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311.

ON A THEOREM OF ABEL'S RELATING TO EQUATIONS OF
THE FIFTH ORDER.

[From the Philosophical Magazine, vol. XX1. (1861), pp. 257—263.]

THE following is given (Abel, &uwres, vol. 1. p. 253 [Ed. 2, vol. 1L p. 266]) as
an extract of a letter to M. Crelle:

“Si une équation du cinquitme degré, dont les coefficients sont des nombres
rationnels, est résoluble algébriquement, on peut donner aux racines la forme suivante,

AR s, 3 a3 By 1124 3 33 4 8
z=c+ Ad*a e e + Ayabab a5 a’ + Aasasada’ + Ayabada a,>

@ =m+n'\/'1ﬁ;5+~/h(1+e2+«/174-‘e?),

t=m—uVNI+e+vh(l+e—V1+te),

a2=m+n\/1——ré?—~/h(1+e2+ V1 +¢),

a,=m—nVN1+e—~h A +e—V1+e),
A=K+Ka +K'a,+K'ag,, A=K+ Koa, +K'a;+ K",
A, =K + K'a,+ K'a + K'aa,, A;=K+ K'a,+ K'a, + K" a,a;.
Les quantités ¢, b, e, m, n, K, K', K, K" sont des nombres rationnels.

“Mais de cette manidre l'équation 2°+az+b=0 n'est pas résoluble tant que a
¢t b sont des quantités quelconques. J'ai trouvé de pareils théorémes pour les équations
du 7ome yyeme j3eme & degré, Fribourg, le 14 Mars, 1826.”

The theorem is referred to by M. Kronecker (Berl. Monatsb. June 20, 1853), but
Nowhere else that I am aware of.

www.rcin.org.pl



56 ON A THEOREM OF ABEL'S RELATING [311

It is to be noticed that in the expressions for a, a;, a,, a,, the radicals are such
that j

Vitevi(+esvite)h(l+e—Vite)=he(l+e),
a rational number.

The theorem is given as belonging to numerical equations; but considering it as
belonging to literal equations, it will be convenient to change the notation; and in
this point of view, and to avoid suffixes and accents, I write

=0+ Adt@iytst 4 BRMYEstat 4 C,y‘xg%aﬁlg% b, Dg%ﬁ/gé,y%’

where

« =ﬂz+7z«/@f+~/;+qv'@),
B=m—uN®+p—qVe,
7:nz+n«/@—JﬁQV@,
RTINS et A

the radicals being connected by

‘\/@N/p+q‘\/(j)\/p—q‘\/@=s,
and where
A=K+ La+ My+ Nay, B=K + LB+ Mé+ N3,
C=K+ Ly+ Ma+ Nay, D=K + L&+ Mp + NB8,
in which equations 6, m, n, p, q, ©, s, K, L, M, N are rational functions of the
elements of the given quintic equation.
The basis of the theorem is, that the expression for 2 has only the five values
which it acquires by giving to the quintic radicals contained in it their five several

values, and does not acquire any new value by substituting for the quadratic radicals
their several values. For, this being so, # will be the root of a rational quintic; and

conversely.

Now attending to the equation

VB Vp 1 gVBp _gWB =3,

the different admissible values of the radicals are

Ve, Jp+gve, Jp—gve,
V8, Jp—gv8, —Jpigve,

’\/6, -—~/p+q‘\/(5, —\/p—q‘\/(ﬂ—),

—'\/@, —Jp—q\/@, \/p+q\/(§,
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311] TO EQUATIONS OF THE FIFTH ORDER. 57

corresponding to the systems
a)
B,
Y

a

B,

7
3,

B,

ol B
D et
58
v 9,

of the roots a, B, vy, §; ie. the effect of the alteration of the values of the quadratic
radicals is merely to cyclically permute the roots a, 8, o, 8; and observing that any
such cyclical permutation gives rise to a like cyclical permutation of A, B, C, D, the
alteration of the quadratic radicals produces no alteration in the expression for z.

The quantities a, B, , & are the roots of a rational quartic. If, solving the

quartic by Euler’s method, we write

a=m+NF+~G+VH,
B=m—-NF+NG-VH,
et Posiitn
S=m—-NF-VG+VH,

NVFGH = v, a rational function,

then the expressions for F, G, H in terms of the roots are

(@+9y=B—0p (a+B—y—0P (@+8-B-v)p

which are the roots of a cubic equation

w— M+ pu— 12 =0,

where A, w, v are given rational functions of the coefficients of the quartic. We have

~/§+«/F=~/(~/§+N/I_I)2=~/G+H+2«/5—FI=\/x—F+2—F”~/F’;

so that, taking ® =F, the last-mentioned expressions for a, B, v, & will be of the

assumed form

a=m+VO+Vp+q VO, &

The equation

\/@Jp+qx/@~/p—q~/§=s

thus becomes

VFVG—Hy=s or F(G-Hy=¢;

that is,

—F 4+ F(F*+ G+ H)—2FGH =s*;

or, what is the same thing, and putting ® for F,

—AO: 4+ (M=) O -3y =52
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Hence in order that the roots of the quartic may be of the assumed form,

a=m+VO +Vp+qVO, &e,

where m, p, ¢, ® are rational, and where also

VO Jp+gVONp—qV@=s, a rational function,

the necessary and sufficient conditions are that the quartic should be such that the

reducing cubic
W =Nl + pu—22=0

(whose roots are (a+B8—q—28), (a+y—B8—28), (a+8—B—rv)2) may have one rational
root ®, and moreover that the function

—A® 4 (A — ) ® — 3

shall be the square of a rational function s. This being so, the roots of the quartic
will be of the assumed form 3 )
a=m+VO+p+gV®, &.;

and from what precedes, it is clear that any function of the roots of the quartic
which remains unaltered by the cyclical substitution aBvy8, or what is the same thing,
any function of the form

¢@ B, v, O)+d(B v 8 A)+¢(y, 8, a B)+¢(3, a0, B, v)
will be a rational function of m, ©, p, ¢, s,-and consequently of the coefficients of the
quartic. The above are the conditions in order that a quartic equation may be of
the Abelian form.

It may be as well to remark that, assuming only the system of equations
a=m-+ ) =5 v ’F,
B=m—V8+ T,
y=m4+~0O VT,
S=m—-VO -NT,
then any rational function of a, B, v, 8 which remains unaltered by the cyclical sub-
stitution aByé will be a rational function of ©®, T+ T’, TT, NTYT (T-7), Vo (T-17,
VO VTT. In fact, suppose such a function contains the term
(VO) (VTP (VT');
then it will contain the four terms
( NO)y( NTE( V),
(=¥ ( VTP (- VT,
( VOy (= VT )y (-VTy,
(= VO (= VT)B( VT),
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311] TO EQUATIONS OF THE FIFTH ORDER.

which together are
(VO {(1+(=p+1 1) (VTP (VI + (=) [(-F 1 + (- U@ T (VTP

an expression which vanishes unless (=), (—)r are both positive or both negative.
forms to be considered are therefore

(—)ur (_)ﬁ, (_)'y
+ o+ 4+
== S
& 5L, £l

The first form is 5 o ¢! .
(VO (VTP (WT)r + (VTP (VT'y},

which, a, B, v being each of them even, is a rational function of ®, T +1’, TT".

The second form is

(VO) (VTP (WT'yr = (WTY (VT)},

59

The

which, a being odd and B and y each of them even, is the product of such a

function into VO (T —T").

The third form is
(VO (VTP (VT'yr — (V) WT')¥),

which, a being even and B and 5 each of them odd, is the product of such a function

into ¥TT (T - T).

And the fourth form is
(VO) (VT WT)r + (WT)r (WT)8},

which, a, 8, v being each of them odd, is the product of such a function into V@ (T —

Hence if T=p+¢V0, T'=p—g¥®: and '\/@'\/pﬁ'\/@ Vp —gVO =s, then

6, T+T(=2p) TT(=p'-¢'®) YIT'(T-T) <= 2.9_q> :
VO (T -T') (= 2¢0), and VOVTT (=5s)

g

are respectively rational functions. This is the & posteriori verification, that with the

System of equations

a=m+NO +p+gVO, &e, VOVp+gVOVp—gVO=s,
any function

$@ B v O+dB v )+d( 8 a4 AH+é(B a B v

18 a rational function.
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60 ON A THEOREM OF ABEL'S RELATING [311

The coefficients of the quintic equation for 2 must of course be of the form just
mentioned; that is, they must be functions of a, 3, v, 8, which remain unaltered by
the cyclic substitution aBy3. To form the quintic equation, I write

0—z=a,
AdtBtyi8t =b, D8YaiRlyt =c, BRYyIStat=d, Cytstalpi=c;

then we have
O=a+b+c+d+e,

and the quintic equation is
1 o fur fur fuk =0,
where o is an imaginary fifth root of unity, and

Jo=a+ b+ co’+ do® + ew'.

- We have

Jo fo'=2a*+ (0 + o) Z'ab + (0® + 0*) Z'ac,
foifor=32a*+ (0*+ 0°) Zab + (0* + »°) ¥ac,
where X’ is Mr Harley’s cyclical symbol, viz.
3'ab=ab + bc + cd + de + ea ;
and so in other cases, the order of the cycle being always abcde. This gives
Jfo fo? fo! fo! = Zat + Zab? — Za*h + 2Za*be — Zabed — 53'a? (be + cd) ;
and multiplying by f1, = Za, and equating to zero, the result is found to be

Sa® — 5abede — 5%'a? (be + cd) + 5%/a (b%e* + ¢*d?) =0

or arranging in powers of @, this is
ab

+a*. —5(be +cd)
+ a®. 5(c +ce +ed*+db?)

5(b% +ce +ed+dib)

{+ 5 (b% + c*d* — becd)
b+ + e +d°
o+ — 5 (b%de + c¢®bd + €cb + d’ec)
+5 (bd'e* + cbd? + ech? + de'c?) |

the several coefficients being, it will be observed, cyclical functions to the cycle
b ¢ e d
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Putting for « its value —(z—6), and for b, ¢, d, e their values, the quintic equation
in « is
(@ — by

+(@—-0p. —-5(4AC + BD) aBy8

+(x—0P. —5(A4°Byd + B(Céa + (C?DaB + D*ABy )aByd

Lo {— 5 (A2DBy*8 + B*Ayda + C*Bda*B + D*CaB%y) aByd

+ 5 (42C? +BD*  — ABCD) o*B%y8°

( (A5By*&* + Boyda? + C%003B + DraBy ) aByd
+ =5 (A*BCyé + B*CDéa + C*DAafB + D*ABBy) a2y
+ 5 (4 BC*ad + BC*D*Ba + CD*A%*yB + DE2A*Sa) a2By*8* J

+

where as before
A=K+ La+ My + Nay,

B=K+ LB+ M+ NBS,
C=K + Ly+ Mo+ Nya,
D=K +Lé +MB+ N ;

and the coefficients of the quintic equation are, as they should be, cyclical functions
with the cycle aBys.

2, Stone Buwildings, W.C., February 10, 1861.
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