. pp. 841—359, 1847);

but the systems made use of, e.g. f=_§ 5

» N
my
the equation of the surface of the second order, is less simple; and the question of
the classification of the curves on the surface is not entered on.

d z p
. with z(z+d)+ pay =0 for

2, Stone Buildings, W.C., May 24, 1861.
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