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157.
ON THE TANGENTIAL OF A CUBIC.

[From the Philosophical Transactions of the Royal Society of London, vol. XLVIIL for the
year 1858, pp. 461—463. Received February 11,—Read March 18, 1858.]

IN my “Memoir on Curves of the Third Order”(*), I had occasion to consider a
derivative which may be termed the ¢tangential” ‘of a cubic, viz. the tangent at
the point (#, y, 2) of the cubic curve (% §#, y, 2)’=0 meets the curve in a point
(€ m, §), which is the tangential of the first-mentioned point; and I showed that when
the cubic is represented in the canonical form a*+ y*+ 2°+ 6lzyz =0, the coordinates of
the tangential may be taken to be «(y*—2°) : y (2*—4®) : z(2*—%*). The method given for
obtaining the tangential may be applied to the general form (a, b, ¢, £, ¢, &, %, j, k, IQ =, y, 2)*:
it seems desirable, in reference to the theory of cubic forms, to give the expression of
the tangential for the general form?; and this is what I propose to do, merely indicating
the steps of the calculation, which was performed for me by Mr Creedy.

The cubic form is
(a/) b) c, ,f) 9» h: 7’.; j) k: lix; (% z)s:
which means
ax® + by® + cz® + 3fy*z + 392w + 3ha*y + 3iy2* + 3jza* + 3hay? + 6layz;

and the expression for £ is obtained from the equation
$2€=(b, f; 1:’ cﬁ(j) f; C, "“) g: lziw: 3/’ 2)2’ _(h; b) i’ f; l; kiw, :’/: 2)2)3
—(a’: b’ C, f; 9, h» 1:: j: k: l§$; Y, z)s(®$+%),

1 Philosophical Tramsactions, vol. cxuvir. (1857), [146].

2 At the time when the present paper was written, I was not aware of Mr Salmon’s theorem (Higher
Plane Curves, p. 156), that the tangential of a point of the cubic is the intersection of the tangent of the
cubic with the first or line polar of the point with respect to the Hessian; a theorem, which at the same
time that it affords the easiest mode of calculation, renders the actual caleulation of the coordinates of the

tangential less important. Added 7th October, 1858.—A. C.
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where the second line is in fact equal to zero, on account of the first factor, which
vanishes. And &, 3D denote respectively quadric and cubic functions of (y, 2), which
are to be determined so as to make the right-hand side divisible by a*; the resulting
value of £ may be modified by the adjunction of the evanescent term

(ax+hy+j2)(a, b, ¢, f, 9, b, %, j, b, I, y, 2),

where a, h, j are arbitrary coefficients; but as it is not obvious how these coefficients
should be determined in order to present the result in the most simple form, I have
given the result in the form in which it was obtained without the adjunction of any
such term.

Write for shortness,
P=(k, e ]Zy, Z),
Q=0 f 1 Qy 20
R=(, 9, Ey» z),
8=(f, 1, ¢ Ay 2)
B= (h, j Iiy’ z) )
C=(k 1 g Yy 27
D=, f, i Xy, 2)",

so that
h, b2, f, 1, k Gz, y, 2=, P, Q Ve, 1)
G fict gl Y2, v, 2P=(j, R, 8 qa, 1),
(a7 b: c, f; 9> hr i; j’ k; lzzx; ?/, z s=(a: Bs -C: -DZE‘Z‘) 1)3'
@w'!‘% =(QD, E Ix; 1)’

and then for greater convenience writing (h, 2P, QYz, 1) &ec. for (h, P, QUz, 1), &c.,
and omitting the (2, 1)), &c. and the arrow-heads, or representing the functions simply

by (k, 2P, Q), &c., we have
2= b(j, 2R, 8 )
-3f(j, 2R, S Wb 2R @)
+3i(y, 2R, S Y 2R a0)
- ¢ (b ,"2P, Q)
— (a,3B,3C,D).(&€, DB ),

which can be developed in terms of the quantities which enter into it. The con-
ditions, in order that the coefficients of #, 2° may vanish, are thus seen to be
DB = bS*— 3fS2Q + 3uSQ* — cQ?,
D@ — 3CD =b (6RS?) — 3f (252P + 4RSQ) + 31 (2R + 4SPQ) — ¢ (6Pp),

and from these we obtain

g [§+ e big +6 | beg +3
bil +6 cfk —6 cfl —6

( fitss | frg-6 | fi-3 Moo

S -6 2k +6 2l +6
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bo—1 | bef—3 | bei+3 | b +1
( 2+3 | 8 +6 | of*—6 | ofi =3 |Yy, 2
-2 | %8 | +3 | & +2

and substituting these values, the right-hand side of the equation divides by 4% and
throwing out this factor we have the value of £; and the values of 5, ¢ may be
thence deduced by a mere interchange of letters. The value for £ is

z %y 32 x%y? z%yz 2 xy® 2y
b +1 | & + 6 | bg® + 6 | abck + 3 | abgi — 6 | abcg — 3 | ab’c + 1 | abef + 3
ch* —1 | chk — 6 | ch®l — 6 | abil — 6 | acfk + 6 | acfl + 6 | abfi — 3 | ab® — 6
ShP—3 | fhl =12 | fghj —12 | af®l + 64 af?9 + 6 |afgi + 3 | af* + 2| af* + 3
Ay +3 | ik —- 6| 7l — afik — 3 | ai®k — 6 | ai®l — 6 | behk — 3 | bchl - 12

W4l + 6 | gh* + 6 | beh® — 3 | bgjl +24 | be® + 3 | bkl — 6 | bgjk + 9
hijk +12 | hijl +12 | bhij + 6 | by + 6 | bg% +12 | bijk +12 | bght — 6
bt +12 | ¢fh* — 6 | cfhj — 6 | BB + 8 | bgl +24

chk® —12 | chkl —24 | B —24 | ok — 8 | byl +18
S — 6| — 6| ffh =12 | fohi + 6 | ofhk— 6
Th — 3 | fghl — 24 | Fgil - 94 | Frk —12 | okl —24
FhE —12 | fgik - 24 | fiP — 3 | fhik + 3 | figh+ 6
Skl —24 | fiP —24 |'ghil +24 | fRR —24 | %l —18
hikl +24 |'ghik +24 | k¥ + 6 |Gkl +24 | fghl —48

gk +12 | A% + 6 | gy +12 Shil +12
Ml + 24 Juk — 9
ykl + 24 JB =24
gik® +24
Wk + 6
ki +48
xy2? x28 yh y3z y22? yz3 24
abci — 3 | abc® — 1./ 0% + 3| 8% + 3 |befj + 9| bc*h — 3| beg® + 3|5,
acf* + 6 | acfi + 3 | bek* — 3 | befh — 3 | behi - begl + 6 | ¢fh — 3
af? — 3 | at® — 2| bf% — 8| bckl — 3| bgil +18 | beyj + 3 | ¢fgl — 6
begh — 9 | begj + 3 | &fhi — 3 | &fi + 3 | cfkl —18 | bg% + 6 | ¢fyy + 3
bejl +12 | bg® + 8 | bkl + 6 | bgik + 3 | f2gl —18 | ¢f% + 6 | chs® + 3
bg®l +24 | cfgh - 12 | f%h + 3 | bh® — 6 | f%5 — 9 | cfgk - 6 | fo% — 3
bgij + 6 | cfjl + 3| f%l — 6 | b +12 | fhe® + 9 | ofhi — 3 | g®l + 6
ofhl —18 |.c® — 8 | fik* + 8 |cfk® — 6 | %kl +18 | ¢fP® -12 | % — 3
cfik + 6 | fo¥l —24 ¥ — 6 S - 6
ckl* —24 | fgyy — 3 Sigk — 6 Joul — 6
299 — 6 | gh?* +12 Shi + 9 Sy -9
SOk —24 | gil* +24 S —12 gk + 6
Johi + 9 |4l — 6 Sikl + 6 i + 6
Jgl? —48 “k + 6 ?r +12
Syl —12
gkl + 48
Ml +18
Wk — 6
W +24

and it is not necessary to write down the corresponding values for 7, &
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