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Magnetohydrodynamic flow in a rectangular duct under a uniform 
transverse magnetic field at high Hartmann number 

D. J. TEMPERLEY (EDINBURGH) 

IN THIS paper we consider fully developed, laminar, unidir<::ctional flow of uniformly conducting, 
incompressible fluid through a rectangular duct of uniform cross-section. An externally applied 
magnetic field acts parallel to one pair of opposite walls and induced velocity and magnetic 
fields are generated in a direction parallel to the axis of the duct. The governing equations and 
boundary conditions for the latter fields are introduced and study is then concentrated on the 
special case of a duct having all walls non-conducting. For values of the Hartmann number 
M ;?;:> 1, classical asymptotic analysis reveals the leading terms in the expansions of the induced 
fields in all key regions, with the exception of certain boundary layers near the corners of the 
duct. The order of magnitude of the affect of the latter layers on the flow-rate is discussed and 
closed-form solutions are obtained for the induced fields near the corners of the duct. Attempts 
were made to formulate a concise Principle of Minimum Singularity to enable the correct choice 
of eigen functions for the various field components in the boundary layers on the walls parailel 
to the applied field. It was found, however, that these components are best found by taking the 
outer expansion of the closed-form solution in those boundary-layers near the corners of the 
duct where classical asymptotic analysis is not applicable. 

W niniejszej pracy rozwazany jest w pelni rozwini~ty jednokierunkowy przeplyw laminarny nie­
scisliwej i nieprzewodzqcej cieczy przez kanal prostokqtny 0 r6wnorniernym przekroju poprzecz­
nym. Przylozone z zewnqtrz pole magnetyczne dziala r6wnolegle do jednej z par przeciwleglych 
scian, a wzbudzona pr~dkosc i pole magnetyczne S'! wygenerowane w kierunku r6wnoleglym 
do osi kanalu. Po wyprowadzeniu r6wnan konstytutywnych i warunk6w brz:;!gowych dla wyge­
nerowanych p61 magnetycznych i pr~dkosci uwag~ skoncentrowano na szczeg61nym przypadku 
kanalu majqcego wszystkie scianki nieprzewodzqce. Dla wartosci Iiczb Hartmanna M ~ 1 
klasyczna analiza asymptotyczna daje pierwsze wyrazy rozwini~cia p6l indukowanych we wszyst­
kich kluczowych obszarach z wyjqtkiem pewnych warstw przysciennych w poblizu naroi:y ka­
nalu. Przedyskutowano rzqd wielkosci oddzialywania warstw przysciennych na pr~dkosc prze­
plywu oraz otrzymano rozwiqzania w postaci zamkni~tej dla p61 indukowanych w poblii:u 
narozy kanalu. Poczyniono pr6b~ sformulowania zwi~zlej Zasady Minimum Osobliwosci po­
zwalajqcej na prawidlowy wyb6r funkcji wlasnych dla poszczeg6lnych skladowych pola w war­
stwie przysciennej na sciankach r6wnoleglych do przylozonego pola. Wykazano, ze skladowe 
te moi:na najlepiej wyznaczyc biorqc zewn~trzne rozwini~cie rozwiqzania scislego w tych war­
stwach przysciennych w poblii:u narozy, gdzie analiza asymptotyczna nie moi:e bye stosowana. 

B HacroHrneif pa6oTe paccMoTpeao arronHe pa3aepayToe O.D;HoaanpaaneaHoe naMH!lapHoe 

Te'-lel{He HeC)J{JIM.aeMOH li HeiipOBO.D;Hineif )f{li,lJ;KOCfli "tlepe3 IIp.HMOyrOJihHbiH KaHa.TI C paaao­

MepHbiM IIOIIepe'-1!-lbiM Ce'-leHHeM. IJpiiJIOlliCHI{OC BHeiiiHee MaraHTHOe IIOJie ,D;eifcrayeT rra­

paJIJICJlhl{O O.D;HOH H3 nap IIpOTHBOJIClliainHX CTCI{OK, a B036ylli,D;el{I{ble CKOpOCfh H MarHHTHOe 

none reaepHpoaaHbi a rrapaJIJICJihHOM HarrpaaneaHH K ocH HaHana. IloCJie aae,D;eHHH orrpe­

.D;eJIHIOinHX ypaBHel{HH li rpaHH'-1!-lbiX YCJIOBHH .D;JI.H reHepHpOBal{I{biX MaraHTI-lbiX IIOJICH H CKO­

pocreif BI{HMaHHe COCpC.[(OTO"tiCHO Ha '-laCTI{OM CJiy'-lae l{aHaJia liMeiOinCrO BCe HCIIpOBO.D;.HinliC 

CTeHKli • .II:n.H 3!-la'-leHHH '-IHCeJI rapTMaHa M)> 1 KJiaCCH'-ICCKHH aCHM.IITOTH'-ICCKHH aHaJIH3 

]laeT rrepBbiC '-IJiel{hl pa3JIOllieHH.H IIOJieH liH.D;Yl.\HpOBal{HbiX BO BCeX rJiaBHhiX o6JiaCT.HX 3a 

HCKJIIO'-ICHHCM HeKOTOpbiX IIpHCTeHO'-IHbiX CJIOeB B6JIH3H yrJIOB KaHaJia. 06cylli.D;CH IIOp.H.D;OK 

BCJIH'-IHI{bl B3aHMO.D;CHCfBH.H IIpliCTeH.O'-II{biX CJIOCB Ha CKOpOcrh TC'-ICHH.H li HOJI)"--CHbl peiiiel{H.H 

B 3aMKI-lYTOM BH.D;C .D;JI.H HH.D;Yl.\HpOBal{HbiX HOJICH B6JIH3H yrJIOB Kaaana. IJpe,D;IIpHH.HTa 110-

IIbiTKa <PopMynHpOBKH KpaTKoro IlpHHI..\HIIa MHHHMYMa Oco6eHHOCTeif, II03BOJIHIOinero rrpa­

BHJihHO IIO.D;06paTh C06CrBel{Hbie cPYHKI..\liH .D;JI.H: OT.D;CJihHbiX COCTaBJI.HIOlnliX HOJI.H B IIpliCTC­

H;O'-II{OM CJIOC aa CTeH;KaX napa.TIJICJihl{biX IIpliJIOlliCI{HOMy IIOJIIO. IloKa3aHO, '-ITO 3TH COCTaBJI.H:­

IOinHe MOlliHO HaHJIY'-IIIIHM o6pa30M OIIpe,D;CJIHTh, IIpHI{HMa.H BI{eiiiH;ee pa3JIOllieHHe T0'-1!-lOrO 

peiiiCHH.H B 3THX IIpliCTCHO'-IHbiX CJIO.HX a6JIH3H yrJIOB, r,D;e aCHMIITOTH'-IeCKHH aHaJIH3 He MOlliCT 

IIpHMeH.H:ThC.H:. 
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948 D. J. TEMPERLEY 

1. Introduction 

THE FULLY developed, laminar, unidirectional flow of uniformly conducting, incompres­
sible fluid through rectangular ducts of uniform cross-section, subject to the application 
of a uniform transverse magnetic field, has attracted much attention from theoreticians 
and experimentalists over the past twenty years. Much of this work has been summarised 
by REGIRER et a/. (1], HUNT and STEWARTSON [2], and HUNT and SHERCLIFF [3]. The channel 
walls are usually assumed thin with respect to the internal dimensions of the duct, as is 
normally the case in experimental work. 

Similar problems to that considered herein arise in heat convection (see BoussiNESQ [4]), 
in contained rotating fluids (see GREENSPAN [5]), and in the static response of a membrane 
strip (see OLUNLOYO et al. [6]), This is however, only a partial list of other areas of appli­
cation. 

2. The general MHD problem 

The governing equations (see, for example, TEMPERLEY and Tooo [7]) are 

(2.1) 
o2v o2v ob 
8x2 + iJy2 +May= -1, 

(2.2) 
o2b o2b av 
iJx2 + iJy2 +Ma-y= 0, 

where v and b are the normalised induced velocity and magnetic fields in the direction 
of flow (z direction) and M~ 1 is a parameter, the Hartmann number, defined by M= 

1 1 

= B0 a'(a1Y2 /(evY2. Here B0 and a' represent the magnitude of the applied magnetic field 
and the semi-width of the fluid cross-section (both prior to normalisation), and a1 , (!, v 
represent the electrical conductivity, density and shear diffusivity of the fluid (v = ne-l, 
rj being the viscosity of the fluid). 

Figure 1 shows the typical duct cross-section, internal dimensions 2/ units by 2 units 
(I taken as 0(1) for simplicity), the origin for coordinates being taken at the centre of the 
cross-section. The boundary conditions on v, bare 

(2.3) 

(2.4) 

where 

ab 
ox 

v = 0 at x = ±I and at y = ± 1 , 

ab 
- = + D8 b at y = ± 1, ay 

Dwau = [___!!_[_] · (dimensionless wall-thickness)- 1
. 

Gwall 

If awall = 0, then Dwau = oo and the relevant boundary condition on b at such a fluid-wall 
interface becomes b = 0. For ducts where a A = 0, exact solutions to the problem exist 
for all M (see SHERCLIFF [8] for aA = 0 = a8 , and SLOAN and SMITH [9] for aA = 0 
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MAGNETOHYDRODYNAMIC FLOW IN A RECTANGULAR DUCT 
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FIG. 1. Cross-section taken through the rectangular duct with externally applied magnetic field Bo in the 
y-direction. 

a8 > 0 and any wall-thickness at the top and bottom boundaries of the cross-section(*)). 
HUNT [10] has shown the uniqueness of the solution to this class of problems. 

3. The sub-class of problems for which DA = oo, D8 = oo, i.e., b = 0 at x = ±I and at 

y = ±1 

We wish to obtain the asymptotic solution, as a power series in M-t, of the coupled 
partial differential Eqs. (2.1) and (2.2) subject to the boundary conditions v = 0 = b 
at x = ±I and at y = ± 1, utilising the features that v is even in x and y and b is even in x 
and odd in y (see [2], p. 567). Introducing 

(3.1) 

(so that 2v = u+w, 2b = u-w-2M- 1 (1 +y)) it follows that 

(3.2) 
ou 

V 2u+M -- = 0 and oy , 
2 ow 0 V w-Ma;= . 

We will obtain an expansion for u(x, y) in -I::::; x ::::; 0; other results for u and w then 
follow using symmetry considerations. Figure 2 shows the boundary conditions satisfied 
by u and in Fig. 3 the boundary layers for u when M ~ 1 are illustrated. 

(*) Note, however, that the problem of obtaining an exact solution to the configuration where a" = 0, 
Gs > 0 and the regions where the walls overlap have conductivity a8 , rather than a .. , seems intractable 
(see TEMPERLEY [11]). 
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MAGNETOHYDRODYNAMIC FLOW IN A RECTANGULAR DUCT 951 

The lettering (/), (H), (s), (ic)1 , (c), and (ic), denotes respectively the interior (or core) 
region, the Hartmann (or primary), side (or secondary), front (or forward) inner-corner, 
rear corner and rear inner-corner boundary layers for u. The front inner-corners are sit­
uated at the leading edges of the parabolic boundary-layers on the side walls and the rear 
corner and rear inner-corner layers lie at the trailing edges. 

Boundary-layer coordinates relevant to an analysis for the region -I ~ x ~ 0, -1 
~ y ~ + 1 are 

1 

(3.3) X=M2 (l+x), x=M(l+x), Y 0 =M(1+y), Y=M(1-y). 

This configuration (often referred to as the Shercliff duct) is the only one for which 
both the governing equations and the boundary conditions decouple. One could, of course, 
analyse the original pair of coupled Eqs. (2.1) and (2.2) directly; however, the analysis 
presented herein will most clearly reveal the nature of the difficulties which arise when an 
asymptotic expansion of the solution in powers of M-1 is sought. Similar difficulties occur 
for other rectangular duct problems. 

4. Classical asymptotic analysis for M ~ 1 

In the (/)region, the solution for u may be taken as u "' u1 = 2M- 1
; in the (H) layer 

a correction term uH(x, Y 0
) must be added to u1 in order to satisfy u(x, -1) = 0. Similarly, 

a correction us(X, y) must be added to u1 in the (s) layer in order to satisfy u( -I, y) = 

= M-1 (1 + y), and further corrections (uc)~ and (uic)r must be added in the (c), ~nd (ic), 
layers, for similar reasons. In the (ic)1 region one adds to u1 a correction term {uic(x, Y)}1 . 

However, (uic)r is not a correction to (u1 +us); instead ((uic)1 +u1 ) matches with (us+u1) 

as we move from the (ic)1 layer into the (s) layer (see Sec. 6). 
We shall give closed-form solutions for u1 and uH, the errors in which are transcen­

dentally small in M, and shall find the leading terms in the expansions of us, (uc)r and 
(uic)r in powers of M-1

• Though (uic)r will not be obtained in detail, sufficient informatioh 
about (uic)r will be obtained in order to estimate the flow-rate to O(M- 4 ). This is what 
constitutes the classical approach. Based on these results we can estimate the leading 
terms in the volumetric flow-rate in powers of M-1 (this will be done in a later paper). 

4.1. The(/) and (H) Regions 

A way from the boundary-layers on the walls, 

(4.1) u"' u1 = u(x, 1) = 2M- 1, 

while in the (H) layer the condition u(x, -1) = 0 is satisfied by adding to u1 a correction 
term 

(4.2) 

That is, the solution outside the boundary-layers on the side walls, neglecting asymptotic­
ally exponentially small terms, may be taken as 

(4.3>' 
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952 D. J. TEMPERLEY 

4.2. The side layer 

In the (s) layer on x = -I, a correction term us(X, y) is added to u1 to satisfy u( -l,y) = 

= M-1 (1 + y). Assuming that us may be expanded asymptotically for M ~ 1 as 

00 

(4.4) Us "' L u~">(X, y)M-", 
n=l 

substituting into the first of Eqs. (3.2) and the boundary conditions of Fig. 2 yields 

(4.5) 

with 

(4.6) 

( 0~2 + ~ ) ul' > = 0, 

( 
82 a ) (ll) - o2u~n-l) &'or 2 

oX2 +ay Us - - oy2 ' 11 n ~ ' 

u~ 1 >(o, y) = y-1' 

u~">(o, y) = 0, for n ~ 2, 

u~">(X, 1) = 0, for n ~ 1, X> 0, 

u~"> ~ 0 as X ~ oo, for n ~ 1 . 

This set of equations may be solved using La place transforms with respect to (1 - y), 
a method seemingly adopted for a similar problem by CooK, LUDFORD and WALKER[12]. 
Due to the passivity of the (c), and (ic), layers on y = -1 with respect to the (s) layer, 
we can treat the (s) layer problem as extending to y = - oo; appropriate (c), and (ic), 
correction terms may then be added in order to satisfy the boundary condition at y = - 1. 

Introducing 

(4.7) 
1-y=oo 

u,.(X, s) = f u~"> · e-s(l->'>d(1-y), 
1-y=O 

multiplication of Eq. (4.5)1 by e-.sct-Y> and integration from (I-y) = 0 to (1-y) = oo 
yields, using condition (4.6)3 , 

(4.8) ( 
d2 ) -

dX2 -s u1 = 0. 

From condition ( 4.6)4 and on applying the "automatic" boundary condition 

(4.9) 

the solution of Eq. (4.8) is 

(4.10) 
1 

Ut = -s-2e-xs'-

Hence (see ERDELYI et al. {[13], p. 245)) 
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MAGNETOHYDRODYNAMIC FLOW IN A RECTANGULAR DUCT 953 

The latter result may also be written in the forms 
1-y 1 1-y 1 

(4.11') u~1 > =- J erfc{X/2(1-y-{3)2}d{J =- J erfc(Xj2()2)d() 
0 0 

l-y 1 

= -(1-y)+ J erf(Xj2()2)d0. 
0 

Expression (4.11') is that first obtained by CHANG and LUNDGREN [14] and both (4.11) 
and (4.11') are alternative forms to that given by SHERCLIFF ([8], p. 140). 

Our results for uP> is bounded and continuous at all points inside and on the boundary 
of the rectangle. If the "automatic" condition (4.9) were to be relaxed, the addition of 
a term 

1 1 00 

A(s)e-xs2 = e-xs2 .J; Aisi, 
i=O 

the A~s being constants, to expression (4.10) would introduce eigen functions into the 
solution for uP>; these correspond to multiples of the various (1-y) derivatives of 

1 

erfc {X/2(1- y)2} (see [13], p. 245) and are rejected, as they are singular at the corner 
X= 0 = 1-y. 

Setting n = 2 in Eq. (4.5h and proceeding as for u1 , u~0, we have (using condition (4.6)3 ) 

(4.12) L~2 - s )u2 = -.2' {02ul'' JOy2} = -s2 .2' {ul''} = .-x•~. 
From condition ( 4.6)4 and use of the "automatic" condition 

(4.13) 

we conclude that 

(4.14) 

and hence (see [13], p. 246) 

1 1 a 1 

(4.15) u~2 > = -Xexp{-X2 /4(1-y)}/2n2(1-y)2 = (1-y) a(l-y) (erf{X/2(1-y)2}); 

u~2 > is bounded everywhere inside and on the boundary of the rectangle, despite the 
fact that the right-hand side of the governing equation for u~2 > equals 

- a2u(l} 1 3 

(4.16) ay/ =X exp { -X2 /4(1- y) }/2n2(1- y)2, 

which may be shown to behave like a multiple of ~,(X) as (1-y) --+ 0. Use of the "auto­
matic" condition ( 4.13) may thus be suspect and liable to cause difficulties, but all turns 
out well in the final result. Relaxation of condition ( 4.13), and proceeding as suggested 
in the analysis for u1 , u~l), leads to eigen-functions for u~2 > which must be rejected for 
being singular at the corner. Note that u!2 >, though bounded, is not uniquely defined at 
the corner; approaching X= 0 = 1-y along any parabola X 2 = 4,u2 (1-y), ,u > 0 and 

1 

constant, gives a limiting value -,ue-~A2n -2 at the corner. 
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An interesting, and more direct, alternative method of solving the u~2 > problem was 
devised by Professor L. Tooo (Laurentian University, Sudbury, Ontario, Canada) during 
collaborative research between himself and the author in 1974. Since the governing equa­
tion for u~2 > takes the form (see (4.11')) 

(4.17) (~ J__) <2 > = _ ~ ( au~0 ) = _ a 1 

ax2 +ay Us ay ay a(l-y) (erf{X/2(1-yYi}), 

there thus exists a particular integral 

(4.18) 2 a ( .!. ) (u~ >)p = (1-y) a(l-y) erf {X/2(1- y)2} . 

The complementary function, (u~2>)n is readily seen to be more singular at X= 0 = 
= 1 - y than is expression ( 4.18) and so is excluded using a Minimum Singularity argu­
ment. Hence, u~2 > = (u~2>)p, which matches with result (4.15). 

The governing equation for u~3 > (see result (4.18)) is 

(4.19) ( g~2 + :y )ul'' = -a;;~'' = - a(l ~ y)' { (l - y) O(l ~ y) (erf {X/2(1-yh)) 
= - {2 a(l ~ y)' + (l-y) O(l ~ y)3 )( erf {X/2(1-y)~}), 

which, using the "improved" Todd method, has a solution 

(420) (3)- (3) - { ( ) a2 1 ( )2 a3 )c f{ /2( )~}) 
. Us -(us )p- 2 1-y a(l-y)2 +2 1-y a(l-y)3 er X 1-y ' 

in which the individual terms are singular at the corner X = 0 = 1 - y. 

The Laplace transform method, on the other hand~ leads to the equation 

(4.21) d - - 1 2 -xs2 
( 

2 ) 3 _! 
dX2 -s u3 - 2 xs e , 

having a general solution (see condition (4.6)4 ) 

1 1 _! 

(4.22) u3 = {A(s)-Xs2 (1 +Xs2)j8}e-xs
2

• 

If the "automatic" condition u3 (0, s) = 0 is applied, then A(s) = 0 and hence (see 
[13], pp. 245/6) 

(4.23) <3>- u<3>- x{4 - 4X2~-~~ exp{-X2j4(1-y)} 
Us - s - + 2 1 3 • 

(1-y) (1-y) 64n2(1- y)2 

On multiplying the latter expression by any "good" tria,l function F(x) an integrating 
the product over - oo < X< oo, it may be shown (see LIGHTHILL [15], p. 15) that U1 3 > 

behaves like 2<5'(X) as (1-y)--+ 0; a similar procedure, using any "good" trial function 
G(1-y) and integrating over 0 ~ 1-y < oo, shows that up> displays no <5<P>(I- y), 

p ~ 0, behaviour as X--+ 0. 
The <5' (X) behaviour may be curbed by adding to expression ( 4.23) an appropriate 

eigen function. Relaxing the "automatic" condition for u3 (0, s) and expanding A(s) in 
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MAGNETOHYDRODYNAMIC FLOW IN A RECTANGULAR DUCT 955 

00 

(4.22) as }; Aisi, the Ai being constants, those terms corresponding to i ~ 1 are found 
i=O 

to give rise to eigen-functions for u~ 3 > that are more singular than up> as (1-y) --+ 0, 
and so are rejected. The eigen function corresponding to A(s) = A0 , however, is 

1 3 

(4.24) u~;~ = A0 Xexp{ -X2 /4(1-y)}/2n2(1- y)2, 

which behaves like -2A0 b'(X) as (1-y)--+ 0. Hence all b'(X) behaviour can be annihil­
ated by choosing A 0 = 1. However, the addition of u~;~ introduces into the solution for 
u~3 > a lower-order singularity A 0 b(l - y) = b(I - y) as X --+ 0. One is thus faced with the 
highly complex problem of formulating a suitable, "appropriate" Principle of Minimum 
Singularity, applicable to choosing the correct u!n> for all n ~ 3. We have seen how the 
choice of A 0 = 1 in u~:? deletes the b'(X)-type singularity whilst introducing one of type 
b(1 - y). Attempts were made to justify the choice A0 = 1 by two further methods; these, 
however, proved only partially successful. A brief description of the methods adopted is 
given in the Appendix. 

Our final solution for u~3 > is 

(4.25) u~3 > = U~3>+u~;~ = X{36+4X2/(1-y)-X4j(l-y)2}exp{-;
2

/4( 1 ~Y)}. 
64n2(1- y)2 

This result checks with (4.20), obtained by the "improved" Todd method, which automatic­
ally produces the least singular solution at the corner. Our solution for u~3 > is, of course~ 
singular at the corner, as can be seen by approaching the latter via any straight line path 
X/(1-y) =constant or any parabola X 2 /(l-y) =constant, for example. 

The governing equation for u~4> is (see result ( 4.20)) 

(4 2 ( 02 0 ) (4) - - o2u~3) 
. 6) oX2 +ay Us - ~-

and the Todd method leads immediately to a solution 

(4.27) u~4> = (u~4>)p 

{ 
03 ()4 1 ()3 l ! 

= 5(1-y) 8(1-y)3 + 2(1- y)2 8(1-y)4 + 6 (1-y)3 8(1-y)s ( erf {X/2(1-y)2} ). 

while the Laplace transform method gives 

(4.28) ( :;2 -s)u. = - 2{ a;~~•> l = -s2ii3 = s; (X2s+Xs~- 8)e-x'~. 
and hence (see condition (4.6)4 

(4.29) 

16 Arch. Mech. Stos. 5-6/76 
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Applying the "automatic" condition u4 (0, s) = 0 yields B(s) = 0 and hence (see [13], 
pp. 245/6) 

(4.30) u~4> = U14 > 

X { 1248X2 24X4 24X6 X 8 
} 

= .! ~ 1008-~+ (1- ) 2 + (1- )3- (1- )4 exp{ -X
2
/4(1-y)}. 

3n2. 21o(l-y)2 y Y y y 

U~4> behaves like {2b"' (X)+ 0 · b' (V)} as (1- y) -+ 0, but contains no singularity of 
the type b<P>(l-y), p ~ 0, as X-+ 0. To annihilate the b"' (X) singularity, the "automatic" 
condition is relaxed. The choice B(s) = B0 +B1 s, B0 and B1 constants, adds to u~4> an 
eigen function 

<4 { 3B0 X B1X(-6+X2 /(1-y))} -~ 2 (4.31) Uscl, = (l-y)312 + 8(1-y)S/2 n exp{-X /4(1-y)}, 

which behaves like {-12B0 b'(X)-B1b'"(X)} as (l-y)--.0. Thus all b"'(X), b'(X) be­
haviour can be annihilated by choosing B0 = 0 and B1 = 2. 

Any terms in B(s) of O(s:), k ~ 2, introduce b< 2k+ 0 (X)-type singularities as (1-y) -+ 0, 
and so are excluded. 

The addition of expression (4.31) to U~4> introduces into u~4> behaviour of the type 

6B0 b(l-y) + ! B1 b' (1-y) as X--. 0, and hence our final (least singular) solution, 

X { 480X2 24X4 24X6 X 8 
} 

(4.32) u~4> = .!. ~ -3600-~+(I- )2 + (1- )3- (I- )4 x 
3:n;2. 210(1-y)2 ) y y y 

x exp { -X2 /4(1-y) }, 

behaves like ~ b' (1-y) as X--. 0. It may readily be shown that expressions ( 4.32) and ( 4.27) 

are equivalent. 
For the general term u~">, n ~ 2, the "improved" Todd method always provides the 

least singular solution at the corner X = 0 = 1 - y, without any reference to the solution 
in the (ic)1 layer, contrary to the beliefs expressed in [12], where it was held that such 
a procedure could not be carried out. The general Todd result for n ~ 2 is 

(4.33) u~"> = (u~">)p 

{ 
an-1 o" a2n- 3 } 

= Cq{l-y) 8(1-yt-1 + Cq+t (I-y)2 8(1-y)" + ... + Cq+n-2(1-y)"-1 8(1- y)2" 3 

1 

x erf {X/2/(1-y)2}, 

where q = (n 2
- 3n + 4) /2, the Ci being appropriately chosen constants, which may be 

expressed as functions of n by setting up a system of recurrence relations. 
The La place transform method, on the other hand, leads to an initial expression U1">, 

if an "automatic" condition for u,.(O, s) is applied, containing a b<2"- 5>(X)-type singularity, 
n ~ 3, as (1-y) --+ 0. This singularity is then annihilated by introducing into u,. a comple-

1 

mentary function of the form E,._ 3 s"- 3 e-xs7:; for an appropriate choice of E,._ 3, the 
corresponding eigen solution u~:~ combines with U~"> to form a final solution z4"> which 
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exhibits no f5<P>(X), p ~ 0, behaviour as (1-y) ~ 0 but which behaves like a multiple 
of <5<"- 3>(1-y) as X~ 0. That is, at each level beyond n = 2, a "strong" singularity of 
the f5< 2"- 5>(X)-type is replaced by a "weaker" one in <5<"- 3>(1-y). 

A further alternative method of obtaining Us to all orders is the use of Fourier sine 
transforms with respect to X. Introducing 

00 

(4.34) u,.(A., y) = f u!"> sin(ll)dX, 
0 

and multiplying the governing equation for each u~"> by sin (A.X), then integrating from 
X= 0 to X= oo, etc., as outlined, for example, in SNEDDON[16], the solution for each u,. 
is found using conditions (4.6)1 ~ (4.6)4 and each u!"> then follows using the inversion 
formula 

00 

(4.35) u~"> = ~ J u,.(A., y)sin(A.X)dA.. 
0 

This method yields a unique solution, the least singular solution, at all levels. That is, 
a minimum singularity principle is "built-in" to the Fourier sine transform method which 
is lacking in the Laplace transform method, and the former is thus to be preferred when 
dealing with the (s) layer in this particular configuration. 

4.3. The rear corner layer 

In the (c)r layer on y = -1, one adds to (u1 +u8 +u,) a correction term {uc(X, Y0)}r 
in order to satisfy the condition u(x, -1) = 0. Since (u1 +u8 ) satisfies this condition iden­
tically, we simply substitute (uc)r into the first of Eqs. (3.2) and use the boundary condi­
tions from Fig. 2 to deduce that 

(4.36) 

with 
(uc(X, O))r = -u,(X, -1), 

(4.37) (uc)r ~ 0 as X and/or yo ~ oo. 

Expanding (uc)r asymptotically as 

00 

(4.38) (uc)r = }; u~">(X, Y 0 )M-", 
11=1 

and substituting into Eq. (4.36), we have 

(4.39) 
( 

02 0 ) (1) - 0 --0yo2 + 0yo Uc - ' 

16* 
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From Eq. (4.39)1 and conditions (4.37) plus results (4.11'), 

(4.40) 

u~2> satisfies 

2 1 

u~1 > = -u~l)(X, -1)e-Yo = e_yo J erfc(Xf202)d0. 
0 

D. J. TEMPERLEY 

( 

82 8 ) (2) - 82U~1) - -Yo d2 (1) 3 
(4.41) 8Y02 + 8Yo Uc - - 8X2 - e dX2 {us (X, -1)} = -e-Yoerfc(X/21), 

with 

(4.42) 
xe-X2f8 

u~2>(x, 0) = -u~2>(x, -1) = 1 ' 

(8n)2 

u~2 > -+ 0 as X and/or yo -+ oo. 
Hence 

(4.43) 

u~3 > satisfies 

( 
()2 8 ) <3> - 82u~2> 

(4.44) 8Y02 + 8Yo Uc - - i}X2 

yo 1 

= Xe- 1 { (12-X2)e-X2JB +2Yo J (X2s2 -12)s2e-X2s2fBds}' 
(2un)2 o 

with (see result (4.25)) 

(4.45) 

Hence 

u~3>(X,O) = -u!3>(X, -1) = X(X4-BX2-1:4)e-X2JB' 

(219:n;)2 

u~3> -+ 0 as X and/or yo-+ oo. 

(4.46) u~3 > = xe-ro
1 

{(X4 -8X2 -144+16Y0 (X2 -12))e-x2f 8 

(219:n;)2 
1 

-16Y0 (Y 0 +2) J (X2s2-12)s2e-X2s2 f8ds}. 
0 

We can continue indefinitely in this manner, expanding (uc)r to the same order as Us. 

4.4. The rear inner-corner layer 

In the (ic), layer near x = -1, y = - 1, a further correction term {uic(X, Y0
)}, must 

be added to those contributions already introduced, in order to satisfy u( -I, y) = M- 1 

(1 + y); (utc)r satisfies 

(4.47) 
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with 

{uic(O, Y0
)}, = -un(-1, Y0

)- {uc(O, Y0
)},; 

(4.48) {uic(x,O)}, = 0, 

(uic)r --+ 0 as X and/or yo --+ oo. 

Expanding (uic)r asymptotically as 
00 

(4.49) (uic)r = 1: u~~>(x, Y 0 )M-", 
n=l 

it follows that since u~P satisfies Eq. (4.47) and conditions (4.48), and (see results (4.2), 
(4.40)) 

(4.50) u~P(O, Y 0
) = -un( -1, O)-u~1>(o, Y 0

) = 0, 

so 
(4.51) 

From result ( 4.43), 

(4.52) 

and, on introducing 

(4.53) 

u~P = 0. 

00 

U2 (k, Y 0
) = J u~;>sin(kx)dx, 

0 

multiplying the governing equation for u~;> by sin(kx) and integrating over 0 ~ x < oo, 
using conditions (4.48)3 , (4.52) it follows that 

(4.54) 

Since (see conditions (4.48)) U2 --+ 0 as yo--+ oo and U2 (k, 0) = 0, so 

(4.55) U2 = -k-1 Yoe-ro+k- 3 (e-ro_e-pro), 
1 

where fJ ~ ~ + (! + k2 r. and hence 

00 

(4.56) u~;> = ! J k- 3 {(I-k2 Y 0 )e-ro_e-Pro}sin(kx)dk. 
0 

Further terms may be obtained by similar procedures and (uic)r obtained to the same 
order as U3 and (uc)r. 

5. The volumetric flow-rate 

Before turning finally to the (uic)J layer near x = -I, y = + 1 , mention must be made 
of the volumetric flow-rate, expressed (using symmetry) in the form 

1 0 1 0 

(5.1) F = 2 J J vdxdy = 2 J J {u-M- 1(1 +y)}dxdy, 
y--1 x~-1 y--1 x=-1 
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and which involves summing the integrals of the various contributions to u over the left-hand 
half of the fluid cross-section. It is important to note that the results for u, are not defined 
so as to be valid in the (ic)1 layer; integration of u. over this layer would seem therefore 
to introduce an error into the solution for F. However, as will be shown in Sec. 6, u, is, 
in fact, the outer expansion of (u;c)1 as one moves out from the (ic)1 layer into the (s) layer. 
Thus, by integrating {(U;c)1 -u,} over the cross-section the suggested error referred to ~bove 
is cancelled, and contributions from the (ic)1 layers are simply added to those from the 
(!), (H), (c), and (ic), regions. 

We here stress that (uic)1 cannot be obtained as an asymptotic series using the classical 
approach; however, we can estimate the order of magnitude of the contribution of 
{(uic)1 -u.} = u to the flow-rate. Since uP> is continuous and non-singular at all points, 
whilst u~2>, though bounded, is discontinuous at the corner X = 0 = (1-y), it follows that 
u is O(M- 2). The (ic) layers being of dimensions O(M- 1

) we conclude that u first contributes 
to Fat the O(M-4 ) level. Integration of (uic)1 over the entire cross-section would, of course, 
yield the full flow-rate contribution from the (ic)1 and (s) layers. 

All errors due to integrating the correction terms u8 , u,, (uc)r and (uic)r outside their 
"regions of influence" (excepting that referred to above) may readily be shown to be expo­
nentially small in M. Those terms in F up to and including those of O(M- 7

'
2

) may be 
evaluated by integration of the leading terms in u1 , u8 , u,, ( uc)r and ( uic), though we will 
not perform the calculations here. The O(M- 4

) term in F cannot be found without knowing 
the full solution in the (ic)1 layer (see earlier comments). 

6. Closed form solutions 

We will now derive a closed form solution for u in the (ic)1 layer, from which the (s) 
layer solution can be derived to all orders; the procedure is due to Tooo (see [17]). The 
correction u, that must be added to (u1 + u8 + u,) in order to satisfy the boundary conditions 
on u(x, -1) and u( -I, y) on the boundaries of the (c), and {ic), layers will also be obtained 
in closed form. 

A. In the (ic)1 layer, we may take 

(6.1) u- ur+{uic(X, Y)}, = 2M- 1 +(uic),. 

Substituting into the first of Eqs. (3.2) and the boundary conditions of Fig. 2 we obtain 

(6.2) 

with 

(6.3) 

and 

(6.4) 

( 
a2 a2 a ) 

ax2 + ay2 - ay (uic)l = 0, 

(X) 

Introducing U*(k, Y) = J (uic)1 sin(kx)dx, and proceeding as in SNEDDON [16], we obtain 
0 . 

(6.5) U* = -M- 2k- 1 Y+M- 2 k- 3 (1-e-czr), 
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where 

(6.5') 

Hence 
00 

2M-2f 
(6.6) {uic(X, Y)}J =- YM- 2 +-n- k- 3 (1-e-«Y)sin(kx)dk. 

0 
1 1 

Setting x = M2 X, Y = M(1-y), k = kM-2 yields the following closed form for the 
outer expansion of (uic)f: 

00 

2M-1 f- - -(6.7) {uic(X, y) }1 = M- 1{y-1)+ -n- k 3 (1-e-«M<t-Y>)sin(kX)dk, 
0 

with 

(6.8) 

Thus, for M~ 1, 
00 

(6.9) {uic(X, y)}1 = M-1{y-1)+ 
2~-

1 J k- 3 (1-e-fC1-Y>)sin(kX)dk 
0 

00 00 

2M-2 f - - - - 4M-3 f - - - -- -n- (1- y) ke-12<1 -Y> sin(kX)dk+ -n- (1- y) k 3e-12<1- 1>sin(kX)dk 
0 0 

00 - M: 3 

(1-y)2 f k5e-12 ct-Y>sin(kX)dk+O(M- 4). 

0 

The first integral term vanishes when (1-y) = 0 and its first partial derivative with respect 
to (1-y) is 

it therefore equals 

(6.10) 
l-y 1 

M-1{y-1) + M- 1 f erf(Xf202)d0, 
0 

the M- 1uP> obtained in result (4.11'). 
The next integral terms equals 

00 

(6.11) M- 2(1- y) 
0 {~ J~ k- 1e-k2<1 -Y> sin(kX)dk} 

8(1-y) n . 
0 

a ~ 
= M- 2(1-y) a (I_ y) ( erf {X/2 (1-y)2

}), 

which checks with the M- 2u~2 > of result (4.15)2. 
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The O(M- 3 ) integral term may likewise be shown to check with result (4.20). Thus the 
series expansion, for u, can be obtained to all orders as the outer expansion of the closed 
form (6.6). 

B. We now seek a closed form solution for (uc+uic)r near x = -I, y = -1. A correc­
tion must be added to the closed form solution for the (s) and (ic)f regions in order to 
satisfy u(x, -1) = 0 and u( -I, y) = M- 1 (I +y). We denote this correction by Ur, the 
(r) region being defined as the union of the (c)r and (ic)r layers. In the (ic)r layer, Ur(X, Y 0

) 

satisfies Eq. (4.47) and the conditions (see results (4.2), (6.7)) 

(6.12) Ur(O, Y 0
) = -UH( -/, Y 0

) = 2M- 1e_yo' 

00 

(6.13) ur(X, 0) = -us(X, -1) = - 2~-
1 f k- 3 (1 -2k2 -e- 2Ma{k>)sin(kX)dk 

1 1 

0 

00 

= - 2~-
2 J k- 3 (1 -2Mk2 -e- 2 Ma<k>) sin(kx)dk, 

0 

after setting X= xM-2, k = kM-2 and with rt.(k) defined in line (6.5'), and 

(6.14) 

Introducing 

(6.15) 

ur --+ 0 as X and/or yo --+ oo. 

00 

Ur = J Ursin(kx)dx 
0 

and proceeding in the usual manner yields 

(6.16) 

with 

(6.17) 

and 

(6.18) 

Thus 

(6.19) 

where 

(6.20) 

and hence 

( 
d2 d k2) U, - 2k -1 - yo 

dYo2 + dYo - r - - M e ' 

Ur --+ 0 as yo --+ oo . 

00 

(6.21) ur(x, Y 0) = 
2~-

2 J k- 3 {2k2 Me-Yo- (1-e-l«M)e-,Bro}sin(kx)dk. 
0 
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Adding results (6.21) and (6.6) gives the correction to (u1 + uH) "near" the wall x = -I 
in the form 

00 

= 2~-
2 J k- 3 {1-k2 Y-e-czY +2k2Me-Yo_(l-e- 2czM)e-.BYo}sin(kx)dk , 

0 

which matches with results obtained in [17] as D8 ~ oo. 
For M~ 1, the major contribution to the integral in result (6.21) comes at small k; 

from (6.20) for M ~ 1 and k small, 

(6.23) 

and 

(6.24) 

Substituting the latter approximations into (6.21) it is readily seen that the O(M-1) 
correction term from the (ic), layer is identically zero; this checks with the earlier result 
(4.51 '). 

1 1 

Setting x = M2 X, k = M-2 k in (6.21), (6.23) and (6.24), 

00 

(6.25) u,(X, Y0) = 2:-
1 J f- 3 {2k2e_yo -(I-e_ 2cz<k>M)e-.B<k>Yo}sin(kX)dk, 

0 

where 

(6.26) 

and 

(6.27) e-2cz(k)M "'e-2kl(I +2k4M-1), e-P(k)Y0 "'e_yo(I-k2M-1 yo). 

The leading contribution is 
00 

2M- 1e_yo{ 1- n- 1 J (1-e- 2k2 )k- 3 sin(kX)dk, 
0 

which reduces, after successive integrations by parts, to the form 

00 

(6.28) M-1e-ro {2+n-1 J k- 1({X2(1-e- 2k'2)-4(1-4k2e- 2 k'2)}sin(kX) 
0 

- Skxe- 212 cos(kX))dk} 
1 

= M-1 e- ro { 2+ ~ X 2(!- erf {X/2~})-2 erf (X/2~)- ( ~ r Xe-X't•j 

(see [13], pp. 15, 73). 
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This matches with the M- 1 u~1> of result (4.40), for 

{ 

1 !2 

X -X2J48 l u~1 > = e-ro 2- [Oerf(X/202)]~- e .!. dO 
o 2(n0)2 

1 

= e-r•l2-2erf(X/2~)-X(! r e-"'18 + ~2 
(1-erf {X/2~})). 

The next contribution is 

(6.29) 

3 1 

= M- 2 e_yo { Y0{1-erf {Xf22})+X(8n)-2e-X218 }, 

which matches the M- 2u~2> from result ( 4.43). Thus 

(6.30) u, = M-1u~ 0 + M- 2 u~2 > 

00 

+ 2~-2 J k-3 {e-pro(I- e-2crM)+e-ro((I-k2Yo)(I-e-2Mkl)-2Mk4e-2Mk2)} sin(kx)dk, 
0 

rx(k), {J(k) being defined in line (6.20). 
The leading (ic), correction term is thus 

(6.31) 

00 

2~-z J k- 3 {e-ro(l-k2Y0)-e-P'~o}sin(kx)dk, 
0 

which matches the M- 2u~;> of result ( 4.56). 
One can proceed indefinitely in this manner, working in terms of X and k when seeking 

(c), layer correction terms and in terms of x, kin deriving (ic), corrections. 

7. Conclusions 

The actual calculation of the flow-rate, F, and its matching with the result of WIL­

LIAMS [18] will be dealt with in a future paper (see also Tooo [19]). 
In the present paper we have outlined anexpansion scheme yielding the solution in all 

regions except the (ic)1 layer to all orders, and have derived a closed form solution for u 
in the latter layer, from which the (s) layer solution can be obtained to all orders as an 
outer expansion. A closed form solution in the (r) region was also found, from which (c), 
and (ic), layer correction terms can be obtained to any order. The superiority of the 
''improved" Todd method over the Laplace transform method in deriving (s) layer correction 
terms has been firmly established. Both the former and the Fourier sine transform methods 
are clearly to be preferred when dealing with this and similar problems. A principle of 
minimum singularity is "built-in" to the Fourier sine transform method, at least as applied 
to the configuration presently under consideration, which is lacking in the Laplace transform 
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method. We are not clear as to why this is so, but Professor W. D. LAKIN (Toronto, Cana­
da) has given some thought to this matter and is believed to have found an explanation 
for this difference between the results obtained by the two transform methods. 

In a further paper, we will consider a duct having walls BB of arbitrary, non-zero 
conductivity and will endeavour to derive the solution for v, b to all orders in each of the 
key regions. 

Appendix 

Further attempts to justify the choice A0 = 1 in e_xpression (4.24) for u~:l 

(i) On adding the eigen function 14:1 (result (4.24)) to the "provisional" solution U1 3> 

(result (4.23)), we will integrate the expression {u~:l+ Ul 3>}F(X) = u~3>F(X), where F(X) 
is any "good" trial function (as defined in LIGHTHILL [15]), along a path consisting of the 
line y = 1 indented below to avoid the corner X = 0 = 1-y and symmetric about x = -1, 
in an attempt to pick up the singularities in u~ 3 > at the corner when the indentation shrinks 
to zero. We hope to show that A0 = 1 is the only choice of A0 which annihilates the ~'(X) 
behaviour in u~3> as (1-y)-+ 0, hence minimising the overall singularity at the corner. 

The initial indentation cuts across the wake of the parabolic side-layer near x = -1, 
y = 1 (see Fig. 4); it consists of that portion of the line 1-y = p-KIXI for which 
lXI ~ pK-1

, K and p being small and positive. 

A 
x=-l, lj=1 
X=0=1-y 

f3 

I 
I 
I 
I 
I 
I 
I _ _ __________ _jD 

1-y 

FIG. 4. Simple path of integration, indented to avoid the corner X= 0 = 1-y. 

X 

As P-+ 0, the indentation vanishes; the lines AC, CB reduce to the corner point if 
L1 = lim (/JK- 1

) = 0, to the finite interval lXI ~ p, of the line y = 1 if L1 = p,, a positive 
p--.0 

constant, or to the entire line y = 1 if pK-1 ~ oo when fJ ~ 0 (i.e., K = K({J) -+ 0 more 
rapidly than does p itself). In what follows, we will take results ( 4.23), ( 4.24) as being 
valid for X < 0, i.e., U1 3 >, u~:l will be treated as odd in X. 

Now, for those sections of y = 1 on which lXI > pK-t, u~3 > is identically zero (see 
condition (4.6)3 ), while on AC and CB, 

1-y = P-KIXI and ld(1-y)fdXI = K. 
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00 

Consider I= J F(X)u~3 > ds taken over the indented contour. Since u~3> is odd in X and 
-oo 
1 

ds = (1 +K2)2dX, so 
1 {JK-1 

I= 2{1 +K2
) 2 j F0(X)u~3>dx, 

0 

1 
where F0 (X) = 2 {F(X) - F(- X)} , the odd part of F(X). 

(A. I) i.e. I= 

{JK-1 

{1 +~2) Jr XFo(X)3 {4+32Ao+ ~2 X4 } 
32n2 o ({J- KX)2 fJ KX (fJ- KX)2 x 

exp{ -X2 /4(fJ-KX)}dX. 
1 1 

Introducing t=X/2(fJ-KX)2, so that X= -2Kt2 +2t({J+K2t 2)2 and (X+2Kt2)dX= 
1 

= 4({3-KX)tdt = 2({J+K2t2)2 tdX, (A.l.) reduces to 

1 00 1 

(A.2) I= (1+~2)2 J Fo( -2Kt2+2t({J:K2t2)2) e-'2{(8Ao+ 1)t+4t3-4ts}dt. 

2n2 o ({J + K 2t 2)2 

AsP~ 0, the limiting value of I depends on the value of L 2 = Iim{JK- 2, though the 
{J-+0 

argument of F0 clearly tends to zero as fJ ~ 0, for all K. For "small" values of {3, F0 in 
(A.2) can be expanded as a Taylor series about fJ = 0 and the integration then performed. 
Alternatively, one may integrate by parts in (A.2) and then substitute a Taylor series 
expansion for F0 • It is readily shown that both procedures yield an identical limiting value 
for I as fJ ~ 0. Using the former method and taking 

1 

(A.3) Fo,..., 2t{ -Kt+(fJ+K2t2)2}Fo(O)+ . .. , 

it may be shown that all terms after the first in (A.3) contribute nothing to I in the limit 
fJ--. 0, for all K ~ 0. Substituting (A.3) into (A.2), and noting that F0(0) = F'(O), 

1 00 

(1 +K2)2 f 1 
(A.4) I= !. F'(O) {I- Kt({J + K 2 t2)-2} { (8A 0 + l)t 2 +4t4 -4t6

} e-'2dt 
n2 o 

+(contributions which --.0 as fJ --. 0). 

Neglecting the latter terms and integrating the leading one by parts yields, for "small" {3, 

If L2 = lim {JK- 2 = 0, then I--. 0 asp-+ 0 for all A0 ; this represents a failure to pick 
{1-+0 

up the <5'(X) behaviour as (1-y)-+ 0. If L2 does not exist (i.e. K 2 -+ 0 more rapidly than 

http://rcin.org.pl



MAGNETOHYDRODYNAMIC FLOW IN A RECTANGULAR DUCT 967 

does {3, e.g., K = 0(/J)), then I--+ 0 as {3--+ 0 only if A0 = 1; this means that the b'(X) 
behaviour is removed only by this chosen value of A 0 • 

If L 2 = A, a positive constant, then as {3 --+ 0 

00 

(A.6') 
1 J 3 (2 2 3) - t2 

=AF'(O)n-2 t t + : dt-::/=0, 

0 (t 2 + A)2 
if A 0 = 1; 

thus, in this third case, the b' (X) singularity can only be removed by an appropriate choice 
of A 0 = A0 (A) {see (A6) ). 

Summarising the results obtained above we see that the choice A 0 = 1 cannot be fully 
justified using the indented contour of Fig. 4. For a suitable subset of the class Coo of curves, 
the choice may perhaps be validated using the above procedure; an initial contour 1-y = 
= {3 > 0, with {3 --+ 0 in the limit, may readily be shown to justify the choice A0 = 1, 
for example, and integration along a path X = a > 0, with a --+ 0 in the limit, picks up the 
<5(1-y) behaviour as X--+ 0, for all A0 -::/= 0, u~3 > being defined as zero for (1-y) < 0. 

A physical interpretation of the three limiting values of L 2 discussed above is apparent 
from Fig. 4. Since ( CD) 2 j BD = {JK- 2

, so L 2 = 0 corresponds to the point D lying well 
within the wake, L 2 --+ oo corresponds to D lying well outside the wake and L 2 = A > 0 
corresponds to D lying on one of the parabolic streamlines X 2 /4(1-y) = constant. 

(ii) A better way of justifying the choice A 0 = 1 in u~;; is by consideration of an 
analogous physical situation, the heat diffusion problem for an infinitely long, thin rod. 
In Eq. (4.19), suppose that u~3 > represents the temperature in such a rod, having unit 
diffusivity; X, (1 - y) represent the length and time coordinates. The right-hand side of the 
equation represents - A*(X, 1-y)jK*, A* being the rate at which heat is supplied to the 
rod per unit length per unit time and K* being the rod's conductivity. The initial tempera­
ture at all points of the rod is zero and the temperature at station X = 0 is held zero for 
all time (1 - y) > 0. Expression ( 4.23) would represent a temperature distribution that is 
singular as (1-y) --+ 0, while the eigen function (4.24) represents the change in distri­
bution due to the insertion of a doublet. Beginning with a source plus sink each of strength 
Q at stations X= X' +dX', X' respectively, suppose dX'--+ 0 and define 2A0 = lim 

dX'-.0 

(Q · dX'), and then finally let X' --+ 0; the result is an instantaneous doublet at X = o. 
The choice A 0 = 1 corresponds then to minimising the singularity in- the temperature 

00 

distribution along the rod as the time (1-y) --+ 0 (because J F(X) · u~3>dx = 0 when 
-oo 

A 0 = 1). 

We have not been able to specify a truly satisfactory Principle of Minimum Singularity 
in this paper. The choice A 0 = 1 in u~il and selection of the appropriate eigen functions for 
u~n>, n ~ 4, can only be completely justified using the outer expansion of the closed-form 
solution for (uic)1 , derived in Sec. 6. 
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